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M~R* - topologically trivial manifold (space-time)

x* «=0,1273 - Cartesian coordinates

0.5(X), sign g,z =(+——-) - Lorentzian signature metric

q“ (z) - worldline of a point particle T - parameter along worldline
The action

s———[dxTg] R-M [dr[4"¢",,

R(g) - scalar curvature

M - mass of a point particle

. dq”

g~ =—— - velocity of a particle il
dr



Equations of motion

Einstein’s equations: R i g“ﬂR — _lT af
; *)
Geodesic equations: (q'“ +F57a‘xzq qﬂq7)ga5 =0

where T% = o(X -() - energy-momentum tensor

S(x-q)=5(x*—q")s(x* —q%) 5(x°> —g°) - three-dimensional &-function

R,z - Ricci tensor

I ﬂy“ - Christoffel’'s symbols

The Schwarzschild solution does not satisfy equations of motion (*)

2
dszz[l 2M]olt d‘Z’M —pz(d02+sin26’dgp2)
Jo,
e
&y

Where is the o-function ? 2




Point mass in General Relativity

s———[oxlg] R-M [dr|[4"¢",,

Canonical formulation

(N2+NPNP N,
galb’ =

j - ADM parameterization of the metric

N, J, _
a=0u), w=1272 N - lapse function
s N p N ,- shift functions
N7 =9""N, 9°"g,, =9,

(gw, p”v), (q”‘, pﬂ) - canonically conjugate pairs of dynamical variables

N,N# - Lagrange multipliers

Timegauge: [7=0Q =X =

Notations: P .= p‘”’gw, ﬁz =g P.Py

Vﬂ, A =V*V - three-dimensional covariant derivative
and Laplace-Beltrami operator 3



Hamiltonian equations of motion

Constraints:

1 14 A ~
H, = 2(p"p - p2)—8R+ M2+ p? S(x-0) =0

. §:=f|detg,, |
H,=-2V'p,,—p,0(x-0q)=0
Dynamical equations:
: 2N N ~ A
0, = 5 pw—ggyﬁfquﬁvay
: N . 1 -\ 2N 1
pv _ 1Y suv| po - _ oY _ZpH*p |+
P 2ég (p Poo ij @(p P, ZIO IOJ

ACANIA LY T UV A 3 1V s VD - v - v
+e(ANg”" —V#V N)—eN(R“ —Eg“ Rj—p“pva - p*V , N" +

~ » N H
V(NP p)——L B 5(x—q)

Geodesics:

N
sHo_
q T \/M2_|_I32 p



Solution of the equations of motion

Spherical coordinate system t,r,4, @ with particle located at the origin q =0

| 4

Staticity: Ggp = Ugs(X), P =0, p,=0

Spherical symmetry: 9, =9,,(r) N=N(r) N,=0

Equations of motion: _8R +162M 5(X) =0
SANG ~¥,9,N) &N (R —%gﬂ‘/ﬁj 0

o,N

Y7,

=0,

x=0




The main equation

6R =167M S(X)

Ve

R - three-dimensional scalar curvature

§:= | detg,, |

S5(x) =8NS (x?)5(X3) - three-dimensional J-function

We are seeking spherically symmetric solution e = f 25/“, - anzatz

7,

2
A= arms(x)
2f

= (912 + 8% + 8§ - flat space Laplacian

of > =5"9,10,f - notation

0,, =diag (+++) - Euclidean metric

Z)(]Rs) - test functions (smooth functions with compact support)
Z)'(RS) - space of generalized functions (distributions) 6



Theorem. Function M M 2 M ‘
) f =1+ > = (1+ —j
r 4r r
satisfies equation of 2
Af—?:—47Z'M5(X) (*)

which solution is understood in a generalized sense after integration
with a test function.

Proof. f € D'(R?) - locally integrable function
(ri Q) = _[Rs dx r’igo - analytic functional A € C except poles at A =-3,-5,—7,...
Gel'fand, Shilov. Vol.1 (1958)

o2 M2 A M M M *
s —> Al|l+ — =—-4xMo(X
AT b [ r 4r2) 2r* 2
M M
A(l+ Tj = AT =—4zM 5(X) - fundamental solution
A M* — M* =0
A 225

Ar#% = (u+2)(u+3)r*, ueC, reu >0 analytic continuationto g =—4 7



2
. . . M
Theorem. Let three-dimensional metricbe ¢, =— 1-|—2— 5#!/
r
M

1— =

2r

Then the lapse function N = satisfy equation

1+—
2r

é(ANQ“‘”—@“@VN)—éN(FAQ“V—%QWFQj:O

in a generalized sense.

M
N(r)>0, b e N(r) - locally integrable function

' 3
N(r) =0, r:% N e D'(R)

N(r)<0, O<r<%
N(0) =-1.




Geodesic equations

8rN 25 Nl 1 T 0O - geodesic equation is not fulfilled
M
1 de—
( 2rj
X
< N3| & > —Q - after averaging over sphere

Equations of motions are not fulfilled

X
——‘3’ =0 - after averaging over sphere
"



Relation to the Schwarzschild solution

2
ds? =[1—2—M]dt2 — d/Z’M —pz(d92+sin29d¢2)
P 1- 7

yo,

- the Schwarzschild metric in Schwarzschild coordinates,

white and black holes, no point particle of

M 2
P:r(l‘kgj - change of radial coordinate AL

d
M ag
2 r
2
2 1_2M 2 MY'F D iR
ds® =| —20 | dt® | 1+ | | dr® +(d9* +sin*9dp?) |
1+ 2r
r

- the Schwarzschild metric in isotropic coordinates,
point particle, no black hole 10



Schwarzschild metric in isotropic coordinates

M 2
LM 4
o5 =| dtz—(1+%J [dr+(d 8 +sin’9de?)|
2

—o<t<o, O<r<ow, 0<9<7z, O<p<2r

M ~R* - topologically trivial space-time
Asymptotic flatness at I — o0
All componentrs are smooth for 0< T <o

2 10
detgqﬂ::—(l—uwlj (1+Iﬂ{) r'sin“9
2r

4 M
Metric is degenerate on the sphere I = 7 & P = 2M

f

Schwarzschild radius (horizon)

. . 2M
Asymptotic at large distances: gy =1——— I —>®

r
== Newton’s law 11



Geodesics (extremals)  x%(r)

i 2 M ¢ Geodesic equations:
i r O agByr _
2 NEgT v /A =)
BRI :
2r 2r
.
(1_Mj M Y It
e R A L T i+ i/lr r(9° +sin°9¢°)
(1+Mj ] (1+—j ' 1+—
2r 2r 2r
AL 4
G=-3 2"/ 2¢4 4 6ingcosdp?
M \r
1 -F —
2r
AL
ol cos9G - .
Q=— —fp-2—— J¢
1 M\r sin 9
+; 12




Integrals of motion
2

1-— 4
GG X208, o (a2l (Gf e —(1+Mj [r’z +r2(9° +sin219gb2)]
2r

4
C,=K%%Pg ,=—[1+ | r%in29¢
2 2 aff
2r

Ki=0y Ky=0, -Killing vector fields

Angular momentum is conserved == Motion in the plane 3 =—

Freedom in a choice of canonical parameter: C; =1 = At large distances 7 =t

13



Newtonian limit

M

For 7 =1 atlarge distances and small velocites —~¢&, F~¢&, &< 1
r

A M : - -
Geodesic equations: I = R r(192 +sing goz)
r

G el b oS 9 ¢*

-
=22 29524,
r sing

Action for Newton'’s particle
2 5 »
SE[lHE= jdt£_+_j fd{r +r2(9° +sin’96°) Mj
2 r

2 22 2102 ]
E:vz M oA (9 2+sm ) ):const G B
r

L : .
—% = —r28|n29g0 =const - angular momentum <= C,
@

—
Il

14



Circular geodesics

r=const, 7=t

2 1 M 2 M g
= =const == @~ =—=const - Newton’s limit

; M 6 r3 r
o limp2 =0

r—0

Lightlike radial geodesics

2

t+7r+const=r + —
4y

O
o
Il
o
AS)
I
o

The points ' =0 and r = are complete
1 M?

5 \3 2r3
4y

Attraction L <TI <0 Repulsion 0<r <L

F=—

15



The Einstein-Rosen Bridge

. . Lac,
Coordinate transformation o — U Eu = p—2M

u2

ds? = dtz—(u2+4M)du2—%(u2+4M)(d.92+sin2dgo2)

Two copies of external Schwarzschild solution are mapped ontoU >0 and U <0

The metric is degenerate at U =0

M
Transformation to isotropic coordinates: Uu=+/2r (I_Ej

M
u>0 < 7<I’<oo

u<0 < O<r<%

The Schwarzschild metric in isotropic coordinates

is globally isometric to Einstein-Rosen bridge ph



Conclusion

This is the gravitational field around
massive point particle of mass M

M 2
1M 4
g2 = | ——or | g2 (1. M dr® +(d9* +sin“9de?)
1+2M 2
-

—o<t<o, O<r<ow, 0<9<7, O<p<2r

M~ R* - topologically trivial and asymptotically flat

The space-time is geodesically complete at  — 0, oo

M

and incomplete at I — 7

M M

r> Sk attraction O<r< oo repulsion
17
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