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where x1 = x and x2 = y. Then,69

L = nb fr n1 n2⌦x[⇢1(x), ⇢2(x)]⌦y[⇢1(y), ⇢2(y)]. (9)

Now consider the luminosity as a function of beam separation, such that70

L(hx, hy)
L(0, 0)

=
⌦x(hx)⌦y(hy)
⌦x(0)⌦y(0)

=:
Rx(hx)
Rx(0)

Ry(hy)
Ry(0)

, (10)

where a separation hxi , in either direction x or y, is introduced into the overlap integral by writing71

⌦xi(hxi) := ⌦xi[⇢1(xi), ⇢2(xi + hxi)] =
Z

dxi ⇢1(xi) ⇢2(xi + hxi). (11)

The counting rates Rxi(hxi), in arbitrary units, are introduced and are clearly proportional to the luminos-72

ity.73

Dropping the explicit directionality, such that hxi ! h and xi ! x elsewhere, consider the integral74

R
dh R(h)
R(0)

=

R
dh
hR

dx ⇢1(x) ⇢(x + h)
i

R
dx ⇢1(x) ⇢2(x)

=

R
dx ⇢1(x)

R
dz ⇢2(z)

R
dx ⇢1(x) ⇢2(x)

=
1R

dx ⇢1(x) ⇢2(x)
,

(12)

where the change of variables x + h ! z, such that dh ! dz, has been made in the second line. Note,75

this requires the integration limits to be from �1 to1 in principle. The scan is assumed to be performed76

to a su�ciently high separation that the luminosity becomes negligibly small, and the limits may be77

e↵ectively taken to infinity. Normalisation of the proton densities is used in the final equality, and means78

we may write79

⌦x[⇢1(x), ⇢2(x)] =
R(0)R
dh R(h)

. (13)

This is the vdM calibration method: the separation scan provides the overlap integral in terms of a peak80

counting rate and the integrated rate over a su�ciently large range of beam separations. I.e. it gives the81

absolute luminosity when nothing of it is known a priori.82

The convolved beam width is defined by83

⌃xi =
1p
2⇡

R
dh Rxi(hxi)

R(0)
, (14)

which becomes the standard deviation in the case of Gaussian beams in x, y. The luminosity is then84

written85

L = nb fr n1 n2

2⇡⌃x ⌃y
, (15)

and, equating this with Eq. ??, the visible cross-section of the previous section is calibrated according to86

�vis = µ
MAX
vis

2⇡⌃x ⌃y

nb fr n1 n2
, (16)

where MAX indicates the peak value during the scan, which is in principle at zero nominal separation.87
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Implicitly assumes factorisation of  x and y components! How does (linear) x-y correlation 
in the beam affect this method? 
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R
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2 The single-Gaussian model37

In this analysis, the density of each individual bunch is parameterised as a single Gaussian profile in three38

dimensions, as in Eq. 2,39

⇢
i

(x, y, z, t) =
exp
⇣
� 1

2~x · ��1
i

· ~x
⌘

q
(2⇡)3|�

i

|
, (2)

with the so-called covariance matrix given by40

�
i

=

0
BBBBBBBBB@

�2
x,i 

i

�
x,i �y,i 0


i

�
x,i �y,i �2

y,i 0
0 0 �2
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CCCCCCCCCA

with ~x =

0
BBBBBBBB@

x

y
z ± z0(t)

1
CCCCCCCCA (3)

and i 2 {1, 2} denoting the beam. (See, for instance, [4].)41

At this point, an approximation is made in which the two beams collide with zero crossing. A42

consequence of employing this approximation is that the z- and t-dependences completely factorise in43

the definition in Eqs. 2 and 3. Up to factors of the collider revolution frequency ( fr) and the bunch44

populations (n1,2) the luminosity density may be written45

L(x, y, z) /
Z
⇢1(x, y, z, t) ⇢2(x, y, z, t) dt

= ⇢1(x, y) ⇢2(x, y)
Z
⇢1(z, t) ⇢2(z, t) dt,

(4)

where the latter equality holds under the aforementioned zero-crossing-angle approximation. The con-46

volution integral may be evaluated in the z = 0 plane, reducing the problem to two dimensions. The47

luminous centroid is then defined to be the vector ~xmax, such that the quantity L(~xmax) is maximised.48

The remainder of this analysis will be concerned with the two-dimensional luminosity density:49

L(x, y; h

x

, hy) = ⇢1(x � h

x

/2, y � hy/2) ⇢2(x + h

x

/2, y + hy/2), (5)

where the possibility of a beam separation h

x,y has been explicitly introduced in the x- and y-directions50

respectively, which is symmetric about the origin. The bar is used to denote the beam separation defined51

with respect to the ATLAS co-ordinate system. Furthermore, in the LHC coordinate system, the separa-52

tion is defined to be the position of beam 2 minus that of beam 1. The separations in the LHC co-ordinate53

system (used in the remainder of this analysis) are given by54

h

x

= �h

x

and hy = hy . (6)

It should be well-noted here that the model itself, along with all predicted and measured quantities,55

are defined with respect to the ATLAS coordinate system, where only the beam separations are given in56

the LHC coordinate system.57
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The luminosity in this model is proportional to 

This is the single-Gaussian bunch 
parameterisation 

In the absence of  explicit beam crossing angle 



Two illuminating examples 
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Different beam sizes 

x-y correlation 

Beam 1 Beam 1 
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Scanning beams of  different size 
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Higher negative separation 

Higher positive separation 

Centred 

Beam 1 Beam 2 

Luminous region follows the bulk of  the narrow beam as it scans the wider beam 
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Movements of  luminous region is transverse to scan direction 

Higher negative separation 

Higher positive separation 

Centred 

Scanning x-y correlated beams 
Beam 1 Beam 2 
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3 Method58

It is physically justified that any correlation coe�cient as defined in Eq. 3 should be small, i.e. 1,2 ⌧ 1,59

since any larger coe�cients would give rise to such highly deformed beams they are beyond reasonable60

consideration for LHC optics.61

Using this fact, one can derive a set of four equations which govern the movement of the luminous62

centroid in the z = 0 plane. Expanding the exact results in powers of the individual beam correlations,63

1,2, one obtains (up to linear terms, inclusively):64

dhxi
dh

x

=
�2

x,1 � �2
x,2

2
⇣
�2

x,1 + �
2
x,2

⌘ + h.o.t. (7)

65

dhyi
dh

x

=
�y,1 �y,2

⇣
1 �x,1 �y,2 � 2 �x,2 �y,1

⌘

⇣
�2

x,1 + �
2
x,2

⌘ ⇣
�2
y,1 + �

2
y,2

⌘ + h.o.t. (8)

66

dhxi
dhy
=
�

x,1 �x,2
⇣
2 �x,1 �y,2 � 1 �x,2 �y,1

⌘

⇣
�2

x,1 + �
2
x,2

⌘ ⇣
�2
y,1 + �

2
y,2

⌘ + h.o.t. (9)

67

dhyi
dhy
=
�2
y,2 � �2

y,1

2
⇣
�2
y,1 + �

2
y,2

⌘ + h.o.t. (10)

where h.o.t. refers to higher-order terms in 1,2.68

It can be shown that the absolute position of the luminous centroid is given, exactly, by69

h~xi = h

x

dh~xi
dh

x

+ hy
dh~xi
dhy

(11)

in the single-Gaussian model, thus demonstrating that such a model is insu�cient to describe non-linear70

phenomena which, in some instances, is seen in the data (see Figs. 3(a) and 4(a), for example). Note that71

Eq. 11 holds for the two cases of an in-plane and an out-of-plane scan.72

In what follows, it will be useful to remind oneself of the following definitions:73

⌃2
j

= �2
j,1 + �

2
j,2 (12)

and74 ⇣
�L

j

⌘�2
= ��2

j,1 + �
�2
j,2 (13)

where j 2 {x, y}.75

The inclusion of individual x-y beam correlation a↵ects the individual beam widths, the convolved76

beam widths (⌃
x,y) and the width of the luminous region (�L

x,y) only beyond terms linear in either 1,277

—for proof, the reader is referred to Section 7. However, as seen from Eqs. 8 and 9, we have access to78

measured quantities which are approximately linear in 1,2. It is therefore formally consistent to extract79

the individual beam widths using a model which neglects beam correlation, supplemented with data80

from the luminous centroid movements in the scan direction (Eqs. 7 and 10) and the measured ⌃
x,y and81

�L
x,y. One may combine these constrained individual beam widths with the remainder of the measured82

luminous centroid movements (those orthogonal to the scanning direction, i.e. Eqs. 8 and 9) to then83

extract 1,2.84

This summarises the prescription followed in this analysis. Since the standard luminosity formula85

(Eq. 1) neglects beam correlation, this analysis concludes with a determination of how much the con-86

strained beam correlation would impact a luminosity measurement that ignored this e↵ect.87
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1 Introduction14

The van der Meer (vdM) scan was first introduced in [1]. It involves the displacement of two colliding15

beams by some amount ~h, in a direction transverse to the common1 axis of their respective motions, in16

order to determine the convolved beam width which appears in the standard definition2 of the luminosity,17

L, as ⌃
x,y:18

L / 1
2⇡⌃

x

⌃y
, (1)

where x and y are orthogonally chosen directions in the transverse plane. The vdM method also holds19

for arbitrary beam directions and scan plane, as explained in [2]. In addition, the beams may be centred20

or displaced in one direction whilst a scan takes place in the orthogonal direction, giving rise to in-plane21

(onset) and out-of-plane (o↵set) scans respectively.22

The analysis presented here focuses on employing a single-Gaussian model for the individual beam23

densities, which may be used to predict a certain class of linear movements of the luminous centroid, to24

be soon defined formally, during a vdM scan. Confrontation of the predictions of this model with data25

from vdM scans performed during October 2010 (scans IV and V) and May 2011 (scans VII and VIII)3
26

enable relatively tight constraints to be placed on the internal parameters of such a model, of which there27

are six: the individual x and y beam widths, and an x-y correlation coe�cient for each beam.28

Under an approximation made here, namely that any beam crossing angles4 are ignored, it should be29

noted that luminous centroid movements in the z direction will not arise but are, in any case, understood30

as a consequence of beam crossing at a non-zero angle. The focus of this analysis will be to extract31

information about x-y beam correlation using luminous centroid movements in the z = 0 plane, and to32

determine how the neglect of this correlation will impact the final luminosity result. It is instructive to33

summarise, for the single-Gaussian model, how certain observed phenomena should arise. If we use h~xi,34

with ~x = (x, y, z), to label the position of the luminous centroid, we expect the measured quantities to be35

a↵ected as summarised in Table 1.36

Table 1: Observed phenomena related to the movement of the luminous centroid during vdM scans in
the single-Gaussian model.

Observed phenomenon Cause
dhzi
dh

x,y
Beam crossing angle in x-z or y-z plane; ↵

xz

and ↵yz, respectively.

dhxi
dh

x

,
dhyi
dhy
, 0 Di↵erent beam sizes in transverse plane.

dhyi
dh

x

⇠ dhxi
dhy
, 0 x-y correlation within each beam.

1The two beams may be collided with a small crossing angle, as considered shortly.
2This definition is derived from the assumption that the individual beams have no internal correlation; i.e. no mixing of the

x- and y-dependence
3Note that out-of-plane (o↵set) scans have not been included here, for reasons addressed towards the end.
4This has been examined numerically [3] for all scans, and deviations from this approximation will be dealt with on a

case-by-case basis.
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3 Method58

It is physically justified that any correlation coe�cient as defined in Eq. 3 should be small, i.e. 1,2 ⌧ 1,59

since any larger coe�cients would give rise to such highly deformed beams they are beyond reasonable60

consideration for LHC optics.61

Using this fact, one can derive a set of four equations which govern the movement of the luminous62

centroid in the z = 0 plane. Expanding the exact results in powers of the individual beam correlations,63

1,2, one obtains (up to linear terms, inclusively):64
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where h.o.t. refers to higher-order terms in 1,2.68

It can be shown that the absolute position of the luminous centroid is given, exactly, by69

h~xi = h

x

dh~xi
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x

+ hy
dh~xi
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(11)

in the single-Gaussian model, thus demonstrating that such a model is insu�cient to describe non-linear70

phenomena which, in some instances, is seen in the data (see Figs. 3(a) and 4(a), for example). Note that71

Eq. 11 holds for the two cases of an in-plane and an out-of-plane scan.72

In what follows, it will be useful to remind oneself of the following definitions:73
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where j 2 {x, y}.75

The inclusion of individual x-y beam correlation a↵ects the individual beam widths, the convolved76

beam widths (⌃
x,y) and the width of the luminous region (�L

x,y) only beyond terms linear in either 1,277

—for proof, the reader is referred to Section 7. However, as seen from Eqs. 8 and 9, we have access to78

measured quantities which are approximately linear in 1,2. It is therefore formally consistent to extract79

the individual beam widths using a model which neglects beam correlation, supplemented with data80

from the luminous centroid movements in the scan direction (Eqs. 7 and 10) and the measured ⌃
x,y and81

�L
x,y. One may combine these constrained individual beam widths with the remainder of the measured82

luminous centroid movements (those orthogonal to the scanning direction, i.e. Eqs. 8 and 9) to then83

extract 1,2.84

This summarises the prescription followed in this analysis. Since the standard luminosity formula85

(Eq. 1) neglects beam correlation, this analysis concludes with a determination of how much the con-86

strained beam correlation would impact a luminosity measurement that ignored this e↵ect.87
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in the single-Gaussian model, thus demonstrating that such a model is insu�cient to describe non-linear70

phenomena which, in some instances, is seen in the data (see Figs. 3(a) and 4(a), for example). Note that71
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In what follows, it will be useful to remind oneself of the following definitions:73

⌃2
j

= �2
j,1 + �

2
j,2 (12)

and74 ⇣
�L

j

⌘�2
= ��2

j,1 + �
�2
j,2 (13)

where j 2 {x, y}.75

The inclusion of individual x-y beam correlation a↵ects the individual beam widths, the convolved76
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x,y) only beyond terms linear in either 1,277

—for proof, the reader is referred to Section 7. However, as seen from Eqs. 8 and 9, we have access to78

measured quantities which are approximately linear in 1,2. It is therefore formally consistent to extract79

the individual beam widths using a model which neglects beam correlation, supplemented with data80

from the luminous centroid movements in the scan direction (Eqs. 7 and 10) and the measured ⌃
x,y and81

�L
x,y. One may combine these constrained individual beam widths with the remainder of the measured82

luminous centroid movements (those orthogonal to the scanning direction, i.e. Eqs. 8 and 9) to then83

extract 1,2.84

This summarises the prescription followed in this analysis. Since the standard luminosity formula85

(Eq. 1) neglects beam correlation, this analysis concludes with a determination of how much the con-86

strained beam correlation would impact a luminosity measurement that ignored this e↵ect.87
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…has been included in the model, essentially functioning as an x-z and a y-z correlation. 



Conclusions 
•  Permits a fully-analytic approach. Soluble with series solution about small 

correlation. 

•  Systematic method for constraining all beam parameters without boot-
strapping, iterating, etc. 

•  Arbitrary crossing-angle easily incorporated, retaining analyticity. 

•  Applied to vdM scans in Oct ’10, Mar ’11, May ’11,  
Apr ’12 and Jul ’12. 

•  Consistently suggests impact of  (linear) transverse coupling on luminosity 
calibration is negligible. 

•  One of  the systematic contributions that enters an unprecedented 1.8% 
luminosity error at ATLAS. 

•  On-going work: Further models have been explored in detail, which 
successfully account for many of  the non-linear features observed in the data. 
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Further models have been explored in detail, 
which successfully account for many of  the 

non-linear features observed in the data. 
 

An analytical approach is not always possible, 
as with the single-Gaussian model. Work is 
based on solving these as far as possible. 
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