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Expanding Universe: mostly useful formulas
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Expanding Universe: mostly useful formulas

Einstein equations

Tuv: macroscopic description S [ d4xy=gTuvdgHv
Tuv = (Pp+p)Uuly — Guvp ideal liquid with p(t) and p(t)
in the comoving frame u® =1, u=0 (almost) always works

T = diag(p, —p)

ds? = di* — & (t)y;dx’dx! |

1 1
SEH:—%/d“x =GR : Ruv—50uR=81GT,,

-\ 2
a 8w »
(00): <a> —30 -2
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Expanding Universe: mostly useful formulas

-\ 2
Friedmann equation ~ (00): <§> —81Gp — %

a 3 a2

. .a
V,T"=0 — p—|—35(p+p):0

the equation of state
p=p(p)

many-component liquid, other equations
in case of thermal equilibrium

dp
—3d(lna) = —— =d(Ins
(ina) === = d(ins)
entropy of cosmic primordial plasma is conserved in a comoving frame

sa® = const
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Expanding Universe: mostly useful formulas

Examples of cosmological solutions

o\ 2
a 871
dust: p=0 singular at t =t
_ const 3 23 _ const m
=5 a(t)y=-const-(t—1t;)=°, p(t)= (1)
3 ,p 1 1

a 2
=0, H)=2(=3;. P=ga 671G 12

the Universe is too young
2

10 _
3Ho =09x10"yr (h=0.7)

fo=
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Expanding Universe: mostly useful formulas

Cosmological (particle) horizon /y(t)

distance covered by photons emitted at t =0

the size of causally-connected region — the size of the visible part of

the Universe

in conformal coordinates: ds? =0 — |dx| = dn
coordinate size of the horizon equals n(t) = [ dn

(0 = atin()=a(0) [
dust

_ _ 2 _ 28 _
/H(t)_sz‘_H(t), Iho=2.6x10%cm (h=0.7)
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Expanding Universe: mostly useful formulas

Examples of cosmological solutions

radiation: p=1%p singular at t = t5
const 1/2 const
p= 7 a(t):const-(t—ts) / ) p(t): (t*ts)z N
a 1 3 3 1
— H(H = Z(1) = — — Y H2_ —
=0, HD=30=% P=gz6" ~3zrGP
tdt 1
In case of thermal equilibrium T =const/a
2 2
_ T T _ 7 T
2

-
30
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Expanding Universe: mostly useful formulas

Examples of cosmological solutions

vacuum: Tuv = pvacuv p=-

Se=—1s" G/erx SA——/\/«ﬁd”'

8r
a=const-efs! | Hg =4/ ?Gpvac

de Sitter space: space-time of constant curvature
ds? = dt? — e?Hest gx? J
a>o, no initial singularity
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Expanding Universe: mostly useful formulas

ds? = dt? — @2Hast gx2

no cosmological horizon: k(t) = eMest [!_ dt'e Hast’ = oo
de Sitter (events) horizon (x =0, {):
from which distance /(t) one can detect light emitted at t? J

in conformal coordinates: ds? =0 — |dx| = dn
coordinate size: n(t — o) —n(t)= i a((jg

physical size: lys = a(t) f{° ;’iﬁ T

observer will never be informed what happens at distances larger than
lus = H d Ho > HdSJ
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o Expanding Universe: mostly useful formulas

e The real Universe

Q Big Bang Nucleosynthesis

e Dark Matter

Q Baryogenesis



The real Universe

Friedmann equation for the present Universe

N
a 8n
H? = <a> 7G(pM + Prad + PA+ Peurv)
8r » 3
3 Gpcurv aga Pc 871G 0

GeV
Pc = Pw,0 + Prad,0 +PA0 = pc =0.52-10" > omd for h=0.7

Px.0
Qy =2
X Pc

(g>2 _ B?EGPC |:QM (%0)3—|-Qrad (aa()) + Qn+ Qeurv (E:) }
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The real Universe

Homogeneous and isotropic 3d manifolds

di? = dp?+r?(p)(d6? +sin® 0d¢?)

Rsin(p/R), 3-sphere
rip) = {

o, 3-plane
Rsinh(p/R), 3-hyperboloid
p is a geodesic distance; S=4nr?(p); AO = TL)
2 2 2 2
dp? — dr2p _ drrz dp? — dr2p _ drrz
cosh® g 1+ & Cos® 5 -5
ar? _
dPP = —— +r?(d6” +sin® 6d¢?)
1 — %ﬁ
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The real Universe

Brightness—redshift dependence in the Universe

ds? = o2 — 2(t) [dxz+sinh2 x (d92+sin2ed¢2)} J

coordinate distance y = ft" a‘é’g z(t) = 2 — 1

%(Z)_/Z az’ 1
0 aHo \/Qu(z' +1)3+Qn+Qeun (2 +1)2

QSHSchrv =1, Qu+Qa+Qcunw =1
S(z)=4nr?(z), r(z)=apsinhy(2)
detector: Ny < S7', 0 = w;/(1+2), diy=(1+2)dt;
hence the brightness (energy flux measured by a detector) is
L L

/= (1+2)28(z) 4mrs,’ on =(142):12)
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The real Universe

Brightness—redshift dependence: SNe la
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The real Universe

Last scattering: ye — ye

87 a? 1
— — ~0.67-10"* cm? =—
Or = 3 g s Ty GT'ne(T)

last scattering: T (Tr) =~ H '\ (Ty) ~ &

T,=026eV, z=1100, t =370000 yr

for general processes one should solve kinetic equations

an X;
at

— +3Hny = / (production — destruction)

o - - d (ngB) — B
Boltzmann equation in a comoving volume: § (na®) =a° [ ...
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The real Universe

Recombination: horizon

matter domination: 2k

8r 8r a\® s8r
HE = 5 Gpu(t) = 5 Gouo (2 ) = 5 Gpual1 +2°.

L _ 2 1
at recombination: bh,r = Fov/0m (112772
today: hr(lo) = hir x § = o A

v

I
fo o\ /1+2~30

/H,r(to)
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The real Universe

Recombination: angle

IH,r

ra(zr)

ra(z;)=(142z/)""-ag-sinhy,

A f’r =

1
AG,Z\/ﬁ, Qeurv =27 =0.
AG 1 2/ chrv/QM
r

B VZI'+1 Slnh <2\/QCUI’V/QM/> ‘
/—/1 N
JO /1 + é%iij/ﬁ
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Acoustic oscillations in
relativistic plasma:

What matters is the sound
horizon:

lsr =l r-vs= /H,r/\/§

Then A
1 1 180°
— X —— o~ 1°
V3Vi1+z T
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The real Universe
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Big Bang Nucleosynthesis
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e Big Bang Nucleosynthesis
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Big Bang Nucleosynthesis

Neutrino freeze-out

T > me ete < VvV, eve ev

oy ~ GZE?

neutrino interaction rate

i 1 , 8z _, T
YT loynv) T GETS 330 T Mz

1 1/3
Tv7fN< *> ~2-+3MeV
GEMp,
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Big Bang Nucleosynthesis

Neutron decoupling p+e<«— n+ve
typical energy scales

Tz2Am=13MeV, T 2> me=0.5MeV

neutron interaction rate

1 1
T, = =
nep ran Cn GIZ__ T5

v

neutron decoupling Cnep(T) ~ H(T) = T2 /M,
(CoM5,G2)
7 7 1 Mg
g.=2+L1-4+%.2.N, t= =M~

2H(T,) — 272 ~1s
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Big Bang Nucleosynthesis

Neutron density at decoupling
Ny — mnT 3/2 Hn;_’"n + o
n=0n o e Un+ Hy = Up+ Ue
Mn
N

__Mp-mp  pn—Hp
T T

for relativistic et and e~

Ng- — Ng+ n n _
Ho T~ flor _ P ~ng=-L=6x10""1°

2
Na0— — Na+ ~ T — = ___© —_
or ~fler mHe T T3 T3 ny
Nnp _Mmn—mp _am 1wy
— = Th =e ™ x—=-e
Np
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Big Bang Nucleosynthesis

p+n— D+y Saha equation
m T 3/2 Hn—mp m T 3/2 KUp—mp
nn:2<2’;r> e T, np:2<2’;r) e T,
Chemical equilibrium for nuclei: pa=Up-Z+Up-(A-2)
(A1)
X4 = Ang C Xp= XZX;;\_Z2_AgAA5/2né471 25T eAT:A
Ng P Mp
Temperature of BBN Tys: Xp ~1
Ap =2.23 MeV tns = 3 min
3/2 A
Xp(Tns) ~ Me (2?:\/8) ems ~1— Tns ~ 80 keV
D
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Big Bang Nucleosynthesis

Helium density (chemical equilibrium)

3
257241
Xa= X5 X5 227 AgaAol2n gt (5) e

Mp
X4He @ T = TNS ? A4He =28.3 MeV
9/2 A
o= 2 (221) e o
b

Let Xoye ~1  (2p.2n), nNp<np Xp ~ 1

a2 (25T ¥4 ay,

=Xl (50) e

P
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Big Bang Nucleosynthesis

Light element densities (chemical equilibrium)

3z 14 ,
Xam {ns. (2.57-)3/2} 2Z-3A 1eAA’A4HTe(A*Z)/2  174(A1232) y(A-2) BAAD) Bag 2

Mp
Z | Nucleus | Ap | Ap/A | Ax/(A-2) Xa
1] 2H=D | 223 | 1.11 2.23 1079
SH=T | 848 | 283 4.24 10118
2| 3He 7.72 | 257 7.72 10-°1
‘“He=o | 28.30 | 7.75 14.15 1
3 6Lj 31.99 | 5.33 10.66 1078
Li 39.24 | 5.61 9.81 10116
"Be 37.60 | 5.37 12.53 1095
8B 37.73 | 4.71 12.58 10769
6 12¢ 92.2 | 7.68 15.37 109
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Big Bang Nucleosynthesis

Helium abundance (NO chemical equilibrium)

Neutrons remain mostly in helium

’
Nape(Tns) = Enn(TNS) :

neutron-to-proton ratio Th ~ 880 s

nn(Tns) N 1 s w1

~—=-€ .- hx~_— ,
np( TNS) 5 7
Maye - n4He(TN3) 2
Yo = Xopyo = = ~ 25%
P T mp (p(Tus) + M(Tvs)) — 22(Tis) g~

%
ANyer <1, |2 <0.01
Th
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Big Bang Nucleosynthesis

Main nuclear reactions

@ p(n,y)D — deuterium production, BBN starts.
@ D(p,7)3He, D(D,n)3He, D(D,p)T, 3He(n, p)T — intermediate stage.
© T(D,n)*He, 3He(D,p)*He — production of “He.

Q T(w,7y)'Li, He(a, y)"Be, "Be(n, p)’Li — production of the heaviest
baryonic relics.

@ ’Li(p, ®)*He — "Li burning.

One has to compare reaction rates to the expansion rate
H(Tns=80keV) =4x 1073 s
to obtain nonequilibrium concentrations
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Big Bang Nucleosynthesis
Baryon density Quh?
0

Baryon-to-photon ratio 1 x 1010

Lecture #2 ,

7 June 2013

Measurement of ng =
at T ~1MeV

Lack of Lithium. ..
Yy =0.2581+0.025,

ng/ny

Exotics needed?

D/H| 287i021)><10_
1103.1261
T T T A T T
oF . B
! — o H'He
——- o'H, +'He
c= He'He
3 = oy H He
=
Zost q
P
v/-
'
v/.
00k . ol L
0.0 ) 20 3.0 4.0 5.0

similar results from other recent
studies including structure formation
1001.4440, 1001.5218, 1202.2889

Nv.eff < 4.2 @ 95%CL

Ny eff < 4.0 from D/H 1205.3785
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Big Bang Nucleosynthesis

BBN limits on Unstable relics Cx = Mxnx/ny
astro-ph/0605255 X —=y+x
107 ¢
1078
1077
1078 |
107 L

100 1000 10* 10% 10% 107 10® 10° 10!0 10!! 10%®
Ty (sec)

Dmitry Gorbunov (INR) Lecture #2, 7 June 2013 07.06.2013, ESHEP 32/46



o Expanding Universe: mostly useful formulas

e The real Universe
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0 Dark Matter

Q Baryogenesis



Dark Matter

Dark Matter Properties p=0

(If) particles:

@ stable on cosmological time-scale

@ nonrelativistic long before RD/MD-transition (either Cold or
. Vapyup < 1079)

© (almost) collisionless

© (almost) electrically neutral

If were in thermal equilibrium: My = 1 keV

If not: for bosons
A =21/(Myv), in a galaxy v ~0.5-107% — M, >3-10722 eV
for fermions

Pauli blocking: M, = 750 eV
__p_
f(p,x) = p)/(\;() . L S8 M| < 2gx -
X (meVx> p=0 (27)
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Dark Matter

Dark Matter Candidates

WIMPs (neutralino, .. .)

sterile neutrinos

gravitino

axion

Heavy relics

(Topological) defects

Massive Astrophysical Compact Halo Objects
Primordial black hole remnants

Dmitry Gorbunov (INR) Lecture #2, 7 June 2013
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Dark Matter

Weakly Interacting Massive Particles

Assumptions:
@ no X — X asymmetry Ny = Ny
@ @ T < My in thermal equilibrium with plasma

M, T\ 3/?
nX:n;(:gX< 2X7'[) eiMX/T

XX — light particles

freeze-out temperature T M; = Mp;/1.66,/g,
1 1 M,
s —HY(T)—Ti=—> .
gx Mx Mg, o
N (GannV) In (W)
Bethe formula: annihilation in s-wave: oann = "—VO
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Dark Matter

Weakly Interacting Massive Particles (WIMPs)
T2

density after freeze-out: (1) = 170,
]

3
present density: n(To) = (2%%) n(T¢) = (S(s%)) Ny (Ty) o< ﬁ < W

X + X contribution to critical density:
gx Mg, My o
Myng(To) -, S0 ( )" 0)

Qu=2—"-"=706
* Pc P00 Mo\ /9.(Tr)

.y (10 TeV) 2\ 03 n [ @MaMoo ) 1
oo g*(Tf) (271;)3/2 2h?

natural dark matter:  op ~ 0.01 X Opeak

GO< 2 — MX<1OOTeV

naturaly “light” S we
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Dark Matter

WIMPs are mostly welcome

@ Do not need new physical scale (and interaction?)
@ Can search for WIMPs in collision experiments (LHC):

X+X<+SM+SM +...

@ Can search for WIMPs in cosmic rays: products of WIMPs
annihilation (in Galactic center, dwarf galaxies, Sun)

X+X—pp, ete, v.y,...
@ Direct searches for Galactic Dark Matter (v ~ 103)

X +nuclei — X +nuclei+ AE
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Dark Matter

Recent results of (in)direct searches @ 7 TeV

— CDF 2012
- XENON-100

CDMSII 2011

x-Nucleon Cross Section [cm?

T T
-=~ CMS MonoJet
—+— CMS MonoPhoton

CoGeNT 2011

CDMSII 2010

a) Spin Independent

CMS
5=7TeV

J-de=5,o o'

x-Nucleon Cross Section [cm?

== CMS MonoJet
== CMS MonoPhoton
— CDF 2012
SIMPLE 2010
CDMSII 2011
COUPP 2011
Super-K W'W

*= IceCube W'W

b) Spin Dependent

CMS
5=7TeV

J-L dt=5.0fb

1

for WIMPs

10? 10°

M, [GeV/c?]

Logic: no light superpartners, Mgysy > 500 GeV

D1 (scalar) : M

D5 (vector) : Ve xy“ x9qv.q D9 (tensor) :

Dmitry Gorbunov (INR)

Mo 729 D8 (axial)

Lecture #2 ,

o Fm

1 _
Wx%fxquq

27(6 quuvq

10? 10°

S L. S ependerl.
ENONT00. — COMS

CMS (5 ®). Dﬁ A 100D,

\5\‘ 3

- COF, D5, 1> 170,

FEII

Lol Lol Lol L
E10°ETo0% 0L Spin Depandent 3
Sig¥E - SIMPLE — Picasso
S joup. - COF 08 @iem, 3
2 CMS (5 1o, D8, o8- (D),
2107 E:
ﬁm”f N _
8pm
Sio%f
8wk,
glﬂ «1f
F10YE __ atuas. oa. a1 k4
1042f -+~ ATLAS, D9, a1 Y(X7),. +
e i
oM ATLAS \5=7 TeV,J Ldt=46f"F
1o b L !
1 10 10 10° 1
m, [GeV]

10 10°
m, [GeV]
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Dark Matter

Recent results of (in)direct searches @ 7 TeV

Spin-independent

ATLAS s =7 TeV. 4.7 fo, 90%CL
—{QF T T ‘Hub_7 QERLIEE]
,—XENONwozmz 1.qq~>](XX)D‘ ]
S 1031 -~~~ COMSlilow-energy _,_ p5: qﬁﬁj(ﬂ)wz
s sl gcheglggLouxz) —— D11: gg— j(xX)
ATLA 7 TeV, 4.7 f %CL  510%F- o Dirac]
T $ T 5= SALLS fo, ‘95“/“"0 EE R bl S b
E @ L
2 x ( Fermi-LAT dSphs (xx)MaJmanae bb ) 510737,
L o
) = S 39fs
P —=— D5:q0—~ (), ., g10%
3 L= - S 1041f
f———— D8:93— (W), 2o 1
S 104 1
E s b ]
1045,‘ 4
1

10 10 10°
WIMP mass m, [ GeV |

Annihilation rate <ov> for xy — qq [cm°/ s]

" " Thermal relic valu . ATLAS e Js 7 Tev. 4.7 fol, 90%CL
k. as| —— SMPLE 201 —— D8: a5 [y, |
S I, e i
610} —— D8: NS @ i QL ]
§10-37
2
| Huu\s S10%
2
10 10 S10%
R
WIMP mass m, [GeV] g R S —

E 41
1210.4491v1 3 107

Spin-dependent

1 10 102 10°
WIMP mass m, [ GeV |
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Dark Matter

Decoupling of relativistic specia (DM?)

Thermal equilibrium is forbidden:
T4 > My, and then ny /s = const

Qup— MX:Nx0 _ Mx-SoNxo 5 Mx (97x) 100 \ 1
3/2 e e So “100eV \ 2 9.(Ty)) 2h2

@ If fermions: limit from Pauli-blocking

@ Generally: too hot at Equality:
from structure formation we need at Tg; ~ 1€V, vpy <1073
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Dark Matter

Other Dark Matter candidates are not in equilibrium!

WIMPs (neutralino, ...) <= thermal | = Singlet scalar field:

1 m2
L =Lsu+ E(&#S)Z — 7032 —ASPH H+ ...
Invisible decay H — SS if kinematically allowed, missing energy
direct searches for dark matter
sterile neutrinos «= Price: sensitive to mass and couplings! not seesaw neutrino!
axion «= Price: sensitive to mass and (=couplings) and history!

gravitino <= Price: sensitive to mass, couplings and reheating temperature !l yet it is
natural LSP if Agygy <1010 GeV

Heavy relics « Price: sensitive to mass and untestable

Asymmetric WIMPS, Nx ;ﬁ Ny <= No cosmic ray signals, but trapped in stars
Why asymmetric? But other matter, baryons, is asymmetric. . .

Why non-thermal DM? -« But major processes we know (recombination and
nucleosymthesis) were out-of-equilibrium. ...
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o Expanding Universe: mostly useful formulas
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Baryogenesis

Electroweak sphalerons: B— L

oHjB—13 g Vauvf/a
= Hen2 uv

all/’ul-n — g Va uv Va

677 L, n=1,23,

v =0 V& — 0, V2 +gee VOV refer to SU(2)w, V2, = Jeyuy2, V2
Anomaly: only left fermions couple to fields V7.
For nontrivial gauge fields in vacuum or plasma

AB=B(t;)— B(t) = / dt/ds M = 3/ d*x g Svanpa,
Strong fields are needed: V4, « 5, (integral is natural number!). Energies of such
configurations e< gig.
AB=3ALe=3AL, =3AL;
At temperatures 100 GeV < T < 10" GeV only 3 linear combinations survive, e.g.

B-L, Le—L,, Le—L;

where L=Le+Ly+L;
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Baryogenesis

Baryogenesis

Sakharov conditions of successful baryogenesis

@ B-violation (AB#0)XY--- = X'Y'...B
@ C- & CP-violation (AC#0,ACP#0) XY--- > X'Y'...B
@ processes above are out of equilibrium XY ..B=XY..

At 100 GeV< T <102 GeV nonperturbative processes (EW-sphalerons) violate B, Ly, so that
only three charges are conserved out of four, e.g.

B—L, Le—Ly, Le—L,
and B=ax(B-L),L=(a—1)x(B-L)

Leptogenesis: Baryogenesis from lepton asymmetry of the Universe ... due to sterile neutrinos

Why Qg ~ Qpy ? antropic principle?
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Baryogenesis

Lepton asymmetry from sterile neutrino decays

Most general renormalizable lagrangian with Majorana neutrinos N,
LLa=1,23.

. . M, —
Fom+NjidN; — yig Lo HN, — ?’NfN, +h.c.

where ﬁ, = e,-jHj?*, i,j=1,2; complex Yukawas, Majorana mass: AL#0
lepton number violating processes (N = N°¢ I):
N/_>hla, N[—>h7a,
hly — h7ﬁ

@ neutrino oscillations are explained

@ BAU via leptogenesis (decays for M, > 10° GeV or oscillations for light neutrinos,
even M; ~ 100 MeV

@ dark matter with M, ~ 1-100 keV
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