
!"#"$#%

$%

Beam instabilities (II) 

&'()*++'%,-.(/(%
01,2%3445/56*7(6%849((/:%3;)*+45;%<5)5/:%=6(+;95'.%

=9-6>;*?%@@AB!A@B$#%%
34C+(D/5;E.5+7>F%GA%H*67(>'C:%GA%I*.56*- :%&A%J*;*6(/* :%%%%

KA%<':%1A%LM76*/:%2A%L(-+57 :%&A%N*O(P:%HA%8*/)*+7:%%%%%%%%%%%%%%%
0A%Q*++'+'%

Summary of  the first part 
•! R9*7%'>%*%S5*.%'+>7*S'/'7?T%

–! 3%S5*.%S54(.5>%-+>7*S/5%D95+%*%.(.5+7%(U%'7>%;'>76'S-V(+%5W9'S'7>%*+%
5WO(+5+V*/%E6(D79%X5AEA%.5*+%O(>'V(+>%YWZ:%Y?Z:%Y[Z:%>7*+;*6;%;5)'*V(+>%! W:%
! ?:%! [:%574A\%]%65>-/V+E%'+7(%S5*.%/(>>%(6%5.'^*+45 %E6(D79_%

•! J+>7*S'/'V5>%*65%4*->5;%S?%795%5/5476(`.*E+5V4%a5/;>%76*'/'+E%S59'+;%
49*6E5;%O*6V4/5>%.()'+E%*7%795%>O55;%(U%/'E97%
–! b6'E'+F%;'>4(+V+-'V5>:%a+'75%4(+;-4V)'7?%
–! I5>46'S5;%796(-E9%D*C5%U-+4V(+>%*+;%'.O5;*+45>%

⇒! <(+E'7-;'+*/%O/*+5%
–! 1+56E?%/(>>%*+;%O(75+V*/%D5//%;'>7(6V(+%

! !%8?+496(+(->%O9*>5%>9'c%
! !%H-+49%/5+E795+'+E">9(675+'+E:%>?+496(76(+%7-+5%>9'c%

–! J+>7*S'/'V5>%
•! ,(S'+>(+%'+>7*S'/'7?%X;'O(/5%.(;5\%
•! 0(-O/5;%S-+49%'+>7*S'/'V5>%
•! 8'+E/5%S-+49%'+>7*S'/'V5>%%

%

@%
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Transverse wake function: definition  

d%

@S% [%

8(-645:%e$%

R'7+5>>:%e@%

<%

–! J+%*+%*W'>?..576'4%>76-47-65%X(6%>'.O/?%D'79%*%7(O`S(^(.%*+;%/5c`6'E97%>?..576?\%*%
>(-645%O*6V4/5%76*)5/'+E%(+%*W'>%4*++(7%'+;-45%+57%76*+>)56>5%U(645>%(+%*%D'7+5>>%
O*6V4/5%*/>(%U(//(D'+E%(+%*W'>%

–! 37%795%[56(`79%(6;56:%79565%'>%+(%76*+>)56>5%5f547%
–! R5%+55;%7(%'+76(;-45%*%S65*C'+E%(U%795%>?..576?%7(%;6')5%76*+>)56>5%5f547:%S-7%*7%

795%a6>7%(6;56%79565%*65%7D(%O(>>'S'/'V5>:%'A5A%(f>57%795%>(-645%(6%795%D'7+5>>%%%%%%

%
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Transverse dipolar wake function: 
definition  

g%

@S% [%

8(-645:%e$%

R'7+5>>:%e@%

<%

" W$%X(6%" ?$\%

Fx,y (s, z) = q2

!
!E + !v � !B

"

x,y

! E2x,y

E0
= ! x!

2, ! y!
2�E2x,y

� L

0
Fx (s, z)ds = �q1q2Wx (z)! x1

! L

0
Fy (s, z)ds = ! q1q2Wy (z)! y1

Transverse quadrupolar wake function:     
definition  

h%

@S% [%

8(-645:%e$%

R'7+5>>:%e@%

<%

" W@%X(6%" ?@\%

Fx,y (s, z) = q2

!
!E + !v � !B

"

x,y

! E2x,y

E0
= ! x!

2, ! y!
2�E2x,y

� L

0
Fy(s, z)ds = ! q1q2WQy(z)! y2

� L

0
Fx (s, z)ds = ! q1q2WQx (z)! x2
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Transverse dipolar wake function  

i%

–! =95%)*/-5%(U%795%76*+>)56>5%;'O(/*6%D*C5%U-+4V(+>%'+%B:!! "#$%&':%)*+'>95>%S54*->5%
>(-645%*+;%D'7+5>>%O*6V4/5>%*65%76*)5/'+E%O*6*//5/%*+;%795?%4*+%(+/?%]%.-7-*//?%]%
'+756*47%796(-E9%;'6547%>O*45%49*6E5:%D9'49%'>%+(7%'+4/-;5;%'+%79'>%U6*.5D(6C%

–! ! "#$%&((')& !>'+45%76*'/'+E%O*6V4/5>%*65%;5j5475;%7(D*6;%795%>(-645%O*6V4/5%X" W$%*+;%
" Wk@%9*)5%795%>*.5%>'E+\%%%%

%

z � 0
q2 � q1

Wx(0) = 0Wx(z) = !
E0

q1q2

! x!
2

! x1

! x1

Transverse dipolar wake function  

!%

–! =95%)*/-5%(U%795%76*+>)56>5%;'O(/*6%D*C5%U-+4V(+>%'+%B:!! "#$%&':%)*+'>95>%S54*->5%
>(-645%*+;%D'7+5>>%O*6V4/5>%*65%76*)5/'+E%O*6*//5/%*+;%795?%4*+%(+/?%]%.-7-*//?%]%
'+756*47%796(-E9%;'6547%>O*45%49*6E5:%D9'49%'>%+(7%'+4/-;5;%'+%79'>%U6*.5D(6C%

–! ! "#$%&((')& !>'+45%76*'/'+E%O*6V4/5>%*65%;5j5475;%7(D*6;%795%>(-645%O*6V4/5%X" W$%*+;%
" Wk@%9*)5%795%>*.5%>'E+\%%%%

%

z � 0
q2 � q1

Wx(0) = 0Wx(z) = !
E0

q1q2

! x!
2

! x1

! x!
2 ! x 0

2

! x1
> 0
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Transverse dipolar wake function  

l%

–! =95%)*/-5%(U%795%76*+>)56>5%;'O(/*6%D*C5%U-+4V(+>%'+%B:!! "#$%&':%)*+'>95>%S54*->5%
>(-645%*+;%D'7+5>>%O*6V4/5>%*65%76*)5/'+E%O*6*//5/%*+;%795?%4*+%(+/?%]%.-7-*//?%]%
'+756*47%796(-E9%;'6547%>O*45%49*6E5:%D9'49%'>%+(7%'+4/-;5;%'+%79'>%U6*.5D(6C%

–! ! "#$%&((')& !>'+45%76*'/'+E%O*6V4/5>%*65%;5j5475;%7(D*6;%795%>(-645%O*6V4/5%X" W$%*+;%
" Wk@%9*)5%795%>*.5%>'E+\%%%%

–! ! "#$%*'%9*>%*%;'>4(+V+-(->%;56')*V)5%'+%[mB%*+;%'7%)*+'>95>%U(6%*//%[ZB%S54*->5%(U%795%
-/76*`65/*V)'>V4%*OO6(W'.*V(+%%%

%

z � 0
q2 � q1

Wx(0) = 0Wx(z) = !
E0

q1q2

! x!
2

! x1

R W:?X[\%

[%

Transverse quadrupolar  wake function  

$B%

–! =95%)*/-5%(U%795%76*+>)56>5%e-*;6-O(/*6 %D*C5%U-+4V(+>%'+%B:!! +"#$%&':%)*+'>95>%S54*->5%
>(-645%*+;%D'7+5>>%O*6V4/5>%*65%76*)5/'+E%O*6*//5/%*+;%795?%4*+%(+/?%]%.-7-*//?%]%
'+756*47%796(-E9%;'6547%>O*45%49*6E5:%D9'49%'>%+(7%'+4/-;5;%'+%79'>%U6*.5D(6C%

–! ! +"#$%&((' !4*+%S5%(U%5'7956%>'E+%>'+45%76*'/'+E%O*6V4/5>%4*+%S5%5'7956%*^6*475;%(6%
;5j5475;%5)5+%.(65%(f%*W'>%X;5O5+;>%(+%E5(.576?%*+;%S(-+;*6?%4(+;'V(+>\%%%%

WQx (z) = !
E0

q1q2

! x!
2

! x2

z � 0
q2 � q1

WQx (0) = 0
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Transverse quadrupolar  wake function  

$$%

–! =95%)*/-5%(U%795%76*+>)56>5%e-*;6-O(/*6 %D*C5%U-+4V(+>%'+%B:!! +"#$%&':%)*+'>95>%S54*->5%
>(-645%*+;%D'7+5>>%O*6V4/5>%*65%76*)5/'+E%O*6*//5/%*+;%795?%4*+%(+/?%]%.-7-*//?%]%
'+756*47%796(-E9%;'6547%>O*45%49*6E5:%D9'49%'>%+(7%'+4/-;5;%'+%79'>%U6*.5D(6C%

–! ! +"#$%&((' !4*+%S5%(U%5'7956%>'E+%>'+45%76*'/'+E%O*6V4/5>%4*+%S5%5'7956%*^6*475;%(6%
;5j5475;%5)5+%.(65%(f%*W'>%X;5O5+;>%(+%E5(.576?%*+;%S(-+;*6?%4(+;'V(+>\%%%%

WQx (z) = !
E0

q1q2

! x!
2

! x2

z � 0
q2 � q1

WQx (0) = 0

! x2

! x!
2

�x 0
2

�x2
> 0

Transverse quadrupolar  wake function  

$@%

–! =95%)*/-5%(U%795%76*+>)56>5%e-*;6-O(/*6 %D*C5%U-+4V(+>%'+%B:!! +"#$%&':%)*+'>95>%S54*->5%
>(-645%*+;%D'7+5>>%O*6V4/5>%*65%76*)5/'+E%O*6*//5/%*+;%795?%4*+%(+/?%]%.-7-*//?%]%
'+756*47%796(-E9%;'6547%>O*45%49*6E5:%D9'49%'>%+(7%'+4/-;5;%'+%79'>%U6*.5D(6C%

–! ! +"#$%&((' !4*+%S5%(U%5'7956%>'E+%>'+45%76*'/'+E%O*6V4/5>%4*+%S5%5'7956%*^6*475;%(6%
;5j5475;%5)5+%.(65%(f%*W'>%X;5O5+;>%(+%E5(.576?%*+;%S(-+;*6?%4(+;'V(+>\%%%%

WQx (z) = !
E0

q1q2

! x!
2

! x2

z � 0
q2 � q1

WQx (0) = 0

! x 0
2

! x2 �x 0
2

�x2
< 0
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Transverse quadrupolar  wake function  

$#%

–! =95%)*/-5%(U%795%76*+>)56>5%e-*;6-O(/*6 %D*C5%U-+4V(+>%'+%B:!! +"#$%&':%)*+'>95>%S54*->5%
>(-645%*+;%D'7+5>>%O*6V4/5>%*65%76*)5/'+E%O*6*//5/%*+;%795?%4*+%(+/?%]%.-7-*//?%]%
'+756*47%796(-E9%;'6547%>O*45%49*6E5:%D9'49%'>%+(7%'+4/-;5;%'+%79'>%U6*.5D(6C%

–! ! +"#$%&((' !4*+%S5%(U%5'7956%>'E+%>'+45%76*'/'+E%O*6V4/5>%4*+%S5%5'7956%*^6*475;%(6%
;5j5475;%5)5+%.(65%(f%*W'>%X;5O5+;>%(+%E5(.576?%*+;%S(-+;*6?%4(+;'V(+>\%%%%

–! ! "#$%*'%9*>%*%;'>4(+V+-(->%;56')*V)5%'+%[mB%*+;%'7%)*+'>95>%U(6%*//%[ZB%S54*->5%(U%795%
-/76*`65/*V)'>V4%*OO6(W'.*V(+%%

R nW:?X[\%

[%

WQx (z) = !
E0

q1q2

! x!
2

! x2

z � 0
q2 � q1

WQx (0) = 0

Transverse impedance  

$d%

–! =95%76*+>)56>5%D*C5%U-+4V(+%(U%*+%*445/56*7(6%4(.O(+5+7%'>%S*>'4*//?%'7>%&655+%
U-+4V(+%'+%V.5%;(.*'+%X'A5A:%'7>%65>O(+>5%7(%*%O-/>5%5W4'7*V(+\%%
⇒! o56?%->5U-/%U(6%.*46(O*6V4/5%.(;5/>%*+;%>'.-/*V(+>:%S54*->5%'7%65/*75>%

>(-645%O567-6S*V(+>%7(%795%*>>(4'*75;%C'4C>%(+%76*'/'+E%O*6V4/5>_%

–! R5%4*+%*/>(%;5>46'S5%'7%*>%*%76*+>U56%U-+4V(+%'+%U65e-5+4?%;(.*'+%
–! =9'>%'>%795%;5a+'V(+%(U%'()*+,&(+&#/&)0#123-.4*5#40-&6)*1&#(U%795%5/5.5+7%

-+;56%>7-;?%

%

! x �
2 = !

!
q1q2

E0

"
[Wx (z)! x1 + WQx (z)! x2]

! y�
2 = �

�
q1q2

E0

⇥
[Wy (z)! y1 + WQy (z)! y2]

p%/'+5*6%756.>%657*'+5;:%9(D5)56%4(-O/'+E%756.>%*65%+5E/5475;%
X->-*//?%>.*//%'+%>?..576'4%>76-47-65>\%
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!%

Zqua
! (�) = i

! "

#"
WQ! (z) exp

"
� i�z

c

#
dz

c

Zdip
! (! ) = i

! "

#"
W! (z) exp

"
� i! z

c

#
dz

c

Transverse impedance  

$g%

–! =95%76*+>)56>5%D*C5%U-+4V(+%(U%*+%*445/56*7(6%4(.O(+5+7%'>%S*>'4*//?%'7>%&655+%
U-+4V(+%'+%V.5%;(.*'+%X'A5A:%'7>%65>O(+>5%7(%*%O-/>5%5W4'7*V(+\%%
⇒! o56?%->5U-/%U(6%.*46(O*6V4/5%.(;5/>%*+;%>'.-/*V(+>:%S54*->5%'7%65/*75>%

>(-645%O567-6S*V(+>%7(%795%*>>(4'*75;%C'4C>%(+%76*'/'+E%O*6V4/5>_%

–! R5%4*+%*/>(%;5>46'S5%'7%*>%*%76*+>U56%U-+4V(+%'+%U65e-5+4?%;(.*'+%
–! =9'>%'>%795%;5a+'V(+%(U%'()*+,&(+&#/&)0#123-.4*5#40-&6)*1&#(U%795%5/5.5+7%

-+;56%>7-;?%

%

q# ". r%

q# "."> r%

pp%.̀$%65U56>%795+%7(%*%76*+>)56>5%(f>57%*+;%;(5>%+(7%65O65>5+7%
*%+(6.*/'[*V(+%O56%-+'7%/5+E79%(U%795%>76-47-65%

Transverse impedance: resonator  

$h%

–! 89*O5%(U%D*C5%U-+4V(+%4*+%S5%>'.'/*6%7(%79*7%'+%/(+E'7-;'+*/%O/*+5:%;5756.'+5;%S?%
795%(>4'//*V(+>%(U%795%76*'/'+E%5/5476(.*E+5V4%a5/;>%

–! 0(+76*6?%7(%/(+E'7-;'+*/%'.O5;*+45>:%,5qQW:?r%'>%*+%(;;%U-+4V(+%(U%U65e-5+4?:%
D9'/5%J.qQW:?r%'>%*+%5)5+%U-+4V(+%

%

Zdip
! (! ) = i

! "

#"
W! (z) exp

"
� i! z

c

#
dz

c

! 20 ! 15 ! 10 ! 5

! 1.5

! 1.0

! 0.5

0 1 2 3 4 5
! 1

0

1

2

3

7&89:;<=#

>089:;<=#
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Transverse impedance: kicker  

$i%

–! 3+%5W*.O/5F%.*E+5V4%C'4C56>%*65%
->-*//?%/*6E5%4(+76'S-7(6>%7(%795%
76*+>)56>5%'.O5;*+45%(U%*%.*49'+5%%%

–! J7%'>%*%S6(*;%S*+;%4(+76'S-V(+%%
–! 2(%76*OO5;%.(;5>%
–! <(>>5>%S(79%'+%)*4--.%49*.S56%

*+;%U566'75%XC'4C56%95*V+E%*+;%
(-7E*>>'+E\%

%

>089:;<=#

7&89:;<=#

I'O(/*6%

Transverse impedance: kicker  

$!%

–! 3+%5W*.O/5F%.*E+5V4%C'4C56>%*65%
->-*//?%/*6E5%4(+76'S-7(6>%7(%795%
76*+>)56>5%'.O5;*+45%(U%*%.*49'+5%%%

–! J7%'>%*%S6(*;%S*+;%4(+76'S-V(+%%
–! 2(%76*OO5;%.(;5>%
–! <(>>5>%S(79%'+%)*4--.%49*.S56%

*+;%U566'75%XC'4C56%95*V+E%*+;%
(-7E*>>'+E\%

%

>089?:;< =#

7&89?:;< =#

n-*;6-O(/*6 %
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$B%

Transverse impedance: kicker  

$l%

–! 1)(/-V(+%(U%795%5/5476(.*E+5V4%a5/;>%X1?\%
'+%795%C'4C56%D9'/5%*+;%*c56%795%S5*.%9*>%
O*>>5;%

%

Transverse impedance: kicker  

@B%

–! 1)(/-V(+%(U%795%5/5476(.*E+5V4%a5/;>%
XGW\%'+%795%C'4C56%D9'/5%*+;%*c56%795%S5*.%
9*>%O*>>5;%

%
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$$%

Transverse impedance: resistive wall  

@$%

–! 3+(7956%'+7565>V+E%5W*.O/5F%*%4(+;-4V)5%O'O5%X5AEA%0-\%%
–! 09((>5%5AEA%7%m%d..%'+%)*4--.%

%

S%

7%

<%m%$%.%

Transverse impedance: resistive wall  

@@%
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D';5%6*+E5%(U%U65e-5+4'5>%
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%
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$@%
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Transverse impedance: resistive wall  

@#%

J7>%'.O5;*+45%5W75+;>%()56%*%)56?%
D';5%6*+E5%(U%U65e-5+4'5>%
–! 37%/(D%U65e-5+4'5>:%$(%)%ZZ%7:%

795%S5*.%4*+%(+/?%>55%795%
'+;-45;%49*6E5>%(+%'++56%
>-6U*45%

–! 37%'+756.5;'*75%U65e-5+4'5>%'7%
'+756*47>%D'79%795%4(+;-4V+E%
O'O5%796(-E9%*%;5465*>'+E%$(%)&

%
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S%

7%

Transverse impedance: resistive wall  
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(aka Transverse Mode Coupling Instability)  
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Stability condition  
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Mode frequencies  
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The Strong Head Tail Instability 
Mode frequencies  
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The Strong Head Tail Instability 
Why TMCI?  
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The Head Tail Instability 
Equations of  motion  
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Equations of  motion  
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The Head Tail Instability 
Transfer map  
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Oscillation modes  
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ỹ1

ỹ2
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The Head Tail Instability 
Growth/damping time  
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The Head Tail Instability 
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.*C5%.(;5%B%>7*S/5%X+YB%S5/(D%76*+>'V(+%*+;%+ZB%*S()5%76*+>'V(+\%*+;%
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A glance into the head-tail modes 
 

h$%

•! I'f565+7%76*+>)56>5%95*;`7*'/%.(;5>%4(665>O(+;%7(%;'f565+7%O*67>%(U%795%
S-+49%(>4'//*V+E%D'79%65/*V)5%O9*>5%;'f565+45>A%1AEA%
–! L(;5%B%'>%*%6'E';%S-+49%.(;5%
–! L(;5%$%9*>%95*;%*+;%7*'/%(>4'//*V+E%'+%4(-+756`O9*>5%
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%

%

A glance into the head-tail modes 
(as seen at a wide-band BPM) 
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A glance into the head-tail modes 
(experimental observations) 
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Macroparticle  simulation  
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Macroparticle  simulation  

hg%
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Macroparticle  simulation  
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•! R5%9*)5%>'.-/*75;%795%5)(/-V(+%(U%*%/(+E%N8%S-+49%-+;56%795%5f547%(U%*%
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Macroparticle  simulation  
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•! R5%9*)5%>'.-/*75;%795%5)(/-V(+%(U%*%/(+E%N8%S-+49%-+;56%795%5f547%(U%*%
76*+>)56>5%65>'>V)5%D*//%'.O5;*+45%/-.O5;%'+%(+5%O('+7%(U%795%6'+E%

•! R5%9*)5%->5;%O*6*.5756>%*7%'+|54V(+%XS5/(D%76*+>'V(+_\%*%496(.*V4'7?%
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