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Beam instabilities (I) 
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What is a beam instability? 
•  S:+8&(G&+&T6+/&(,G8+T(0(8@U&

–  4&T6+/&T65)/6G&.,G8+T06&E:6,&+&/)/6,8&)V&(8G&<(G87(T.W),&6X:(T(8G&+,&
6XP),6,W+0&F7)E8:&Y6BFB&/6+,&P)G(W),G&ZX[;&Z@[;&Z\ [;&G8+,<+7<&<6*(+W),G&σX;&
σ@;&σ\ ;&685B]&^&76G.0W,F&(,8)&T6+/&0)GG&)7&6/(_+,56 &F7)E8:`&
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What is a beam instability? 
•  S:+8&(G&+&T6+/&(,G8+T(0(8@U&

–  4&T6+/&T65)/6G&.,G8+T06&E:6,&+&/)/6,8&)V&(8G&<(G87(T.W),&6X:(T(8G&+,&
6XP),6,W+0&F7)E8:&Y6BFB&/6+,&P)G(W),G&ZX[;&Z@[;&Z\ [;&G8+,<+7<&<6*(+W),G&σX;&
σ@;&σ\ ;&685B]&^&76G.0W,F&(,8)&T6+/&0)GG&)7&6/(_+,56 &F7)E8:`&

&
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Bunch 1098+T06&T6+/&
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Bunch 46

What is a beam instability? 
•  S:+8&(G&+&T6+/&(,G8+T(0(8@U&

–  4&T6+/&T65)/6G&.,G8+T06&E:6,&+&/)/6,8&)V&(8G&<(G87(T.W),&6X:(T(8G&+,&
6XP),6,W+0&F7)E8:&Y6BFB&/6+,&P)G(W),G&ZX[;&Z@[;&Z\ [;&G8+,<+7<&<6*(+W),G&σX;&
σ@;&σ\ ;&685B]&^&76G.0W,F&(,8)&T6+/&0)GG&)7&6/(_+,56 &F7)E8:`&

&

b&

c,G8+T06&T6+/&

J6+/&1.776,8&
>7+,GV)7/67&

ΔL&

J6+/&O)G(W),&
?),(8)7&
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Why study beam instabilities? 
•  S:+8&(G&+&T6+/&(,G8+T(0(8@U&

–  4&T6+/&T65)/6G&.,G8+T06&E:6,&+&/)/6,8&)V&(8G&<(G87(T.W),&6X:(T(8G&+,&
6XP),6,W+0&F7)E8:&Y6BFB&/6+,&P)G(W),G&ZX[;&Z@[;&Z\[;&G8+,<+7<&<6*(+W),G&σX;&
σ@;&σ\ ;&685B]&^&76G.0W,F&(,8)&T6+/&0)GG&)7&6/(_+,56 &F7)E8:`&

•  S:@&G8.<@&T6+/&(,G8+T(0(W6GU&
–  >:6&),G68&)V&+&T6+/&(,G8+T(0(8@&.G.+00@&<6867/(,6G&8:6&/+X(/./&T6+/&

(,86,G(8@&8:+8&+&/+5:(,6&5+,&G8)76"+556067+86&YP67V)7/+,56&0(/(8+W),]&
&

&

d&

>@P(5+0&G(8.+W),&
–  4&T6+/&56,87)(<&

(,G8+T(0(8@&+PP6+7G&E:6,&
8:6&(,86,G(8@&(G&7+(G6<&
+T)*6&+&5678+(,&8:76G:)0<&

–  L8&<6P6,<G&+0G)&),&8:6&
6,G6/T06&)V&8:6&/+5:(,6&
G6Q,FG&

&

z

y

x

Why study beam instabilities? 
•  S:+8&(G&+&T6+/&(,G8+T(0(8@U&

–  4&T6+/&T65)/6G&.,G8+T06&E:6,&+&/)/6,8&)V&(8G&<(G87(T.W),&6X:(T(8G&+,&
6XP),6,W+0&F7)E8:&Y6BFB&/6+,&P)G(W),G&ZX[;&Z@[;&Z\[;&G8+,<+7<&<6*(+W),G&σX;&
σ@;&σ\ ;&685B]&^&76G.0W,F&(,8)&T6+/&0)GG&)7&6/(_+,56 &F7)E8:`&

•  S:@&G8.<@&T6+/&(,G8+T(0(W6GU&
–  >:6&),G68&)V&+&T6+/&(,G8+T(0(8@&.G.+00@&<6867/(,6G&8:6&/+X(/./&T6+/&

(,86,G(8@&8:+8&+&/+5:(,6&5+,&G8)76"+556067+86&YP67V)7/+,56&0(/(8+W),]&

–  c,<67G8+,<(,F&8:6&8@P6&)V&(,G8+T(0(8@&0(/(W,F&8:6&P67V)7/+,56;&+,<&(8G&
.,<670@(,F&/65:+,(G/;&(G&6GG6,W+0&T65+.G6&(8H&
•  400)EG&(<6,WV@(,F&8:6&G).756&+,<&P)GG(T06&/6+G.76G&8)&/(WF+86"G.PP76GG&8:6&6e658&
•  400)EG&<(/6,G(),(,F&+,&+5W*6&V66<T+5D&G@G86/&8)&P76*6,8&8:6&(,G8+T(0(8@&
&

&

f&
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Types of  beam instabilities 
&

Bû J6+/&(,G8+T(0(W6G&)55.7&(,&T)8:&0(,6+7&+,<&5(75.0+7&/+5:(,6G&
–  =),F(8.<(,+0&P0+,6&Y\;δ]&
–  >7+,G*67G6&P0+,6&YX;@;Xg;@g]&

Bû J6+/&(,G8+T(0(W6G&5+,&+e658&8:6&T6+/&),&<(e676,8&G5+06G&
–  17)GGh8+0D&T68E66,&T.,5:6G&

!  &>:6&.,G8+T06&/)W),&)V&G.TG6i.6,8&T.,5:6G&(G&5).P06<&
!  &>:6&(,G8+T(0(8@&(G&5),G6i.6,56&)V&+,)8:67&/65:+,(G/&8:+8&T.(0<G&.P&

+0),F&8:6&T.,5:&87+(,&&
–  9(,F06&T.,5:&6e658&
–  1)+GW,F&T6+/&(,G8+T(0(W6G&

&

!&

Example of  multi-bunch instability 
Bû  >:6@&5+,&+e658&8:6&T6+/&),&<(e676,8&G5+06G&

–  17)GGh8+0D&T68E66,&T.,5:6G&
!  &!"#$%&'()*+#$,-.-&$-/$'%*'#0%#&($*%&1"#'$2'$1-%3+#4$
!  &>:6&(,G8+T(0(8@&(G&5),G6i.6,56&)V&+,)8:67&/65:+,(G/&8:+8&T.(0<G&.P&+0),F&8:6&T.,5:&87+(,&&

–  9(,F06&T.,5:&6e658&

&

C&
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Example of  multi-bunch instability 
Bû  >:6@&5+,&+e658&8:6&T6+/&),&<(e676,8&G5+06G&

–  17)GGh8+0D&T68E66,&T.,5:6G&
!  &>:6&.,G8+T06&/)W),&)V&G.TG6i.6,8&T.,5:6G&(G&5).P06<&
!  &!"#$2&'()*2+2(5$2'$1-&'#0%#&1#$-/$)&-("#6$,#1")&2',$(")($*%2+4'$%3$)+-&7$("#$*%&1"$(6)2&$$

–  9(,F06&T.,5:&6e658&

&

j&

Example of  single bunch instability 
Bû  >:6@&5+,&+e658&8:6&T6+/&),&<(e676,8&G5+06G&

–  17)GGh8+0D&T68E66,&G.TG6i.6,8&T.,5:6G&
!  &>:6&(,G8+T(0(8@&T.(0<G&.P&+0),F&+&T.,5:&87+(,&
!  &>:6&(,G8+T(0(8@&(G&5),G6i.6,56&)V&+,)8:67&/65:+,(G/&8:+8&T.(0<G&.P&+0),F&8:6&T.,5:&87+(,&&

–  82&7+#$*%&1"$#9#1($

&

%$&
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?.0WhT.,5:&T6+/& G&

Instability loop  

%%&

L,867+5W),&E(8:&8:6&
6X867,+0&6,*(7),/6,8&

2i.+W),G&)V&
/)W),&)V&8:6&
T6+/&P+7W506G&

!
�E, �B

"

4<<(W),+0&606587)/+F,6W5&a60<&
+5W,F&),&8:6&T6+/;&T6G(<6G&-k&
+,<&6X867,+0&/+F,6W5&a60<G&&

?.0WhT.,5:&T6+/& G&

%A&

L,867+5W),&E(8:&8:6&
6X867,+0&6,*(7),/6,8&

2i.+W),G&)V&
/)W),&)V&8:6&
T6+/&P+7W506G&

!
�E, �B

"

4<<(W),+0&606587)/+F,6W5&a60<&
+5W,F&),&8:6&T6+/;&T6G(<6G&-k&
+,<&6X867,+0&/+F,6W5&a60<G&&

3)(G6&

Instability loop  
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?.0WhT.,5:&T6+/& G&

%#&

L,867+5W),&E(8:&8:6&
6X867,+0&6,*(7),/6,8&

2i.+W),G&)V&
/)W),&)V&8:6&
T6+/&P+7W506G&

!
�E, �B

"

4<<(W),+0&606587)/+F,6W5&a60<&
+5W,F&),&8:6&T6+/;&T6G(<6G&-k&
+,<&6X867,+0&/+F,6W5&a60<G&&

3)(G6&

Instability loop  

Some examples of   
beam-environment interaction  

%b&

L,867+5W),&)V&8:6&
T6+/&E(8:&8:6&
6X867,+0&6,*(7),/6,8&

J6+/&G60Vha60<G&
–  968&)V&?+XE600gG&6i.+W),G&E(8:&

o   >:6&T6+/&+G&8:6&G).756&867/&
o   J).,<+7@&5),<(W),G&F(*6,&T@&

8:6&+556067+8)7&5)/P),6,8&(,&
E:(5:&8:6&T6+/&P7)P+F+86G&

&

k(60<G&V7)/&+,)8:67 &T6+/&
–  968&)V&?+XE600gG&6i.+W),G&E(8:&

o   >:6&)8:67&T6+/&+G&8:6&G).756&
867/&

o   J).,<+7@&5),<(W),G&F(*6,&T@&
8:6&5:+/T67&(,&E:(5:&8:6&
6,5).,867&T68E66,&8:6&T6+/G&
8+D6G&P0+56&
&

>:6&606587),&50).<&
–  206587),&P7)<.5W),&+,<&

/.0WP+5W,F&
–  O)(GG),gG&6i.+W),&E(8:&

o   >:6&606587),&50).<&+G&8:6&G).756&
867/&

o   J).,<+7@&5),<(W),G&F(*6,&T@&8:6&
5:+/T67&(,&E:(5:&8:6&606587),&
50).<&T.(0<G&.P&

&



!"#$"%#&

C&

Electro-magnetic 
beam-environment interaction  

%d&

L,867+5W),&)V&8:6&
T6+/&E(8:&8:6&
6X867,+0&6,*(7),/6,8&

J6+/&G60Vha60<G&
–  968&)V&?+XE600gG&6i.+W),G&E(8:&

o   >:6&T6+/&+G&8:6&G).756&867/&
o   J).,<+7@&5),<(W),G&F(*6,&T@&

8:6&+556067+8)7&5)/P),6,8&(,&
E:(5:&8:6&T6+/&P7)P+F+86G&

&

366<&)V&+&/+8:6/+W5+0&V7+/6E)7D&8)&<6G57(T6&8:6&6e658G&)V&
8:6&G60Vh(,<.56<&a60<G&),&8:6&T6+/&&&

!2,#$4-,)2& H&
S+D6&V.,5W),G"
P)86,W+0G&

:6#0%#&15$4-,)2&H&
L/P6<+,56G&

Wake fields (general)  

%f&

\& \&AT& \&

9).756;&i%&

S(8,6GG;&iA&

–  S:(06&G).756&+,<&E(8,6GG&Y&qi&! (s-­‐ct)	
  ];&<(G8+,8&T@&z<0;&/)*6&(,&+&P67V6580@&
5),<.5W,F&5:+/T67;&8:6&E(8,6GG&<)6G&,)8&V660&+,@&V)756&Yγ&[[&%]&&

–  S:6,&8:6&G).756&6,5).,867G&+&<(G5),W,.(8@&Y6BFB;&87+,G(W),;&<6*(56];&(8&
P7)<.56G&+,&606587)/+F,6W5&a60<;&E:(5:&87+(0G&T6:(,<&YE+D6&a60<]&

o   >:6&G).756&0)G6G&6,67F@&
o   >:6&E(8,6GG&V660G&+&,68&V)756&+00&+0),F&+,&6e65W*6&06,F8:&)V&8:6&G87.58.76;&=&

&

=&
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Wake fields (general)  

%!&

AT&

9).756;&i%&

S(8,6GG;&iA&

=&

–  3)8&),0@&F6)/687(5&<(G5),W,.(W6G&5+.G6&606587)/+F,6W5&a60<G&87+(0(,F&
T6:(,<&G).756G&87+*60(,F&+8&0(F:8&GP66<B&

–  k)7&6X+/P06;&+&P(P6&E(8:&a,(86&5),<.5W*(8@&5+.G6G&+&<60+@&(,&8:6&(/+F6&
5.776,8G;&E:(5:&+0G)&P7)<.56G&<60+@6<&606587)/+F,6W5&a60<G&

o   3)&7(,F(,F;&),0@&G0)E&<65+@&
o   >:6&E(8,6GG&V660G&+&,68&V)756&+00&+0),F&+,&6e65W*6&06,F8:&)V&8:6&G87.58.76;&=&

–  L,&F6,67+0;&+0G)&606587)/+F,6W5&T).,<+7@&5),<(W),G&)8:67&8:+,&O21&5+,&
T6&8:6&)7(F(,&)V&E+D6&a60<GB&

&

\&

\&

;<$!"#$+-&72(%42&)+$3+)&#$

δP"P$&
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Longitudinal wake function: definition  

%j&

AT& \&

9).756;&i%&

S(8,6GG;&iA&

=&

F�(s, z) = q2Ez(s, z)
� L

0
F�(s, z)ds = ! q1q2W�(z)

! E2

�E2

E0
� �p2

p0

Longitudinal wake function: properties  

A$&

W�(z) = ��E2

q1q2
W�(0) = � ! E1

q2
1

z ! 0
q2 ! q1

–  >:6&*+0.6&)V&8:6&E+D6&V.,5W),&(,&$;	
  ! "" #$%;&(G&760+86<&8)&8:6&6,67F@&0)G8&
T@&8:6&G).756&P+7W506&(,&8:6&576+W),&)V&8:6&E+D6&

–  ! "" #$%&$	
  G(,56&" ' ( )$&&&
–  ! "" #*%&(G&<(G5),W,.).G&(,&\ l$&+,<&(8&*+,(G:6G&V)7&+00&\ [$&T65+.G6&)V&8:6&

.087+h760+W*(GW5&+PP7)X(/+W),&&&
&

S mmY\]&

\&
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The energy balance  

A%&

W�(0) = � ! E1

q2
1

–  L,&8:6&F0)T+0&6,67F@&T+0+,56;&8:6&6,67F@&0)G8&T@&8:6&G).756&GP0(8G&(,8)&&
o   206587)/+F,6W5&6,67F@&)V&8:6&/)<6G&8:+8&76/+(,&87+PP6<&(,&8:6&)Tn658&

Bû  O+780@&<(GG(P+86<&),& )7&(,8)&P.7P)G60@&<6G(F,6<&(,G678G&)7&

Bû  O+780@&87+,GV6776<&8)&V)00)E(,F&P+7W506G&Y)7&8:6&G+/6&P+7W506&)*67&
G.556GG(*6&8.7,G];&P)GG(T0@&V66<(,F&(,8)&+,&(,G8+T(0(8@`&&

o   206587)/+F,6W5&6,67F@&)V&/)<6G&8:+8&P7)P+F+86&<)E,&8:6&T6+/&5:+/T67&
Y+T)*6&5.8h)e];&E:(5:&E(00&T6&6*6,8.+00@&0)G8&),&G.77).,<(,F&0)GG@&/+867(+0G&&

&

S:+8&:+PP6,G&8)&8:6&6,67F@&0)G8&T@&8:6&G).756U&

Longitudinal impedance  

AA&

–  >:6&E+D6&V.,5W),&)V&+,&+556067+8)7&5)/P),6,8&(G&T+G(5+00@&(8G&'766,&V.,5W),&(,&
W/6&<)/+(,&Y(B6B;&(8G&76GP),G6&8)&+&P.0G6&6X5(8+W),]&&

Bû  o67@&.G6V.0&V)7&/+57)P+7W506&/)<60G&+,<&G(/.0+W),G;&T65+.G6&(8&5+,&T6&
.G6<&8)&<6G57(T6&8:6&<7(*(,F&867/G&(,&8:6&G(,F06&P+7W506&6i.+W),G&)V&
/)W),`&

–  S6&5+,&+0G)&<6G57(T6&(8&+G&+&87+,GV67&V.,5W),&(,&V76i.6,5@&<)/+(,&
–  >:(G&(G&8:6&<6a,(W),&)V&+-&72(%42&)+$*#),$1-%3+2&7$2,3#4)&1#$)V&8:6&606/6,8&

.,<67&G8.<@&

&

Z⇤(�) =
⇤ ⇥

�⇥
W⇤(z) exp

�
� i�z

c

⇥
dz

c

pΩq& pΩ/Gq&
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%A&

Longitudinal impedance: resonator  

A#&

Z⇤(�) =
⇤ ⇥

�⇥
W⇤(z) exp

�
� i�z

c

⇥
dz

c

�6 �5 �4 �3 �2 �1

�0.4

�0.2

0.2

0.4

0.6

= >>$

0 1 2 3 4 5

�0.4

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

?#@A>>B$

C,@A>>B$

>lAπ"ω7&

ω7&

–  >:6&V76i.6,5@&ω7&(G&760+86<&8)&8:6&)G5(00+W),&)V&2\;&+,<&8:676V)76&8)&8:6&V76i.6,5@&
)V&8:6&/)<6&6X5(86<&(,&8:6&)Tn658&

–  >:6&<65+@&W/6&<6P6,<G&),&:)E&i.(5D0@&8:6&G8)76<&6,67F@&(G&<(GG(P+86<&
Yi.+,Wa6<&T@&+&i.+0(8@&V+58)7&r]&&

&

�6 �5 �4 �3 �2 �1

�1

1

2

3

4

5

0 2 4 6 8 10

�0.4

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

Longitudinal impedance: resonator  

Ab&

= >>$ ?#@A>>B$

C,@A>>B$

Z⇤(�) =
⇤ ⇥

�⇥
W⇤(z) exp

�
� i�z

c

⇥
dz

c

–  L,&F6,67+0;&8:6&(/P6<+,56&E(00&T6&5)/P)G6<&)V&G6*67+0&)V&8:6G6&76G),+8)7&P6+DG&
–  s8:67&5),87(T.8)7G&8)&8:6&F0)T+0&(/P6<+,56&5+,&+0G)&:+*6&<(e676,8&G:+P6G;&6BFB&

8:6&76G(GW*6&E+00&

&
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Longitudinal impedance: cavity  
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Single bunch effects  
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Multi bunch effects  

Aj&

0 2 4 6 8 10

�0.4

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

?#@A>>B$

C,@A>>B$

Multi bunch effects  

#$&

�50 �40 �30 �20 �10

�0.04

�0.02

0.02

0.04= >>$



!"#$"%#&

%f&

Multi bunch effects  
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Energy loss of  a bunch (single pass)  
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Energy loss of  a bunch (multi-pass)  
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Energy loss per turn: stable phase shift  
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Single particle equations of  the longitudinal 
motion in presence of  wake fields  
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The Robinson instability  
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The Robinson instability  
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The Robinson instability  
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The Robinson instability  
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The Robinson instability  
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The Robinson instability  

b!&

Bû  s8:67&8@P6G&)V&(/P6<+,56G&5+,&+0G)&5+.G6&(,G8+T(0(W6G&8:7).F:&8:6&
-)T(,G),&/65:+,(G/&

Bû  I)E6*67;&+&G/))8:&T7)+<hT+,<&(/P6<+,56&E(8:&,)&,+77)E&
G87.58.76G&),&8:6&ω$&G5+06&5+,,)8&F(*6&7(G6&8)&+,&(,G8+T(0(8@&
ü  O:@G(5+00@;&8:(G&(G&506+7;&T65+.G6&8:6&+TG6,56&)V&G87.58.76&),&ω$&G5+06&(,&8:6&

GP6587./&(/P0(6G&8:+8&8:6&E+D6&:+G&V.00@&<65+@6<&(,&),6&8.7,&W/6&+,<&8:6&
<7(*(,F&867/&(,&8:6&6i.+W),&)V&/)W),&+0G)&*+,(G:6G&&

&

⇤�1 = Im(�� ⌅s) =
�

e2

m0c2

⇥
N⇥

2�T 2
0 ⌅s

⇥⇤

p=�⇥
(p⌅0 + ⌅s)ReZ⇤(p⌅0 + ⌅s)

⇥�

p= �⇥
(p�0 + �s)ReZ⇤(p�0 + �s) � 1

�0

⇥ ⇥

�⇥
�ReZ⇤(�)d� � 0

Other longitudinal instabilities  

bC&

•  >:6&-)T(,G),&(,G8+T(0(8@&)55.7G&V)7&+&G(,F06&T.,5:&.,<67&8:6&+5W),&)V&+&
/.0Wh8.7,&E+D6&a60<&
–  L8&5),8+(,G&+&867/&)V&5):676,8&G@,5:7)87),&8.,6&G:(t&
–  L8&76G.08G&(,8)&+,&.,G8+T06&7(F(<&T.,5:&<(P)06&)G5(00+W),&
–  L8&<)6G&,)8&(,*)0*6&:(F:67&)7<67&/)/6,8G&)V&8:6&T.,5:&0),F(8.<(,+0&P:+G6&

GP+56&<(G87(T.W),&

•  s8:67&(/P)78+,8&5)0065W*6&6e658G&5+,&+e658&+&T.,5:&(,&+&T6+/&&
–  O)86,W+0&E600&<(G8)7W),&Y76G.0W,F&(,&G@,5:7),).G&P:+G6&G:(t;&T.,5:&

06,F8:6,(,F&)7&G:)786,(,F;&G@,5:7)87),&8.,6&G:(t"GP76+<]&
–  1).P06<&T.,5:&(,G8+T(0(W6G&
–  I(F:&(,86,G(8@&G(,F06&T.,5:&(,G8+T(0(W6G&Y6BFB&/(57)E+*6&(,G8+T(0(8@]&&
–  1)+GW,F&T6+/&(,G8+T(0(W6G&Y6BFB,6F+W*6&/+GG&(,G8+T(0(8@]&

•  >)&T6&+T06&8)&G8.<@&8:6G6&6e658G&E6&E).0<&,66<&8)&76G)78&8)&+&/)76&
<68+(06<&<6G57(PW),&)V&8:6&T.,5:Y6G]&
–  o0+G)*&6i.+W),&YD(,6W5&/)<60]&
–  ?+57)P+7W506&G(/.0+W),G&
&

&
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Ad&

Coupled bunch modes  

bj&

•  ?&T.,5:6G&5+,&6X:(T(8&?&<(e676,8&/)<6G&)V&5).P06<&7(F(<&T.,5:&)G5(00+W),G&(,&8:6&
0),F(8.<(,+0&P0+,6&&
&

&

\&

Coupled bunch modes  

d$&

•  ?&T.,5:6G&5+,&6X:(T(8&?&<(e676,8&/)<6G&)V&5).P06<&7(F(<&T.,5:&)G5(00+W),G&(,&8:6&
0),F(8.<(,+0&P0+,6&&
&

&

\&
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Af&

Coupled bunch modes  

d%&

•  ?&T.,5:6G&5+,&6X:(T(8&?&<(e676,8&/)<6G&)V&5).P06<&7(F(<&T.,5:&)G5(00+W),G&(,&8:6&
0),F(8.<(,+0&P0+,6&

•  4,@&7(F(<&5).P06<&T.,5:&)G5(00+W),&5+,&T6&<65)/P)G6<&(,8)&&+&5)/T(,+W),&)V&
8:6G6&T+G(5&/)<6G&

&

&

\&

Coupled bunch modes  

dA&

\&

•  ?&T.,5:6G&5+,&6X:(T(8&?&<(e676,8&/)<6G&)V&5).P06<&7(F(<&T.,5:&)G5(00+W),G&(,&8:6&
0),F(8.<(,+0&P0+,6&

•  4,@&7(F(<&5).P06<&T.,5:&)G5(00+W),&5+,&T6&<65)/P)G6<&(,8)&&+&5)/T(,+W),&)V&
8:6G6&T+G(5&/)<6G&

&

&
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A!&

Coupled bunch modes  

d#&

•  ?&T.,5:6G&5+,&6X:(T(8&?&<(e676,8&/)<6G&)V&5).P06<&7(F(<&T.,5:&)G5(00+W),G&(,&8:6&
0),F(8.<(,+0&P0+,6&

•  4,@&7(F(<&5).P06<&T.,5:&)G5(00+W),&5+,&T6&<65)/P)G6<&(,8)&&+&5)/T(,+W),&)V&
8:6G6&T+G(5&/)<6G&

•  >:(G&/)<6G&5+,&T65)/6&.,G8+T06&.,<67&8:6&6e658&)V&0),F&7+,F6&E+D6&a60<G&&
&

&

\&

Single bunch modes  

db&

•  L,&+&G(/(0+7&V+G:(),;&+&G(,F06&T.,5:&6X:(T(8G&+&<).T06&(,a,(8@&)V&,+8.7+0&/)<6G&)V&)G5(00+W),;&E(8:&
7+8:67&5)/P0(5+86<&P:+G6&GP+56&P)787+(8GB&

•  S:+86*67&P678.7T+W),&),&8:6&T.,5:&P:+G6&GP+56&<(G87(T.W),&5+,&T6&6XP+,<6<&+G&+&G67(6G&)V&8:6G6&
/)<6G&

&

&

sG5(00+W),&/)<6G&+G&)TG67*6<&+8&+&E+00&5.776,8&/),(8)7&
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AC&

Single bunch modes  

dd&

•  L,&+&G(/(0+7&V+G:(),;&+&G(,F06&T.,5:&6X:(T(8G&+&<).T06&(,a,(8@&)V&,+8.7+0&/)<6G&)V&)G5(00+W),;&E(8:&
7+8:67&5)/P0(5+86<&P:+G6&GP+56&P)787+(8GB&

•  S:+86*67&P678.7T+W),&),&8:6&T.,5:&P:+G6&GP+56&<(G87(T.W),&5+,&T6&6XP+,<6<&+G&+&G67(6G&)V&8:6G6&
/)<6G&

•  s,6&)V&8:6G6&/)<6G&)7&+&5)/T(,+W),&)V&8:6/&5+,&T65)/6&.,G8+T06&.,<67&8:6&6e658&)V&+&G:)78&
7+,F6&E+D6&a60<&

•  L,&P+7W5.0+7;&8:6&V76i.6,5(6G&)V&8:6G6&/)<6G&G:(t&E(8:&(,86,G(8@;&+,<&8E)&)V&8:6&/)<6G&5+,&/67F6&
+T)*6&+&5678+(,&8:76G:)0<;&5+.G(,F&+&/(57)E+*6&(,G8+T(0(8@`&

&

&

Macroparticle  simulation  

df&

•  S6&:+*6&G(/.0+86<&8:6&6*)0.W),&)V&+,&9O9&T.,5:&.,<67&8:6&6e658&)V&+&
0),F(8.<(,+0&T7)+<&T+,<&(/P6<+,56&0./P6<&(,&),6&P)(,8&)V&8:6&7(,F&

&
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9O9&7(,FH&
>7+,G*67G6&à&%h8.7,&/+P&H$
=),F(8.<(,+0&à&D(5D&V7)/&
G(,.G)(<+0&*)08+F6&
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Aj&

Macroparticle  simulation  

d!&

•  S6&:+*6&G(/.0+86<&8:6&6*)0.W),&)V&+,&9O9&T.,5:&.,<67&8:6&6e658&)V&+&
0),F(8.<(,+0&T7)+<&T+,<&(/P6<+,56&0./P6<&(,&),6&P)(,8&)V&8:6&7(,F&

•  >E)&<(e676,8&(,86,G(8@&*+0.6G&:+*6&T66,&G(/.0+86<&
–  =)E&(,86,G(8@&à&T60)E&(,G8+T(0(8@&8:76G:)0<;&T.8&P)86,W+0&E600&<(G8)7W),&(G&

*(G(T06&(,&867/G&)V&G8+T06&P:+G6&G:(t&+,<&T.,5:&06,F8:6,(,F&
–  I(F:&(,86,G(8@&à&+T)*6&/(57)E+*6&(,G8+T(0(8@&8:76G:)0<&

&


