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Strong, electromagnetic, and weak forces are conjectured to arise from a single funda-

mental interaction based on the gauge group SU(5).

We present a series of hypotheses and spec-
ulations leading inescapably to the conclusion

that SU(5) is the gauge group of the world~hat
all elementary particle forces (strong, weak,

and electromagnetic) are different manifestations

of the same fundamental interaction involving a
single coupling strength, the fine-structure con-

stant. Our hypotheses may be wrong and our

speculations idle, but the uniqueness and sim-

plicity of our scheme are reasons enough that it

be taken seriously.
Our starting point is the assumption that ueaA

and electromagnetic forces are mediated by the

vector bosons of a gauge-invariant theory with

spontaneous symmetry breaAinI, . A model de-

scribing the interactions of leptons using the

gauge group SU(2) Cg U(1) was first proposed by

Glashow, and was improved by Weinberg and

Salam who incorporated spontaneous symmetry

breaking. ' This scheme can also describe had-

rons, and is just one example of an infinite class
of models compatible with observed weak-inter-

action phenomenology. If we assume that there

are as few fermion fields as Possible and, in

particular, that there are no unobserved leptons,

the Weinberg model becomes unique up to exten-

sions of the gauge group: The observed leptons

may be described by six left-handed Weyl fields

v,., vL', e, ', p, ,
') and their charge

conjugates. If the gauge couplings do not mix

leptons with quarks, these six fields must trans-
form as a representation of the gauge group: one

of the 23 subgroups of U(6) containing an SU(2)

ISU(1) subgroup in which the leptons behave as

they do in the Weinberg model.

To include hadrons in the theory, we must use
the Glashow-Iliopoulos-Maiani (GIM) mechanism

and introduce a fourth quark p' carrying charm. '

Still, decisions must be made: Should the quarks

have fractional or integer charges? Should there
be one quartet of quarks or several'P Bouchiat,

Iliopoulos, and Meyer suggested what seems the

most attractive alternative: three quartets of
fractionally charged quarhs 'This com. bination

of the GIM mechanism with the notion of colored
quarks' keeps the successes of the quark model

and gives an important bonus: Lepton and hadron

anomalies cancel so that the theory of weak and

electromagnetic interactions is renormalizable. '

The next step is to include strong interactions.
We assume that strong interactions are nied~ate~

by an octet of neHtral vector gauge gluons as-
sociated with local color SU(3) symmetry, and

that there are no fundamental strongly interact-
ing scalar-meson fields. " This insures that

parity and hypercharge are conserved to order

z,
' and does not lead to any new anomalies, so

that the theory remains renormalizable. The

strongest binding forces are in color singlet
states which may explain why observed hadrons

lie in qqq and qq configurations. And, it gives
another important bonus: Since the strong inter-
actions are associated with a non-Abelian theory,
they may be asymptotically free.
Thus, we see how attractive it is for strong,

weak, and electromagnetic interactions to spring
from a gauge theory based on the group P = SU(3)
Ig SU(2) SU(1). Alas, this theory is defective in

one important respect: It does not truly unify

weak and electromagnetic interactions. The

SU(2)@U(1) gauge couplings describe two inter-
actions with two independent coupling constants;
a true unification would involve only one.
Electric charge is observed to be quantized.

This has no natural explanation in the framework
of conventional quantum electrodynamics, but it
is necessarily true in any unified theory' ~et
another reason to search for a true unification.
We must assume that the gauge group is larger

than F. Suppose it is of the form SU(3) I3% where
'vV contains SU(2) @,U(1) but has a unique gauge

coupling constant. W must be simple, or the di-
rect product of isomorphic simple factors with

discrete symmetries which interchange them.
This embedding of the Weinberg model implies a
relationship between the coupling constants of

the SU(2) and U(1) subgroups. Because leptons
are singlets under color SU(3), leptons and quarks
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- Gauge sector: 

- SM fermions: 

7

and the additional fermionic multiplet
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where (8, 1, 0)F , (1, 3, 0)F and (1, 1, 0)F [(3, 2,� 5
6 )F � (3, 2,+ 5

6 )F ] are Majorana [Dirac] degrees of freedom.
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3. Spin 1

Note that in the SM broken phase (3, 2,� 5
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the other states being the usual massless gauge bosons of the SM.

B. Lagrangian, mass spectrum and low-energy interactions

1. Scalar sector

The scalar sector consists in the potential for the GUT-breaking field 24H

V24H = m2
24Tr 24

2
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3
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4
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�
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yT yS mT mS (51)

Main idea: the minimal conceivable Grand Unified Theory (GUT), namely the original Georgi-Glashow SU(5)
(GGSU5) model [3], is ruled out because it does not achieve gauge couplings unification and it predicts massless
neutrinos. Is there a minimal extension of the model which fixes both the problems at once? In the last years two
classes of models emerged which answer this question: the former is obtained by adding a 15H scalar representation
to the GGSU5 field content (GGSU5H15) [4, 5], while the latter consists in the addition of an extra 24F fermion
representation (GGSU5F24) [1, 2].

In the following we will focus on the GGSU5F24 model, with the final goal of pushing the predictions of the theory
at the three-loop level accuracy.

The reason why we start by considering the GGSU5F24 model is that its low-energy structure is somehow simpler.
Indeed, the the main prediction of the GGSU5F24 model is a light O(TeV) fermionic weak-isospin triplet, (1, 3, 0)F .
The latter state is also responsible for the generation of neutrino masses through the type-III seesaw mechanism,
thus providing a direct way to test the origin of neutrino masses at LHC. On the other hand, the GGSU5H15 model
predicts two light scalar states among the following SM multiplets: (1, 3, 1)H , (3, 2, 1/6)H and (6, 1,�2/3)H , making
the structure of the low-energy theory less constrained. The GGSU5H15 model is anyway a minimal alternative
formulation of the theory with a di↵erent phenomenology and thus worth to be studied at the three-loop level
accuracy in a second step.

A. Field content and SM embedding

1. Spin 0

The Higgs sector is given by
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where (8, 1, 0)H , (1, 3, 0)H and (1, 1, 0)H [(3, 2,� 5
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Main idea: the minimal conceivable Grand Unified Theory (GUT), namely the original Georgi-Glashow SU(5)
(GGSU5) model [3], is ruled out because it does not achieve gauge couplings unification and it predicts massless
neutrinos. Is there a minimal extension of the model which fixes both the problems at once? In the last years two
classes of models emerged which answer this question: the former is obtained by adding a 15H scalar representation
to the GGSU5 field content (GGSU5H15) [4, 5], while the latter consists in the addition of an extra 24F fermion
representation (GGSU5F24) [1, 2].

In the following we will focus on the GGSU5F24 model, with the final goal of pushing the predictions of the theory
at the three-loop level accuracy.

The reason why we start by considering the GGSU5F24 model is that its low-energy structure is somehow simpler.
Indeed, the the main prediction of the GGSU5F24 model is a light O(TeV) fermionic weak-isospin triplet, (1, 3, 0)F .
The latter state is also responsible for the generation of neutrino masses through the type-III seesaw mechanism,
thus providing a direct way to test the origin of neutrino masses at LHC. On the other hand, the GGSU5H15 model
predicts two light scalar states among the following SM multiplets: (1, 3, 1)H , (3, 2, 1/6)H and (6, 1,�2/3)H , making
the structure of the low-energy theory less constrained. The GGSU5H15 model is anyway a minimal alternative
formulation of the theory with a di↵erent phenomenology and thus worth to be studied at the three-loop level
accuracy in a second step.
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(GGSU5) model [3], is ruled out because it does not achieve gauge couplings unification and it predicts massless
neutrinos. Is there a minimal extension of the model which fixes both the problems at once? In the last years two
classes of models emerged which answer this question: the former is obtained by adding a 15H scalar representation
to the GGSU5 field content (GGSU5H15) [4, 5], while the latter consists in the addition of an extra 24F fermion
representation (GGSU5F24) [1, 2].

In the following we will focus on the GGSU5F24 model, with the final goal of pushing the predictions of the theory
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The reason why we start by considering the GGSU5F24 model is that its low-energy structure is somehow simpler.
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and the additional fermionic multiplet
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where (8, 1, 0)F , (1, 3, 0)F and (1, 1, 0)F [(3, 2,� 5
6 )F � (3, 2,+ 5

6 )F ] are Majorana [Dirac] degrees of freedom.
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3. Spin 1

Note that in the SM broken phase (3, 2,� 5
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the other states being the usual massless gauge bosons of the SM.

B. Lagrangian, mass spectrum and low-energy interactions

1. Scalar sector

The scalar sector consists in the potential for the GUT-breaking field 24H

V24H = m2
24Tr 24
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3
H + �(1)

24 Tr 24
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Main idea: the minimal conceivable Grand Unified Theory (GUT), namely the original Georgi-Glashow SU(5)
(GGSU5) model [3], is ruled out because it does not achieve gauge couplings unification and it predicts massless
neutrinos. Is there a minimal extension of the model which fixes both the problems at once? In the last years two
classes of models emerged which answer this question: the former is obtained by adding a 15H scalar representation
to the GGSU5 field content (GGSU5H15) [4, 5], while the latter consists in the addition of an extra 24F fermion
representation (GGSU5F24) [1, 2].

In the following we will focus on the GGSU5F24 model, with the final goal of pushing the predictions of the theory
at the three-loop level accuracy.

The reason why we start by considering the GGSU5F24 model is that its low-energy structure is somehow simpler.
Indeed, the the main prediction of the GGSU5F24 model is a light O(TeV) fermionic weak-isospin triplet, (1, 3, 0)F .
The latter state is also responsible for the generation of neutrino masses through the type-III seesaw mechanism,
thus providing a direct way to test the origin of neutrino masses at LHC. On the other hand, the GGSU5H15 model
predicts two light scalar states among the following SM multiplets: (1, 3, 1)H , (3, 2, 1/6)H and (6, 1,�2/3)H , making
the structure of the low-energy theory less constrained. The GGSU5H15 model is anyway a minimal alternative
formulation of the theory with a di↵erent phenomenology and thus worth to be studied at the three-loop level
accuracy in a second step.
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where (8, 1, 0)H , (1, 3, 0)H and (1, 1, 0)H [(3, 2,� 5
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2 )H and (3, 1,� 1

3 )H ] are real [complex]
scalars.
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Main idea: the minimal conceivable Grand Unified Theory (GUT), namely the original Georgi-Glashow SU(5)
(GGSU5) model [3], is ruled out because it does not achieve gauge couplings unification and it predicts massless
neutrinos. Is there a minimal extension of the model which fixes both the problems at once? In the last years two
classes of models emerged which answer this question: the former is obtained by adding a 15H scalar representation
to the GGSU5 field content (GGSU5H15) [4, 5], while the latter consists in the addition of an extra 24F fermion
representation (GGSU5F24) [1, 2].

In the following we will focus on the GGSU5F24 model, with the final goal of pushing the predictions of the theory
at the three-loop level accuracy.

The reason why we start by considering the GGSU5F24 model is that its low-energy structure is somehow simpler.
Indeed, the the main prediction of the GGSU5F24 model is a light O(TeV) fermionic weak-isospin triplet, (1, 3, 0)F .
The latter state is also responsible for the generation of neutrino masses through the type-III seesaw mechanism,
thus providing a direct way to test the origin of neutrino masses at LHC. On the other hand, the GGSU5H15 model
predicts two light scalar states among the following SM multiplets: (1, 3, 1)H , (3, 2, 1/6)H and (6, 1,�2/3)H , making
the structure of the low-energy theory less constrained. The GGSU5H15 model is anyway a minimal alternative
formulation of the theory with a di↵erent phenomenology and thus worth to be studied at the three-loop level
accuracy in a second step.
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Main idea: the minimal conceivable Grand Unified Theory (GUT), namely the original Georgi-Glashow SU(5)
(GGSU5) model [3], is ruled out because it does not achieve gauge couplings unification and it predicts massless
neutrinos. Is there a minimal extension of the model which fixes both the problems at once? In the last years two
classes of models emerged which answer this question: the former is obtained by adding a 15H scalar representation
to the GGSU5 field content (GGSU5H15) [4, 5], while the latter consists in the addition of an extra 24F fermion
representation (GGSU5F24) [1, 2].

In the following we will focus on the GGSU5F24 model, with the final goal of pushing the predictions of the theory
at the three-loop level accuracy.

The reason why we start by considering the GGSU5F24 model is that its low-energy structure is somehow simpler.
Indeed, the the main prediction of the GGSU5F24 model is a light O(TeV) fermionic weak-isospin triplet, (1, 3, 0)F .
The latter state is also responsible for the generation of neutrino masses through the type-III seesaw mechanism,
thus providing a direct way to test the origin of neutrino masses at LHC. On the other hand, the GGSU5H15 model
predicts two light scalar states among the following SM multiplets: (1, 3, 1)H , (3, 2, 1/6)H and (6, 1,�2/3)H , making
the structure of the low-energy theory less constrained. The GGSU5H15 model is anyway a minimal alternative
formulation of the theory with a di↵erent phenomenology and thus worth to be studied at the three-loop level
accuracy in a second step.
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Main idea: the minimal conceivable Grand Unified Theory (GUT), namely the original Georgi-Glashow SU(5)
(GGSU5) model [3], is ruled out because it does not achieve gauge couplings unification and it predicts massless
neutrinos. Is there a minimal extension of the model which fixes both the problems at once? In the last years two
classes of models emerged which answer this question: the former is obtained by adding a 15H scalar representation
to the GGSU5 field content (GGSU5H15) [4, 5], while the latter consists in the addition of an extra 24F fermion
representation (GGSU5F24) [1, 2].

In the following we will focus on the GGSU5F24 model, with the final goal of pushing the predictions of the theory
at the three-loop level accuracy.

The reason why we start by considering the GGSU5F24 model is that its low-energy structure is somehow simpler.
Indeed, the the main prediction of the GGSU5F24 model is a light O(TeV) fermionic weak-isospin triplet, (1, 3, 0)F .
The latter state is also responsible for the generation of neutrino masses through the type-III seesaw mechanism,
thus providing a direct way to test the origin of neutrino masses at LHC. On the other hand, the GGSU5H15 model
predicts two light scalar states among the following SM multiplets: (1, 3, 1)H , (3, 2, 1/6)H and (6, 1,�2/3)H , making
the structure of the low-energy theory less constrained. The GGSU5H15 model is anyway a minimal alternative
formulation of the theory with a di↵erent phenomenology and thus worth to be studied at the three-loop level
accuracy in a second step.

A. Field content and SM embedding

1. Spin 0

The Higgs sector is given by
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where (8, 1, 0)H , (1, 3, 0)H and (1, 1, 0)H [(3, 2,� 5
6 )H � (3, 2,+ 5

6 )H , (1, 2,+ 1
2 )H and (3, 1,� 1

3 )H ] are real [complex]
scalars.

2. Spin 1/2

The matter content of the model is given by the (chiral) Weyl fermions of the three SM families
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I. DESCRIPTION OF THE MODEL

SU(5)
⇥24H⇤����⇧
MX

SU(3)C ⇤ SU(2)L ⇤ U(1)Y
⇥5H⇤���⇧
MZ

SU(3)C ⇤ U(1)Q (1)

⇥ thp ⌅ ��1M
4
X

m5
p

(2)

=⌃ MX � 1015 GeV (3)

G�
⇥ � Tr (� = 1, 2, 3) W i

j (i = 1, 2) (4)

G�
⇥ (� = 1, 2, 3) W i

j (i = 1, 2) B X�
i X

i
� (5)

24 ⇧ G(8, 1, 0)⇥W (1, 3, 0)⇥B(1, 1, 0)⇥X(3, 2,� 5
6 )⇥X(3, 2,+ 5

6 ) (6)

Main idea: the minimal conceivable Grand Unified Theory (GUT), namely the original Georgi-Glashow SU(5)
(GGSU5) model [3], is ruled out because it does not achieve gauge couplings unification and it predicts massless
neutrinos. Is there a minimal extension of the model which fixes both the problems at once? In the last years two
classes of models emerged which answer this question: the former is obtained by adding a 15H scalar representation
to the GGSU5 field content (GGSU5H15) [4, 5], while the latter consists in the addition of an extra 24F fermion
representation (GGSU5F24) [1, 2].

In the following we will focus on the GGSU5F24 model, with the final goal of pushing the predictions of the theory
at the three-loop level accuracy.

The reason why we start by considering the GGSU5F24 model is that its low-energy structure is somehow simpler.
Indeed, the the main prediction of the GGSU5F24 model is a light O(TeV) fermionic weak-isospin triplet, (1, 3, 0)F .
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FIG. 2. example caption

• We have recently shown that the minimal potentially realistic Higgs sector that can be responsible for the
GUT⇥SM symmetry breaking in SO(10) GUTs corresponds in the non-supersymmetric case to 16� 45.

• Issues with neutrino mass in the 16 � 45 model — most likely the 10 � 126 � 45 viable for fermionic mass
spectrum (quote future work? Tough challenge)

• In SUSY possibility to have a consistent neutrino spectrum just with 16 Higgs fields and non-renormalizable
Planck induced operators (which provide the needed B-L hyerarchy, missing in the susy one-step unification.
On the other hand the gauge symmetry beaking with adjoint and smaller Higgs representations is not allowed in
the most minimal settings. Goal of the paper is to investigate the minimal HIggs sector required for consistent
gauge breaking in SUSY SO(10) and E6 GUT models with a renormalizable superpotential. Only neutrinos
are sensitive to Planck physics, while the gauge beaking is truly one step and does not involve potentially large
threshold e⇥ects due to non-renormalizable operators (little hyerarchy issues at the unification scale).

• With SUSY, which among other things requires at least an extra 16 to maintain the D-flattness, there are
further constraints imposed on the vacuum manifold from the F -terms. A simple argument reveals that in
the SUSY setting, such a Higgs sector is inconceivable for its incapability of providing a full GUT symmetry
breaking down to the SM because an SU(5) subgroup remains intact. The reason is that there is only a single
SU(5)-preserving SM-singlet direction in the 16 of SO(10). This argument can be easily generalized to all
settings with any number of 16� 16 in the Higgs sector.
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• Gauge couplings do not unify (even after including thresholds)
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• Gauge couplings do not unify (even after including thresholds)

  Luca Di Luzio (KIT)                                                                                 03/15



Add a fermionic 24F

[Bajc, Senjanovic (2006)]
[Bajc, Nemevsek, Senjanovic (2007)]

- Neutrino masses through seesaw 

- RGEs are modified 

• Solves both the problems at once*

4

2. Spin 1/2

The matter content of the model is given by the (chiral) Weyl fermions of the three SM families
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and the additional fermionic multiplet
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3. Spin 1
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the other states being the usual massless gauge bosons of the SM.

  Luca Di Luzio (KIT)                                                                                 04/15

*Minimal extension of GG SU(5) is not unique: e.g. add a 15H

[Dorsner, Fileviez Perez (2005)]
[Dorsner, Fileviez Perez, Gonzalez Felipe (2005)]
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Figure 2.2: The neutrino Majorana mass operator (LH)2 can be mediated by tree level exchange
of: I) a fermion singlet (‘see-saw’); II) a fermion triplet; III) a scalar triplet.

Furthermore, other operators (not shown) give additional sources of CP and hadronic flavour
violation, or a�ect precision LEP data. Fig. 2.1 summarizes present bounds. In conclusion, we
today have three evidences for non-renormalizable interactions. Two of them are the solar and
neutrino anomalies. The third one corresponds to case c), and is gravity: the non renormalizable
gravitational couplings, suppressed by E/MPl, sum coherently over many particles giving the well
known Newton force.

2.3 See-saw

It is tempting to speculate about which renormalizable extensions of the SM can generate the
Majorana neutrino mass operator (LH)2. However, the considerations in the previous section
indicate that this might be untestable metaphysics: whatever is the source of the (LH)2 operator,
this operator is all what we can see at low energy; di�erent sources cannot be discriminated.4

Tree level exchange of 3 di�erent types of new particles can generate neutrino masses: right-
handed neutrinos, and fermion or scalar SU(2)L triplets, as we now discuss. The first possibility
is known as ‘see-saw’, although some authors apply the same name to all three possibilities.

2.3.1 Type I see-saw: extra fermion singlets

The simplest possibility is adding new fermions with no gauge interactions, that play the rôle
of ‘right-handed neutrinos’, N = ⇥R. As already anticipated they can have both a Yukawa
interaction �N and a Majorana mass MN :

L = LSM + N̄ii⌅/Ni + (�ij
N N iLjH +

M ij
N

2
NiNj + h.c.) (2.6)

such that neutrinos generically have a 6� 6 Majorana/Dirac mass matrix

� ⇥L ⇥R
⇥L 0 �T

Nv
⇥R �Nv MN

⇥
(2.7)

4We will present our best hopes of making progress on this issue: the matter/antimatter asymmetry (that
however is only one number) in section 10.3 and weak-scale supersymmetry (that however has not yet been
discovered) in section 13.5.
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I. INTRODUCTION

m� = Y�
v2

⇥L
(1)

m�3 � (2)

Y I
� = YD Y �1

�c Y T
D (3)

Y II
� = Y� (4)

⇥ (5)

For the last about thirty years, the simplest non-supersymmetric (non-SUSY) SO(10) gauge models with 45H ⇤
16H or 45H ⇤ 126H in the Higgs sector have been widely considered uninteresting for any realistic unified model
building. This was namely due to the generic tachyonic instabilities in their tree-level spectra popping up in all
settings compatible with the basic gauge unification constraints [1–5] which, in non-SUSY settings, generically favour
intermediate-energy thresholds. However, as it was shown recently in [6, 7], such instabilities occur mainly as artefacts
of the tree-level approximation. Hence, technically, quantum e⇤ects bring this class of models back from oblivion.

On the other hand, dedicated renormalization group studies such as [8–11] reveal that a successful unification in
this class of models typically requires the B �L breaking scale below 1012 GeV for the 45H ⇤ 16H variant and below
1010 GeV in the 45H ⇤ 126H case. Such values, however, are disfavoured by the neutrino oscillation and cosmology
data: i) In the former case, ⇧16H⌃ breaks the B � L symmetry by one unit and, thus, the seesaw requires a pair of
⇧16H⌃ insertions. This can be minimally implemented at the renormalizable level by e.g. a variant of the Witten’s
radiative mechanism [12–14] or, giving up renormalizability, by a d = 5 operator. In either case the “e⇤ective”
�(B � L) = 2 seesaw scale is further suppressed with respect to the B � L breaking scale and the light neutrino
masses are typically overshoot by many orders of magnitude. Moreover, the non-renormalizable nature of the seesaw
in the d = 5 case hinders the general predictivity of this model. ii) With 126H at play, the B�L symmetry is broken
by two units so the right-handed neutrinos receive their masses at the tree level via the renormalizable 16F 16F 126⇥H
Yukawa interaction [15, 16]. The upper limit on ⇧126H⌃ quoted above then again pushes the absolute scale of the
light neutrino masses much above the current limits.

Though unpleasant, this, however, does not constitute a fundamental blow to the minimal non-SUSY SO(10) as
an extensive multi-parameter fine-tuning in the seesaw formula can still bring the light neutrino masses down to
the desired sub-eV domain. In this respect, the situation is very di⇤erent from that of the minimal supersymmetric
(SUSY) SO(10) grand unified theory (GUT) [17–19] where the neutrino masses are typically undershot; indeed, the
rigidity of the Higgs potential in minimal SUSY Higgs models enforces a population pseudo-Goldstone bosons well
below the GUT scale (MG) [20] whenever the SO(10) ⌅ SM breaking is not essentially one-step [21], hence disturbing
the nearly ideal unification within the Minimal Supersymmetric Standard Model (MSSM).

In the same spirit, one should keep in mind that the key upper bounds on the B � L scale identified in [8–11] are
derived under the strong assumption of the minimal survival hypothesis [22], i.e., that all intermediate thresholds
cluster exactly at the relevant symmetry breaking scale. This, of course, does not need to be the case in general
and as little as a single unexpected multiplet in the bulk can open a room for B � L scales much above the naive
expectation, thus rendering the gauge coupling unification compatible with the neutrino data for a reasonable price.
In this respect, the non-SUSY models with higher-dimensional Higgs representations (such as 45H ⇤ 126H) featuring
a number of free parameters in the Higgs potential1 provide a lot of room for such a serendipity. Moreover, given

1 Here the non-SUSY nature of the model is central - the SM-vacuum manifold of the minimal SUSY GUT, as complicated as it naively
looks, is in reality very simple; indeed, it is parametrized by a single complex parameter [20].
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Figure 2.2: The neutrino Majorana mass operator (LH)2 can be mediated by tree level exchange
of: I) a fermion singlet (‘see-saw’); II) a fermion triplet; III) a scalar triplet.

Furthermore, other operators (not shown) give additional sources of CP and hadronic flavour
violation, or a�ect precision LEP data. Fig. 2.1 summarizes present bounds. In conclusion, we
today have three evidences for non-renormalizable interactions. Two of them are the solar and
neutrino anomalies. The third one corresponds to case c), and is gravity: the non renormalizable
gravitational couplings, suppressed by E/MPl, sum coherently over many particles giving the well
known Newton force.

2.3 See-saw

It is tempting to speculate about which renormalizable extensions of the SM can generate the
Majorana neutrino mass operator (LH)2. However, the considerations in the previous section
indicate that this might be untestable metaphysics: whatever is the source of the (LH)2 operator,
this operator is all what we can see at low energy; di�erent sources cannot be discriminated.4

Tree level exchange of 3 di�erent types of new particles can generate neutrino masses: right-
handed neutrinos, and fermion or scalar SU(2)L triplets, as we now discuss. The first possibility
is known as ‘see-saw’, although some authors apply the same name to all three possibilities.

2.3.1 Type I see-saw: extra fermion singlets

The simplest possibility is adding new fermions with no gauge interactions, that play the rôle
of ‘right-handed neutrinos’, N = ⇥R. As already anticipated they can have both a Yukawa
interaction �N and a Majorana mass MN :

L = LSM + N̄ii⌅/Ni + (�ij
N N iLjH +

M ij
N

2
NiNj + h.c.) (2.6)

such that neutrinos generically have a 6� 6 Majorana/Dirac mass matrix

� ⇥L ⇥R
⇥L 0 �T

Nv
⇥R �Nv MN

⇥
(2.7)

4We will present our best hopes of making progress on this issue: the matter/antimatter asymmetry (that
however is only one number) in section 10.3 and weak-scale supersymmetry (that however has not yet been
discovered) in section 13.5.
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For the last about thirty years, the simplest non-supersymmetric (non-SUSY) SO(10) gauge models with 45H ⇤
16H or 45H ⇤ 126H in the Higgs sector have been widely considered uninteresting for any realistic unified model
building. This was namely due to the generic tachyonic instabilities in their tree-level spectra popping up in all
settings compatible with the basic gauge unification constraints [1–5] which, in non-SUSY settings, generically favour
intermediate-energy thresholds. However, as it was shown recently in [6, 7], such instabilities occur mainly as artefacts
of the tree-level approximation. Hence, technically, quantum e⇤ects bring this class of models back from oblivion.

On the other hand, dedicated renormalization group studies such as [8–11] reveal that a successful unification in
this class of models typically requires the B �L breaking scale below 1012 GeV for the 45H ⇤ 16H variant and below
1010 GeV in the 45H ⇤ 126H case. Such values, however, are disfavoured by the neutrino oscillation and cosmology
data: i) In the former case, ⇧16H⌃ breaks the B � L symmetry by one unit and, thus, the seesaw requires a pair of
⇧16H⌃ insertions. This can be minimally implemented at the renormalizable level by e.g. a variant of the Witten’s
radiative mechanism [12–14] or, giving up renormalizability, by a d = 5 operator. In either case the “e⇤ective”
�(B � L) = 2 seesaw scale is further suppressed with respect to the B � L breaking scale and the light neutrino
masses are typically overshoot by many orders of magnitude. Moreover, the non-renormalizable nature of the seesaw
in the d = 5 case hinders the general predictivity of this model. ii) With 126H at play, the B�L symmetry is broken
by two units so the right-handed neutrinos receive their masses at the tree level via the renormalizable 16F 16F 126⇥H
Yukawa interaction [15, 16]. The upper limit on ⇧126H⌃ quoted above then again pushes the absolute scale of the
light neutrino masses much above the current limits.

Though unpleasant, this, however, does not constitute a fundamental blow to the minimal non-SUSY SO(10) as
an extensive multi-parameter fine-tuning in the seesaw formula can still bring the light neutrino masses down to
the desired sub-eV domain. In this respect, the situation is very di⇤erent from that of the minimal supersymmetric
(SUSY) SO(10) grand unified theory (GUT) [17–19] where the neutrino masses are typically undershot; indeed, the
rigidity of the Higgs potential in minimal SUSY Higgs models enforces a population pseudo-Goldstone bosons well
below the GUT scale (MG) [20] whenever the SO(10) ⌅ SM breaking is not essentially one-step [21], hence disturbing
the nearly ideal unification within the Minimal Supersymmetric Standard Model (MSSM).

In the same spirit, one should keep in mind that the key upper bounds on the B � L scale identified in [8–11] are
derived under the strong assumption of the minimal survival hypothesis [22], i.e., that all intermediate thresholds
cluster exactly at the relevant symmetry breaking scale. This, of course, does not need to be the case in general
and as little as a single unexpected multiplet in the bulk can open a room for B � L scales much above the naive
expectation, thus rendering the gauge coupling unification compatible with the neutrino data for a reasonable price.
In this respect, the non-SUSY models with higher-dimensional Higgs representations (such as 45H ⇤ 126H) featuring
a number of free parameters in the Higgs potential1 provide a lot of room for such a serendipity. Moreover, given

1 Here the non-SUSY nature of the model is central - the SM-vacuum manifold of the minimal SUSY GUT, as complicated as it naively
looks, is in reality very simple; indeed, it is parametrized by a single complex parameter [20].
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Main idea: the minimal conceivable Grand Unified Theory (GUT), namely the original Georgi-Glashow SU(5)
(GGSU5) model [3], is ruled out because it does not achieve gauge couplings unification and it predicts massless
neutrinos. Is there a minimal extension of the model which fixes both the problems at once? In the last years two
classes of models emerged which answer this question: the former is obtained by adding a 15H scalar representation
to the GGSU5 field content (GGSU5H15) [4, 5], while the latter consists in the addition of an extra 24F fermion
representation (GGSU5F24) [1, 2].

In the following we will focus on the GGSU5F24 model, with the final goal of pushing the predictions of the theory
at the three-loop level accuracy.

The reason why we start by considering the GGSU5F24 model is that its low-energy structure is somehow simpler.
Indeed, the the main prediction of the GGSU5F24 model is a light O(TeV) fermionic weak-isospin triplet, (1, 3, 0)F .
The latter state is also responsible for the generation of neutrino masses through the type-III seesaw mechanism,
thus providing a direct way to test the origin of neutrino masses at LHC. On the other hand, the GGSU5H15 model
predicts two light scalar states among the following SM multiplets: (1, 3, 1)H , (3, 2, 1/6)H and (6, 1,�2/3)H , making
the structure of the low-energy theory less constrained. The GGSU5H15 model is anyway a minimal alternative
formulation of the theory with a di�erent phenomenology and thus worth to be studied at the three-loop level
accuracy in a second step.
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• Two massive neutrinos:
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Thus we conclude that the masses of the four states SF , TF , OF and XYF are independent parameters.
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I. INTRODUCTION
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The Grand Unified Theories (GUTs) qualify as one of the most promising physics scenarios beyond the Standard
Model (SM) of particle interactions. Though being on the market for about 35 years they still attract a lot of
attention across the community due to their intrinsic physicality and often a high level of predictivity. Apart from
o�ering clear experimental signals in e.g. proton decay or monopole searches, GUTs typically give rise to non-trivial
correlations among observables associated to di�erent SM sectors. The most prominent of these is the determination
of the weak-mixing angle from the requirement of the SU(3)c⇤SU(2)L⇤U(1)Y gauge coupling unification at around
MGUT ⌅ 1016 GeV.

Recently, an extra boost to the field was triggered by the discovery of non-zero neutrino masses in the sub-
eV region. Within the grand-unified scenarios this typically translates into constraints on the intermediate scales
underpinning some variant of the seesaw mechanism. Furthermore, the peculiarities of the lepton mixing pattern
challenge the flavour structure of the simplest models which, due to the Yukawa sector unification constraints, should
simultaneously support all the quark sector observables. In this respect, the requirement of minimality, which in this
context stands namely for the simplicity of the relevant Higgs sector, is an invaluable guiding principle in the model
building as it provides essentially a unique strategy for exploiting the information on flavour. On this basis, it has
been argued recently that the minimal supersymmetric (SUSY) SU(5) and SO(10) models are, indeed, incompatible
with the electroweak flavour patterns, at least in their renormalizable variants. While the former fails namely due to
the flavour structure of the d = 5 operators triggering an overly fast proton decay, the latter su�ers from an inherent
proximity of the GUT and the seesaw scales in SUSY GUTs, at odds with the lower bound on the absolute neutrino
mass scale implied by the value of the atmospheric mass-squared di�erence.

From this point of view, non-SUSY GUTs can be naturally expected to be in a better shape as the dangerous d = 5
operators are absent and the non-SUSY gauge unification often requires a significant splitting between the seesaw and
the GUT scales. Nevertheless, barring the minimal SU(5) for its obvious troubles with accommodating the measured
value of the weak mixing angle, it turns out to be rather non-trivial to devise a potentially realistic and simple enough
SO(10) GUT along these lines.
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Gauge coupling unification in minimal SU(5) at three-loop accuracy
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It was shown recently that the original SU(5) theory of Georgi and Glashow, augmented with an
adjoint fermionic multiplet, is compatible both with neutrino masses and gauge coupling unification.
In particular, the latter predicts the existence of lightO(TeV) electroweak triplet states. We compute
the correlation between the triplet masses and the GUT scale at the NNLO level. Such an order
of accuracy is needed in order to match the experimental precision on the determination of the
electroweak gauge couplings.
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TABLE I. States which can potentially contribute to the run-
ning of the gauge couplings between MZ and MG. The cor-
responding SU(5) origin and the one-loop beta functions are
shown as well. The latter are given according to the conven-
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glet SF since its two-loop Yukawa contribution is suppressed,
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II. THE SU(5) + 24F MODEL

A. Unification patters

B. Motivations and ingredients for a NNLO
analysis

III. THE CALCULATION

IV. ANALYTICAL RESULTS

A. Matching coe�cients

B. Beta functions

C. Checks

V. NUMERICAL ANALYSIS

SM �! SM + triplets (5)

↵SM

i = ⇣↵SM + triplets
i

↵SM + triplets

i (6)

↵SM

i (µ) = ⇣↵i

�
µ,↵i(µ),mTH,F (µ)

�
↵i(µ) (7)

✓
�↵

1

↵
1

◆
2!3�loop

= 0.015% (8)

✓
�↵

2

↵
2

◆
2!3�loop

= 0.061% (9)

✓
�↵

3

↵
3

◆
2!3�loop

= 0.08% (10)

precision 
observable !



m3max - MG correlation
• one-loop 
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• Interplay btw LHC and HK will cover most of the parameter space
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Ingredients for a 3-loop analysis 
• Effective field theories: n-loop running + (n-1)-loop matching     
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• 3-loop beta functions in the SM [Mihaila, Salomon, Steinhauser (2012)]
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The Grand Unified Theories (GUTs) qualify as one of the most promising physics scenarios beyond the Standard
Model (SM) of particle interactions. Though being on the market for about 35 years they still attract a lot of
attention across the community due to their intrinsic physicality and often a high level of predictivity. Apart from
o�ering clear experimental signals in e.g. proton decay or monopole searches, GUTs typically give rise to non-trivial
correlations among observables associated to di�erent SM sectors. The most prominent of these is the determination
of the weak-mixing angle from the requirement of the SU(3)c⇤SU(2)L⇤U(1)Y gauge coupling unification at around
MGUT ⌅ 1016 GeV.

Recently, an extra boost to the field was triggered by the discovery of non-zero neutrino masses in the sub-
eV region. Within the grand-unified scenarios this typically translates into constraints on the intermediate scales
underpinning some variant of the seesaw mechanism. Furthermore, the peculiarities of the lepton mixing pattern
challenge the flavour structure of the simplest models which, due to the Yukawa sector unification constraints, should
simultaneously support all the quark sector observables. In this respect, the requirement of minimality, which in this
context stands namely for the simplicity of the relevant Higgs sector, is an invaluable guiding principle in the model
building as it provides essentially a unique strategy for exploiting the information on flavour. On this basis, it has
been argued recently that the minimal supersymmetric (SUSY) SU(5) and SO(10) models are, indeed, incompatible
with the electroweak flavour patterns, at least in their renormalizable variants. While the former fails namely due to
the flavour structure of the d = 5 operators triggering an overly fast proton decay, the latter su�ers from an inherent
proximity of the GUT and the seesaw scales in SUSY GUTs, at odds with the lower bound on the absolute neutrino
mass scale implied by the value of the atmospheric mass-squared di�erence.

From this point of view, non-SUSY GUTs can be naturally expected to be in a better shape as the dangerous d = 5
operators are absent and the non-SUSY gauge unification often requires a significant splitting between the seesaw and
the GUT scales. Nevertheless, barring the minimal SU(5) for its obvious troubles with accommodating the measured
value of the weak mixing angle, it turns out to be rather non-trivial to devise a potentially realistic and simple enough
SO(10) GUT along these lines.

The main reason has to do with the structure of the minimal conceivable Higgs sector of non-SUSY SO(10) models.
Naively, it is quite encouraging that one can take the advantage of breaking the GUT symmetry through SU(5) by
means of just a single Higgs representation (the adjoint 45H). This, together with a B � L breaking VEV in either
16H and/or 126H , is enough to achieve the desired SU(3)c⇤SU(2)L⇤U(1)Y of the SM. In this respect, the situation
in SUSY is more complicated as the simple scenarios need at least 45H ⇥ 54H or 210H in the Higgs sector in order to
maintain SUSY below the GUT scale (plus 16H ⇥ 16H and/or 126H ⇥ 126H for the subsequent B � L breakdown).
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3-loop beta functions
• Dimensional regularization and MSbar scheme
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• One non-zero external momentum & all masses set to zero

• Calculation of      at 3 loops: O(105) diagrams 
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The Grand Unified Theories (GUTs) qualify as one of the most promising physics scenarios beyond the Standard
Model (SM) of particle interactions. Though being on the market for about 35 years they still attract a lot of
attention across the community due to their intrinsic physicality and often a high level of predictivity. Apart from
o↵ering clear experimental signals in e.g. proton decay or monopole searches, GUTs typically give rise to non-trivial
correlations among observables associated to di↵erent SM sectors. The most prominent of these is the determination
of the weak-mixing angle from the requirement of the SU(3)c⌦SU(2)L⌦U(1)Y gauge coupling unification at around
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FIG. 2. Sample three-loop diagrams that appear in the calculation of the beta functions of the gauge coulings. Solid, dashed,
dotted, curly and wavy lines correspond respectively to fermions, scalars, ghosts, gluons and electroweak gauge bosons.
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3-loop beta functions
• An example: triplets contribution to 
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The Grand Unified Theories (GUTs) qualify as one of the most promising physics scenarios beyond the Standard
Model (SM) of particle interactions. Though being on the market for about 35 years they still attract a lot of
attention across the community due to their intrinsic physicality and often a high level of predictivity. Apart from
o↵ering clear experimental signals in e.g. proton decay or monopole searches, GUTs typically give rise to non-trivial
correlations among observables associated to di↵erent SM sectors. The most prominent of these is the determination
of the weak-mixing angle from the requirement of the SU(3)c⌦SU(2)L⌦U(1)Y gauge coupling unification at around
M

GUT

⇠ 1016 GeV.
Recently, an extra boost to the field was triggered by the discovery of non-zero neutrino masses in the sub-

eV region. Within the grand-unified scenarios this typically translates into constraints on the intermediate scales
underpinning some variant of the seesaw mechanism. Furthermore, the peculiarities of the lepton mixing pattern
challenge the flavour structure of the simplest models which, due to the Yukawa sector unification constraints, should
simultaneously support all the quark sector observables. In this respect, the requirement of minimality, which in this
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The Grand Unified Theories (GUTs) qualify as one of the most promising physics scenarios beyond the Standard
Model (SM) of particle interactions. Though being on the market for about 35 years they still attract a lot of
attention across the community due to their intrinsic physicality and often a high level of predictivity. Apart from
o↵ering clear experimental signals in e.g. proton decay or monopole searches, GUTs typically give rise to non-trivial
correlations among observables associated to di↵erent SM sectors. The most prominent of these is the determination
of the weak-mixing angle from the requirement of the SU(3)c⌦SU(2)L⌦U(1)Y gauge coupling unification at around
M

GUT

⇠ 1016 GeV.
Recently, an extra boost to the field was triggered by the discovery of non-zero neutrino masses in the sub-

eV region. Within the grand-unified scenarios this typically translates into constraints on the intermediate scales
underpinning some variant of the seesaw mechanism. Furthermore, the peculiarities of the lepton mixing pattern
challenge the flavour structure of the simplest models which, due to the Yukawa sector unification constraints, should
simultaneously support all the quark sector observables. In this respect, the requirement of minimality, which in this
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• Zero external momenta & and all masses set to zero but Mheavy

[Weinberg (1980), Hall (1981)]5

FIG. 1. Sample two-loop diagrams that appear in the calculation of ⇣↵i . The first line shows the processW
a
µ ! W b

⌫ contributing

to ⇧0,h
W (0), while the second line depicts ca ! cb and ca ! cb +W c

µ contributing respectively to ⇧0,h
c (0) and �0,h

Wc†c
(0, 0). Red

(bold) lines represent massive (scalar and fermionic) triplets and black (thin) lines massless fields. Furthermore, curly lines
denote gauge bosons, dotted lines ghosts, dashed lines scalar fields and solid lines fermions.
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2-loop matching coefficients

Effective Field Theory:

Lfull(α
(full)
i , . . .) → Leff(α

(eff)
i , . . .) at energy µ

“Matching” : low energy physics must be unchanged !!

α
(eff)
i = ζi α

(full)
i

...

ζi = ζi(αi,Mheavy, µ)

An example: matching of SM+T to SM+T+O

Rencontres de Moriond EW 2013 Luminita Mihaila – The cost of gauge coupling unification in SU(5) at 3 loops – p.11
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Gauge coupling unification in minimal SU(5) at three-loop accuracy
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Institut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT), D-76128 Karlsruhe, Germany

It was shown recently that the original SU(5) theory of Georgi and Glashow, augmented with an
adjoint fermionic multiplet, is compatible both with neutrino masses and gauge coupling unification.
In particular, the latter predicts the existence of lightO(TeV) electroweak triplet states. We compute
the correlation between the triplet masses and the GUT scale at the NNLO level. Such an order
of accuracy is needed in order to match the experimental precision on the determination of the
electroweak gauge couplings.
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with an upper bound given by perturbativity.
Finally, for the scalar interactions of the SM Higgs dou-

blet, H, we obtain

V5H ⇥ µHTH†THH+ ⌅H(H†H)2

+ ⌅HTH†HTrT 2
H + ⌅HOH†HTrO2

H , (A59)

where

µHT = µH �
⇧

6
5V ⇥ , (A60)

⌅H = ⌅H , (A61)
⌅HT = �+ 1

2⇥ , (A62)
⌅HO = � . (A63)

Notice that we have exploited the SU(2)L relation
H†T 2

HH = 1
2H

†HTrT 2
H .

Among the couplings in Eqs. (A60)–(A63) only ⌅H is
fixed in terms of the Higgs boson mass, while the con-
sistency of the SU(5) theory leaves the other couplings
essentially unconstrained. The natural value for µHT is
O(V ), while ⌅HT and ⌅HO are bounded by perturbativ-
ity. Notice, however, that in the case in which mTH is
close to the electroweak scale, the coupling ⌅HT modi-
fies the decay properties of the Higgs boson (see e.g. [7]).

[The authors claim that the e�ect does not decouple for
large mTH . To be understood!]

Appendix B: Details of the calculation and
analytical results

In this appendix we present the analytical results for
the two-loop matching coe⇥cients and the three-loop
beta-functions of the gauge couplings in terms of group
theory invariants. We have considered the most general
gauge and quartic-scalar interactions1 of the SM fields
with the electroweak triplets TF,H and the color octets
OF,H .
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The contribution of the color octets to ⇤�3 can be read
from Eq. (??), after the proper substitutions.

1 Yukawa interactions between the fermion triplet and the SM
fields can be safely neglected for the problem in consideration,
since for light O(TeV) triplets the new Yukawa couplings are

bounded to be small in order to reproduce neutrino masses.
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with an upper bound given by perturbativity.
Finally, for the scalar interactions of the SM Higgs dou-

blet, H, we obtain
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HH = 1
2H

†HTrT 2
H .

Among the couplings in Eqs. (A60)–(A63) only ⌅H is
fixed in terms of the Higgs boson mass, while the con-
sistency of the SU(5) theory leaves the other couplings
essentially unconstrained. The natural value for µHT is
O(V ), while ⌅HT and ⌅HO are bounded by perturbativ-
ity. Notice, however, that in the case in which mTH is
close to the electroweak scale, the coupling ⌅HT modi-
fies the decay properties of the Higgs boson (see e.g. [7]).
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102.5 GeV, mOF = mOH = 107.52 GeV, mXF = 0.01MG and
mT = mXV = MG. The lines with di⇥erent slopes from bot-
tom to top correspond to �1 (red), �2 (green) and �3 (blue).
Dashed and full lines denote respectively the two- and three-
loop running analysis. The 1⇥ error band is shown as well for
the three-loop case. The relative di⇥erence between two and
three loops amounts to 0.015%, 0.061% and 0.08% for �1, �2

and �3 respectively, to be compared with the experimental
uncertainties on ��1/�1 = 0.023%, ��2/�2 = 0.059% and
��3/�3 = 0.59%
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FIG. 8. Same as in Fig. 4 but without �3. Notice that the
three-loop running tends to raise MG but still in the error
window.
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FIG. 8. Same as in Fig. 4 but without �3. Notice that the
three-loop running tends to raise MG but still in the error
window.
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FIG. 9. Correlation between MG and mmax
3 . Dotted (green),

dashed (red) and full (blue) lines correspond respectively to
the one-, two- and three-loop running analysis. The 1� error
band is shown as well for the one- and two-loop cases.
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FIG. 13. MG as a function of the mTF /mTH ratio for a fixed
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TF
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. The dashed (red) and full

(blue) lines correspond respectively to the two- and three-
loop running analysis. The 1� error band is shown as well
for the two-loop case. The negative and positive extrema
on the x-axis correspond respectively to the configurations
mTF = 103.6 GeV, mTH = 105.6 GeV and mTF = 104.4 GeV,
mTH = 102.4 GeV.
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value of m3 �
�
m4

TF
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⇥1/5
. The dashed (red) and full

(blue) lines correspond respectively to the two- and three-
loop running analysis. The 1� error band is shown as well
for the two-loop case. The negative and positive extrema
on the x-axis correspond respectively to the configurations
mTF = 103.6 GeV, mTH = 105.6 GeV and mTF = 104.4 GeV,
mTH = 102.4 GeV.
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Conclusions
• Minimal extension of GG SU(5) with 24F : 

    - either light O(TeV) electroweak triplets

    - or unification scale < 1016 GeV

• Joint effort btw experiments (LHC, HK, ...) and theory

• 3-loops needed to: 
   
   - settle the convergence of the perturbative series 
   
   - match exp precision   
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