
On the structure of the 
charged lepton mass matrix

Andrea Romanino
SISSA/ISAS

work in progress with David Marzocca



Rise and fall of correlations
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3 independent correlations
m12 = m13   m22 = m33 
m11 + m12 = m22 + m23

symmetry?
non-abelian, discrete

full lagrangian
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Data do not seem to show hints of TBM 
or of other correlations in mν 

Waiting for those to appear...

Study possible corrections 
(from charged leptons)

Face the possibility that no correlations 
are forced by symmetries
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Corrections to θ13 from charged leptons
U = Ue Uυ†: assume both Ue, Uυ would give θ13 = 0:

Physical parameters:
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sin ✓13 = sin ✓e12 sin ✓̂23,

sin2 ✓23 =
sin2 ✓̂23 � sin2 ✓13

1� sin2 ✓13 sin
2 ✓̂23

← generated from the interplay of 12/23



Correction to θ23 
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Is needed if θ23 is indeed significantly < π/4



If             is given (TBM: 1/3, BM: 1/2): 1 predictionsin2 ✓⌫12

Standard Ordering - Normal Hierarchy
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Figure 2: Contour plots for N� =
p
�2 in the standard ordering setup and

normal hierarchy of neutrino masses. The value of the reactor angle ✓13 has been
marginalized. The solid, dashed and dotted thick lines represent respectively the
1�, 2� and 3� contours. The dashed blue lines are contours of constant |JCP | in
units of 10�2.

We construct the likelihood function and the �2 for both schemes of bimaximal
and tri-bimaximal mixing as described in Appendix B, using as parameters for this
model sin ✓13, sin

2 ✓23 and �, and exploiting the constraints on sin2 ✓12, sin
2 ✓23,

sin2 ✓13 and on � obtained in [8].
In Fig. 2 we show the contours of N� =

p
�2 in the (sin2 ✓23, �) plane, where

the value of sin ✓13 has been marginalized. The blue dashed lines represent the
contours of constant JCP (in units of 10�2). In Figs. 3 and 4, starting from the
same likelihood function, we show the bounds on the neutrino mixing parameters
and JCP in each scheme, both for normal and inverted neutrino mass hierarchy.
These bounds are obtained minimizing the �2 in the parameter space of the model,
keeping as a constraint the value of the corresponding parameter. To make a
direct comparison of the bounds obtained in the scheme considered by us with the
general bounds obtained in the global fit in [8], we show the results from [8] with
thin dashed lines. Thus, the thin dashed lines in Fig. 4 are the bounds on JCP
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Data do not seem to show any hint of TBM 
or of other correlations in mν 

Waiting for those to appear...

Study possible corrections 
(from charged leptons)

Face the possibility that no correlations 
are forced by symmetries
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Neutrino mixing without correlations
(No correlations does not mean anarchy. Symmetries to control 
small matrix entries. Charged leptons highly disciplined)

If no correlations are forced by a symmetry (and do not arise 
accidentally) what is the most general form of a mass matrix?

What are the charged leptons contributions to neutrino mixing 
that can be obtained “naturally”?

New model-building avenues
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Example: θ23 from charged leptons

(RL convention)

����
m32

m33

���� = tan ✓23 = O (1) |m32| ⇠ |m33| ⇠ m⌧

mµm⌧ = |m33m22 �m23m32| no correlations:

|m33m22| . mµm⌧

|m23m32| . mµm⌧
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“Uncorrelated” mE

Notation: 

“≈” : approximately equal

“～” : equal up to O(1)

“≲” : less up to O(1), opposite of “»”

Notation:

 

 

Observation:

# |m33| =# |det M[3]| ~ m3

       # # |det M[23]| ~ m2 m3 

|det M| = # |det M[123]| = m1 m2 m3 

M[i1...in][j1...jm] : (M[i1...in][j1...jm])kl = Mikjl

M[i1...in] ⌘ M[i1...in][i1...in]

(up to permutation of rows and columns)



Theorem

|Mij| ≤ m3 

|det M[ij] [hk]| ≤ m2 m3 

Definition

M is “uncorrelated” if the sum of all terms in the expression 
of det M[ij] [hk] and det M is not much smaller than the 
individual terms

What is the most general form of an uncorrelated M?
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Charged lepton contribution to U

|m31| : |m32| : |m33| = |Ue
31| : |Ue

32| : |Ue
33| up to O
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All from Ue?
Uν = 1## U = Ue 

 

Same up to O(1)

|m31| : |m32| : |m33| = |U31| : |U32| : |U33| ⇡ 0.4 : 0.5 : 0.8
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A simple example
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!12,!23,!
0
12 = O (1)

sin!23 ⇡ 0.6

sin!12 ⇡ 0.25 (smallish, by a factor 2)

sin!0
12 ⇠ 0.5 (depending on �)



sin!23 ⇡ 0.6

sin!12 ⇡ 0.25 (k13 = O (4))

sin!0
12 ⇠ 0.5 (depending on �)

A simple example with k13 > 1
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0
12 = O (1)

k13 » 1: counter example to AFM



k13 ~ mμ/me ~ 200 (needs Uν ≠ 1)

natural “inverted ordering”
can be used if Uν ≠ 1
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Uν provides a maximal solar angle

accounts for quark-lepton complementarity
and for θ13 ~ θC/√2
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In summary
Despite the large amount of work devoted to charged lepton 
corrections to neutrino mixing, not all the potential of the 
charged lepton mass matrix has been explored yet


