
Transverse Momentum Resummation in 
Top Quark Pair Production

Li Lin Yang
Peking University

In collaboration with C. S. Li, H. T. Li, D. Y. Shao, H. X. Zhu

The first three years of the LHC, Mainz, March 2013



Outline

• Introduction: top quark pair production

• Introduction: QT resummation

• QT resummation in top quark pair production

• Summary



Top quark pair production

• Main production mechanism of top quarks at hadron colliders

• NNLO results for total cross section emerging

• Pair differential distributions interesting

• Searching for new resonances in the invariant mass distribution

• Forward-backward asymmetry shows intriguing dependence on the 
invariant mass and the transverse momentum of the pair
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

may be improved upon by more precise determinations of the parton distribution functions

in view of recent and upcoming data from HERA and LHC, the former requires the cal-

culation of perturbative corrections at next-to-next-to-leading order (NNLO) in QCD. By

approximating these corrections with the fixed-order expansion of the NLL prediction, one

finds [17] a projected NNLO scale uncertainty of 3%, which is below the parton distribution

uncertainty, and in line with the anticipated experimental error.

The calculation of the full NNLO corrections to the top quark pair production cross

section requires three types of ingredients: two-loop matrix elements for qq̄ ! tt̄ and

gg ! tt̄, one-loop matrix elements for hadronic production of tt̄+(1 parton) and tree-level

matrix elements for hadronic production of tt̄+(2 partons). The latter two ingredients

were computed previously in the context of the NLO corrections to tt̄+jet production [10].

They contribute to the tt̄ production cross section through configurations where up to two

final state partons can be unresolved (collinear or soft), and their implementation thus may

require further developments of subtraction techniques at NNLO.

Both two-loop matrix elements were computed analytically in the small-mass expansion

limit s, |t|, |u| " m2 in [20,21], starting from the previously known massless two-loop matrix

elements for qq̄ ! q!q̄! [22] and gg ! qq̄ [23]. An exact numerical representation of the

two-loop matrix element qq̄ ! tt̄ has been obtained very recently [24]. It is the aim of the

present paper to compute all two-loop contributions to qq̄ ! tt̄ arising from closed fermion

loops in a compact analytic form, which provide a first independent validation of the recent

results of [20,24], allow for a fast numerical evaluation, and permit the analytical study of

the behavior of the top quark production cross section at threshold.

This paper is structured as follows. In Section 2, we define our notation and kinematical

conventions. Sections 3 and 4 describe the details of the calculation of the two-loop integrals

and of the renormalization of the amplitudes. The results are presented and discussed

in Section 5. We enclose two appendices describing the special functions used in our

calculation and documenting the newly computed master integrals.

2. Notation and Conventions

We consider the scattering process

q(p1) + q(p2) #! t(p3) + t(p4) , (2.1)
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

heavy-quark loop were evaluated in [25], while the two-loop diagrams contributing to the

leading color coe!cient were evaluated in [26]. In both cases, the results obtained retain the

full dependence on the top-quark mass and on the kinematic invariants; they agree with

the numerical results of [24]. Having analytical results available has several advantages

over a purely numerical representation. Besides their considerably shorter evaluation time,

the analytical results also allow for an expansion in di"erent kinematical limits (threshold,

high energy).

In the present paper, an analytical expression for the two-loop diagrams contribut-

ing to the leading color coe!cient in the gluon-fusion channel is derived. We carry out

the calculation by employing the technique based on the Laporta algorithm [27] and the

di"erential equation method [28], already used in [25, 26]. The calculation of the leading

color coe!cient in the gluon fusion does not require the calculation of any new master

integrals beyond the ones obtained in the two previous works, such that we do not discuss

the calculational method in full detail. The interested reader can find in [25,26] a detailed

description of the techniques employed.

The paper is organized as follows: in Section 2, we introduce our notation and conven-

tions; in Section 3, we summarize the most relevant features of our calculational method.

Section 4 describes the UV renormalization of the bare amplitude. The resulting two-loop

amplitude contributions are described in Section 5, where we also provide numerical val-

ues in some benchmark points, and discuss the expansion in the threshold limit. Finally,

Section 6 contains our conclusions.

2. Notation and Conventions

We consider the scattering process

g(p1) + g(p2) !" t(p3) + t̄(p4) , (2.1)

in Euclidean kinematics, where p2i = 0 for i = 1, 2 and p2j = !m2 for j = 3, 4. The

Mandelstam variables are defined as follows

s = ! (p1 + p2)
2 , t = ! (p1 ! p3)

2 , u = ! (p1 ! p4)
2 . (2.2)

Conservation of momentum implies that s+ t+ u = 2m2.

The squared matrix element (summed over spin and color), calculated in d = 4 ! 2!

dimensions, can be expanded in powers of the strong coupling constant "S as follows:

!

|M|2(s, t,m, !) = 16#2"2
S

"

A0 +
#"s

#

$

A1 +
#"s

#

$2
A2 +O

%

"3
s

&

'

. (2.3)
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Invariant mass distribution

• NLO+NNLL threshold resummed prediction

Ahrens, Ferroglia, Neubert, Pecjak, LLY: 1003.5827
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Invariant mass distribution in the boosted regime

• For M much larger than mt, may simultaneously resum threshold logs and 
mass logs

• Framework set up

• NNLO massless soft function calculated — allows soft+virtual at NNLO

• Phenomenological studies in progress

Ferroglia, Pecjak, LLY: 1205.3662

We are now ready to discuss the joint limit z ! 1 and mt/M ! 0, which is the main
theme of this paper. The key point is that these two limits are independent and commutative,
so that we can take them one-by-one in any order and obtain the same result. We choose
to start from the factorization formula (14) for the small-mass limit, and then study the
behavior of its component parts in the limit z ! 1. We thus discuss the factorization of the
massless coe!cient functions and the fragmentation function in the soft limit. The alternate
method of starting from the factorization formula (10) for the soft limit and then studying
the factorization of its component parts in the small-mass limit is discussed in Appendix A.

We first deal with the massless coe!cient function Cab
ij . To factorize it in the soft limit,

we observe that nothing in the derivation of factorization for the massive coe!cient function
(10) makes reference to the mass of the top-quark. Therefore, the form of factorization for
the massless coe!cient function is exactly the same. The result is thus

Ctt̄
ij(z,M, t1, µf) = Tr

!
Hij(M, t1, µf)Sij(

"
ŝ(1# z), t1, µf)

"
+O(1# z) . (16)

We have used that only a = t contributes to (12) at leading power in (1 # z). The hard
function Hij is obtained from virtual corrections to two-to-two scattering with massless top
quarks, and the soft function Sij involves only light-like Wilson lines related to real emission
from massless partons. The top quark is treated as massless in both the external states and
in internal fermion loops, so both the hard and soft function are defined in a theory with six
active massless flavors.

The factorization of the fragmentation functions in the z ! 1 limit was explained in [9–11],
and also within an e"ective field-theory framework in [12]. The main result of those works
is that after the matching onto the nl-flavor theory as in (12), the fragmentation function
factorizes into a product of two functions: one depending on the collinear scale mt, and the
other on the soft-collinear scale mt(1# z). We write this factorization as

D(nl)
t/t (z,mt, µf) = CD(mt, µf)SD(mt(1# z), µf ) +O(1# z) . (17)

The fragmentation of t̄ to t̄ follows the same factorization with the same coe!cient functions.
The soft function SD is related to soft-collinear emission and is equivalent to the partonic
shape-function appearing in B-meson decays [11,12]. The matching coe!cient CD is indepen-
dent of z and is a simple function related to virtual corrections.

Combining all of the information above, the factorization formula for the partonic cross
sections in the joint soft and small-mass limit is

Cij(z,M,mt, cos !, µf) = C2
D(mt, µf) Tr

!
Hij(M, t1, µf)Sij(

"
ŝ(1# z), t1, µf)

"

$ C ij
ff(z,mt, µf)$ Ct/t(z,mt, µf)$ Ct/t(z,mt, µf)

$ SD(mt(1# z), µf )$ SD(mt(1# z), µf) +O(1# z) +O
#mt

M

$
. (18)

The factorization formula (18) is the central result of this section. In the limit in which it is
derived, any choice of µf generates large logarithms in the soft or small-mass limits. We deal

6
Ferroglia, Pecjak, LLY: 1207.4798

partonic cross section



Small QT region

• Suppress the gluon channel — 
enhance the forward-backward 
asymmetry

• Theoretically challenging — 
fixed-order divergent, 
resummation necessary

• Existing parton shower tools 
need to be validated in this 
region by analytic calculations
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problems may produce a bias, especially for Al
FB. We

find no significant di!erences between Al
FB values mea-

sured in subsamples with di!erent solenoid and toroid
polarities.

C. Dependence on lepton charge

We measure Al
FB, at reconstruction level, separately

for events with positive and negative lepton charge. We
find Al

FB = (12.7± 5.5)% for events where the lepton
charge is positive and Al

FB = (15.6± 5.0)% for events
where the lepton charge is negative (all uncertainties are
statistical).

X. RESULTS AND DISCUSSION

Tables IV and VI summarize our measurements of the
"y- and lepton-based asymmetries at the reconstruction
and production levels. The measurements are signifi-
cantly higher than the mc@nlo-based predictions.
Within the SM, the tt̄ production asymmetry first

arises at order !3
s as a result of interference of several

production diagrams. At this order, interference of the
Born and box diagrams results in positive asymmetry
in two-body production, while negative contributions to
the asymmetry arise from tt̄g production with a hard
gluon (tt̄g production with a soft gluon is included with
the two-body production process to cancel the infrared
divergence). Thus, the asymmetry is likely to show a de-
pendence on variables that indicate the presence of extra
gluons, in particular the multiplicity and kinematics of
additional jets. As shown in Table II, the asymmetry in
the lepton+4 jets subsample is observed to be positive,
while its most likely value is negative in the lepton+!5
jets subsample.
An extra parton does not always result in the recon-

struction of an extra jet, which is required to exceed a
prescribed energy threshold, and be within the accep-
tance of the detector. In particular, a gluon emitted by
an initial state parton is likely to be too forward and/or
too soft to be registered as a jet. The transverse mo-
mentum of the tt̄ system, on the other hand, is sensitive
to both soft and hard gluon radiation. Low values of ptt̄T
correspond predominantly to two-body production, while
regions of large ptt̄T correspond to three-body diagrams,
which do not necessarily produce an extra reconstructed
jet. The dependence of the asymmetry on the presence
of an extra jet has been studied in the literature [10], but
we are not aware of previous studies of a dependence on
ptt̄T .
As shown in Fig. 6, some event generators predict that

the tt̄ production asymmetry has a strong dependence on
ptt̄T , while others do not. Even though pythia is a tree
level Monte Carlo generator, and thus cannot be used to
predict the overall asymmetry in tt̄ production, we use it
to study the interplay between AFB and ptt̄T . We found

that this dependence is present in the pythia tunes that
force an angular coherence between the top quarks and
the initial state parton showers through the MSTP(67)
parameter. We account for this possible dependence in
the systematic uncertainties on the measured asymme-
tries due to signal modeling.
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FIG. 6. The tt̄ asymmetry versus ptt̄T as predicted by
mc@nlo+herwig. For comparison, the predictions from
pythia with di!erent tunes [35] are also shown.

While the measured asymmetries are sensitive mostly
to the well-modeled additional jets, we also examined the
modeling of gluon radiation with the ptt̄T observable. No
aspect of this analysis has been optimized for this observ-
able, and its experimental resolution is low. Nevertheless,
we note that the ptt̄T spectrum is softer in data than in the
mc@nlo-based model, indicating less gluon emission, as
shown in Figure 7(a). To verify this hypothesis, we sim-
ulate tt̄ events using pythia with initial state radiation
(ISR) turned o!. In this unrealistic scenario, the ptt̄T dis-
tribution is in better agreement with the data, as seen
in Figure 7(b), but the simulated number of additional
jets is too low. In the SM, low ptt̄T is associated with high
AFB, so the two discrepancies are in the same direction.
To further clarify this issue, dedicated measurements of

ptt̄T and detailed prediction for the dependence of AFB on
this quantity are needed. During the preparation of this
paper, the first such calculations became available [36].

XI. SUMMARY

We measure the forward-backward asymmetry in top
quark-antiquark production, defined according to the ra-
pidity di!erence between the top and antitop quarks. Af-
ter background subtraction, we find a reconstructed tt̄
asymmetry of AFB = (9.2± 3.7)%, to be compared with
the mc@nlo-based prediction of (2.4± 0.7)%. We find
no statistically significant enhancements of AFB, neither
for high mtt̄ nor for large |"y|.
The reconstructed tt̄ asymmetry can be unfolded for

acceptance and detector resolution. We apply two un-
folding procedures: a four-bin unfolding and an unfold-
ing with fine binning and explicit regularization. We ar-
gue that the latter technique is better suited to estimate

D0 Collaboration: 1107.4995



QT resummation

• Originally developed by Collins, Soper, Sterman (CSS)

• Refinement by Catani, de Florian, Grazzini

• New SCET based approaches

• Becher, Neubert: 1007.4005

• Chiu, Jain, Neill, Rothstein: 1104.0881

• Echevarria, Idilbi, Scimemi: 1111.4996

Catani, de Florian, Grazzini: hep-ph/0008014

Collins, Soper, Sterman: Nucl. Phys. B 250, 199 (1985)

Applied to color-neutral final states so far!



QT resummation in Higgs production

implemented our resummed results for Drell-Yan, W , Z, and Higgs production in a public
code CuTe [15] and give phenomenological predictions based on this program.

2 Factorization and resummation

We consider the cross section for the production of a Higgs boson with massmH and transverse
momentum qT = |q!| in gluon fusion at the LHC. The derivation of the factorization formula
for the cross section proceeds exactly as in the case of the Higgs-production cross section
defined with a jet veto, which we have recently considered in [10]. Our analysis there has
been performed at fixed q! and rapidity y of the Higgs boson, and the integration over the
boson phase-space was carried out at the end. We can thus immediately use the result for the
factorized cross section obtained in [10], which reads

d! = !0(µ)C
2
t (m

2
t , µ)

!

!CS(!m2
H , µ)

!

!

2 m2
H

"s
dy

d2q!
(2#)2

"

d2x! e
"iq!·x!

" 2Bµ!
c ($1, x!, µ)Bc̄ µ!($2, x!, µ)S(x!, µ) ,

(1)

where $1,2 =
#
" e±y and " = (m2

H + |q2!|)/s. The Born-level cross section is

!0(µ) =
m2

H %2
s(µ)

72#(N2
c ! 1)sv2

, (2)

where
#
s denotes the center-of-mass energy of the LHC and v is the Higgs vacuum expec-

tation value. The Wilson coe!cient Ct multiplies the e"ective ggH operator obtained after
integrating out the heavy top quark, while the hard matching coe!cient CS arises when this
operator is matched onto an e"ective two-gluon operator in SCET. Moreover, we have defined

Bµ!
c ($, x!, µ) = !

$ n̄ · p
2#

"

dt e"i"tn̄·p
#

Xc

$P (p)| Aµ,a
c! (tn̄ + x!) |Xc% $Xc| A!,a

c!(0) |P (p)% ,

S(x!, µ) =
1

N2
c ! 1

#

Xs

$ 0 |
$

S†
nSn̄

%ab
(x!) |Xs% $Xs|

$

S†
n̄Sn

%ba
(0) |0% . (3)

Here Ac! is the gauge-invariant e"ective gluon field of SCET, and Sn, Sn̄ denote soft Wilson
lines. The function Bµ!

c describes the structure of the jet of collinear particles inside one of the
colliding protons (the one moving along the light-like direction nµ), which is probed at small
transverse distance x!. The corresponding function Bµ!

c̄ for the second beam jet, consisting of
anti-collinear particles (moving along n̄), is given by the same formula with the replacements
n̄ & n and c & c̄. The soft function S describes the physics of soft gluons emitted from the
colliding beam particles. In [10], the sum over hadronic intermediate states was restricted by
the jet veto, while in the present case the sums in (3) are completely inclusive.

2.1 Collinear anomaly

The beam-jet functions Bµ!
c , Bµ!

c̄ and the soft function S su"er from light-cone divergences,
which are not regularized by the conventional dimensional regularization procedure. These

2

Becher, Neubert, Wilhelm: 1212.2621

transverse soft function 
trivial with analytic regulatortransverse PDFsto O(!) to the cross section have been derived in [7] using recursive solutions of the relevant

RG equations. Adapting the resulting expression to the present case, we find that the hard-
scattering kernels defined in (13) can be written in the form

C̄gg!ij(z1, z2, q
2
T , m

2
H , µ) =

1

2

! "

0

dxT xT J0(xT qT ) exp
"

gA(", L#, as)
#

!
$

n=1,2

Ī(n)g!i(z1, L#, as) Ī
(n)
g!j(z2, L#, as) ,

(26)

where

gA(", L#, as) = "
"

"L#
#

!!1/2 "
%

as
&

!A
0 + "#0

' L2
#

2

(

!0

"
%

as (2$
g
0 + "K)L# + a2s

&

!A
0 + "#0

'

#0
L3
#

3

(

!1/2
(27)

"
%

as "d2 + a2s

)

K!A
0 + 2$g

0#0 + "
&

#1 + 2K#0

'

*L2
#

2
+ a3s

&

!A
0 + "#0

'

#2
0

L4
#

4

(

!

"O(!3/2) .

Note that we treat ln(m2
H/µ

2) as a large logarithm and count " defined in (23) as an O(1)
variable. The auxiliary parameter ! counts the order in as resulting (for qT # q$) after the xT

integral in (26) has been performed. The two terms given in the first line are unsuppressed
and must be kept in the exponent of the integrand in (26), whereas the remaining terms can be
expanded in powers of !1/2. It is important that the expansion is truncated at an integer power
of !. The resulting integrals over the Bessel function can readily be evaluated numerically.

We finally give the expressions for the collinear kernel functions corresponding to our
modified power counting. We find

Ī(1)g!i(z, L#, as) = %(1" z) %gi "
%

as P(1)
g!i(z)

L#
2

(

!1/2

+

%

asRg!i(z) + a2s

)

Dg!i(z)" 2#0P(1)
g!i(z)

* L2
#

8

(

!

+O(!3/2) ,

(28)

while Ī(2)g!i coincides with I(2)g!i in (20) up to higher-order terms in !. The corresponding
contribution to (26) is of O(!2) and can be neglected to the order we are working. The
quantities

Dg!i(z) =
$

j=g,q,q̄

! 1

z

du

u
P(1)

g!j(u)P
(1)
j!i(z/u) (29)

9

See Becher’s talk for details



QT subtraction

• Closely related to QT resummation

• Exploits behavior at small QT to subtract IR divergences

• Works in principle for any process where QT resummation is available

• One of the first subtraction methods applied successfully at NNLO

Catani, Grazzini: hep-ph/0703012

against F ; ii) one-loop virtual corrections to the LO subprocess. Both contributions are separately
IR divergent, but the divergences cancel in the sum. At NNLO, three kinds of corrections must
be considered: i) double real contributions, where two partons recoil against F ; ii) real-virtual
corrections, where one parton recoils against F at one-loop order; iii) two-loop virtual corrections
to the LO subprocess. The three contributions are still separately divergent, and the calculation
has to be organized so as to explicitly achieve the cancellation of the IR divergences.

Our method is based on a (process- and observable-independent) generalization of the proce-
dure used in the specific NNLO calculation of Ref. [23]. We first note that, at LO, the transverse
momentum qT =

!

i qT i of the triggered final state F is exactly zero. As a consequence, as
long as qT != 0, the (N)NLO contributions are actually given by the (N)LO contributions to the
triggered final state F + jet(s). Thus, we can write the cross section as

d!F
(N)NLO|qT !=0 = d!F+jets

(N)LO
. (2)

This means that, when qT != 0, the IR divergences in our NNLO calculation are those in d!F+jets
NLO :

they can be handled and cancelled by using available NLO formulations of the subtraction method.
The only remaining singularities of NNLO type are associated to the limit qT " 0, and we treat
them by an additional subtraction. Our key point is that the singular behaviour of d!F+jets

(N)LO
when

qT " 0 is well known: it comes out in the resummation program [24] of logarithmically-enhanced
contributions to transverse-momentum distributions. Then, to perform the additional subtraction,
we follow the formalism used in Ref. [25, 26] to combine resummed and fixed-order calculations.

The following sketchy presentation is illustrative; the details will appear elsewhere. We use a
shorthand notation that mimics the notation of Ref. [25]. We define the subtraction counterterm†

d!CT = d!F
LO # !F (qT /Q) d2qT . (3)

The function !F (qT /Q) embodies the singular behaviour of d!F+jets when qT " 0. In this limit
it can be expressed as follows in terms of qT -independent coe"cients !F (n;k):

!F (qT /Q) $$$"
qT"0

#
"

n=1

#"S

#

$n
2n
"

k=1

!F (n;k) Q2

q2
T

lnk$1 Q2

q2
T

. (4)

The extension of Eq. (2) to include the contribution at qT = 0 is finally:

d!F
(N)NLO = HF

(N)NLO # d!F
LO +

%

d!F+jets
(N)LO $ d!CT

(N)LO

&

. (5)

Comparing with the right-hand side of Eq. (2), we have subtracted the truncation of Eq. (3) at
(N)LO and added a contribution at qT = 0 needed to obtain the correct total cross section. The
coe"cient HF

(N)NLO does not depend on qT and is obtained by the (N)NLO truncation of the
perturbative function

HF = 1 +
"S

#
HF (1) +

#"S

#

$2
HF (2) + . . . . (6)

A few comments are in order.

• The counterterm of Eq. (3) regularizes the singularity of d!F+jets when qT " 0: the term
in the square bracket on the right-hand side of Eq. (5) is thus IR finite (or, better, inte-
grable over qT ). Note that, at NNLO, d!CT

(N)LO acts as a counterterm for the sum of the two

†The symbol # understands convolutions over momentum fractions and sum over flavour indeces of the partons.
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QT resummation in tt production

• Early attempts — naively supplementing the CSS formalism with final state 
interactions

• Results don’t agree between the two works!

• (Partial) NLL only. No initial-final interference.

• New SCET based systematic factorization/resummation framework

• Works in principle to all orders

• NNLL numerical results

Berger, Meng: hep-ph/9310341
Mrenna, Yuan: hep-ph/9606361

Li, Li, Shao, LLY, Zhu: 1208.5774

Rest of this talk!



Factorization formula

• An all-order factorization formula is proposed

same as in
DY and Higgs

same as in
threshold resummation

new transverse soft function
matrix in color space

Ahrens, Ferroglia, Neubert, 
Pecjak, LLY: 1003.5827

Becher, Neubert, Wilhelm: 
1109.6027 & 1212.2621
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Possible factorization breaking effects

• Due to interactions among top quarks and spectators

• Numerical impacts unclear

• We focus on the partonic cross section (neglecting spectators)

5

1 2 3 40

FIG. 2: Generic higher-order diagram. The oval blobs are related to the parton distributions and the round blob with a cross
represents the hard scattering. The momenta refer to the discussion of the initial state labelled 0 in connection with Eq. (20).

region in momentum space, !ab in which the hard scattering is initiated by parton a from A and b from B, as

2p+t
d!(!ab)

AB!tt̄+X

d3pt
=

!

orderings T of !ab

"

#

loops {l}

d2l"dl
+

#

lines{k}

"(k+)

2k+

" 1

0
dx #

$

x!
xap

#
A + xbp

#
B

P#

%

" I(T )$
ab/AB(x, q

%
a, q

%
b, pA, pB)F

(T )
ab (x, xapA, xbpB, pt) I(T )

ab/AB(x, qa, qb, pA, pB) , (13)

where now the sum over x+ orderings and products over loops and lines refers to the entire cut diagram, including
the final states. We have introduced the integration variable x to quantify the minus momentum available for the
top pair and soft radiation in terms of the on-shell minus momenta of partons of momentum qa and qb, whose large
momentum components are defined as in Eq. (12) above. Notice that the corresponding dependence in the complex
conjugate amplitude is independent, although in the limit of zero final state momentum transfer to the pair, q%a = qa
and q%b = qb. Dependence on loop momenta {l} is implicit. The function I(T )

ab/AB in Eq. (13) represents the e"ects of

all initial states in the amplitude and I(T )$
ab/AB in the complex conjugate amplitude. As noted above, initial states are

precisely those states that do not include the top pair for the particular ordering, T . The perturbative order of the
Is will not play a role in our arguments on final states, nor do we have to assume that we have summed over the full
set of states necessary to cancel non-factoring initial state interactions [1–4].
The function F (T ) represents the product of denominators from the remaining, final states, which do include the

quark pair, along with the momentum-conserving delta function associated with the out state. We shall also include
in F the short-distance factors that describe the production of the top pair, which we denote by H in the amplitude
(to the left of the cut) and H$ to the right. In LCOPT, these factors are given by denominators that are highly
o"-shell.

D. Leading regions, initial state jets and final state interactions

We wish to study the e"ects of final-state interactions at leading power in the large scales of the problem, all of the
order of the top mass. These contributions come from so-called “leading regions” [1], where in covariant perturbation
theory, subsets of virtual lines are near the mass shell. These are regions (subspaces) where the integrands of loop
momenta are singular and where momentum integrals are either pinched between coalescing singularities or forced
to end-points [23, 27]. In LCOPT, of course, all lines are treated as on-shell, but the characterization of regions still
holds. In the following, we will use extensively the logarithmic nature of (gauge invariant combinations of) integrals in
gauge theory leading regions [1]. This implies that a cancellation in an integrand at the singular surface will suppress
the integrand near the leading region, making its contribution finite.
In leading regions, a subdiagram of the full cut diagram has all loop momenta (including phase space loops) nearly

parallel to the incoming hadron A, another to hadron B, and another subdiagram has all line momenta nearly zero.
These are referred to respectively as jet-A, jet-B and soft subdiagrams, which include the “spectator” lines of Figs.
1 and 2. Notice that lines of the out state appear in the jet and soft subdiagrams in general. Such a leading region
contains a subspace of the total loop momentum and phase space at which all the jet and soft lines are exactly on
shell. This subspace will sometimes be identified below as its corresponding “pinch surface” [23]. At the pinch surface,

Mitov, Sterman: 1209.5798

See also
Collins, Qiu: 0705.2141
Rogers, Mulders: 1001.2977



The transverse soft function

• Definition similar to the threshold one, but calculation much more 
complicated due to the presence of the transverse vector

• We had to integrate over the azimuthal angle — calculation for the more 
exclusive case failed ideas?
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NLO soft function

• Rapidity divergence in intermediate steps regularized using method in 
Becher, Bell: 1112.3907

• No rapidity divergence in the final soft function (as expected)

• Dependence on the scattering angle cannot be written as simple functions 
of the invariants t1 and u1 (unlike the threshold soft function)

2

where s is the collider energy, M and y are the invariant
mass and the rapidity of the top-quark pair, ! is the
scattering angle between p3 and P1 in the center of mass
frame of tt̄ pair, "t =

!

1! 4m2
t/M2, #1,2 =

"
$e±y, with

$ = (M2 + q2T )/s. We also define

p1 = #1P1 , p2 = #2P2 , ŝ = (p1 + p2)
2 ,

t1 = (p1 ! p3)
2 !m2

t , u1 = (p2 ! p3)
2 !m2

t .

The resummed formula for the partonic function Cīi!ab

can be written as

Cīi!ab(z1, z2, qT ,M, cos !,mt, µ) =
1

2
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0
db b J0(bqT )
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+ 'gi Ī
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&

# Tr
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Hīi(M, cos !,mt, µh, µ)Sīi(L#,M, cos !,mt, µ)
&

,

(2)

where %i = (Ci&s/() ln(M2/µ2) with Cq = CF = 4/3
and Cg = CA = 3, L# = ln(b2µ2/b20) with b0 = 2e%!E , J0
is the zeroth order Bessel function. Hīi are the hard func-
tions, evolved from an appropriately chosen hard scale µh

that minimizes the logarithms in it to µ. The hard func-
tions are matrices in color space, as indicated by the bold-
face letter. They are the same as in threshold resumma-
tion, whose expressions and RG evolution can be found
in [1]. The functions gi and Īi/a are related to the trans-
verse PDFs, whose definition and explicit NLO expres-
sions can be found in [12]. The functions Ī $g/a originate
from the second Lorentz structure of the gluon transverse
PDF [13]. They start at O(&s) and do not contribute to
the NNLL accuracy. Eq. (2) resembles the QT resum-
mation formulae for Drell-Yan and Higgs production in
SCET [12], which have been proven to be equivalent to
the traditional CSS formalism for certain choice of scales.
Besides the matrix form of the hard functions, a major
di!erence of our formula with respect to the Drell-Yan
and Higgs cases is the appearance of the transverse soft
functions Sīi, whose fixed order operator definition can
be written as

Sīi(L#,M, cos !,mt, µ) =
1

di

'

Xs

"

d)t

2(
d2q# eib·q! (3)

# $0|Y †
i Y

†
ī
Y †
t Y

†
t̄ |Xs% '(2)(q# + P̂#) $Xs|YiYīYtYt̄|0% ,

where the operator P̂# acts on the soft final state Xs

giving its transverse momentum, dq(g) = 3(8), and Ya

are soft Wilson lines along the directions of partons a =
i, ī, t, t̄. The angle )t is the azimuthal angle of the top
quark in the transverse plane. (One may define a soft
function which is exclusive in )t, but the result will be
much more complicated.) For the cases of Drell-Yan and
Higgs production, such soft functions are equal to their

tree-level values with the analytic regulator used in [12,
14]. With the presence of colored particles in the final
state, that property does not hold anymore, as will be
shown below. For NNLL accuracy, we need the hard and
soft functions as well as the transverse PDFs to NLO, and
their anomalous dimensions to two loops. NLL accuracy
corresponds to one order less in all functions than NNLL
accuracy.
So far we have been working in the color space formal-

ism [15]. For actual computations, it is more convenient
to introduce a color basis, for which we adopt the one
used in [1]. In this basis, the LO soft functions are given
by

S
(0)
qq̄ =

(
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, S(0)
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*
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Nc 0 0
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where Nc = 3. At NLO, the bare soft functions can be
written as

S
(1),bare
īi

=
'

j,k

wjk
īi

Ijk , (5)

where wjk
īi

are color matrices, whose explicit expressions
can be found in [1]. The integrals Ijk are given by
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(4(µ2)"
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d)t
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"

[dk]
vj · vk e%ib·k!

vj · k vk · k
, (6)

where [dk] = ddk (2() '(k2) !(k0), and vj are dimension-
less vectors along the directions of momenta pj , chosen as
v1 = n = (1, 0, 0, 1), v2 = n̄ = (1, 0, 0 ! 1), v23 = v24 = 1.
The above integrals contain singularities which are not
regularized by dimensional regularization. We therefore
introduce a regularization factor (*/k+)$ following [14],
where k+ = n · k, * is an unphysical scale. We find
that although the individual integrals contain poles in &,
these divergences cancel in the final soft function, along
with the dependence on the unphysical scale *. After
renormalizing the remaining divergences in + in the MS
scheme, the finite NLO soft function can be written as
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īi ln

!u1

mtM
+w33

īi
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!xs tan
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+ Li2
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tan2
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+ 4 lnxs ln cos
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. (8)
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sions can be found in [12]. The functions Ī $g/a originate
from the second Lorentz structure of the gluon transverse
PDF [13]. They start at O(&s) and do not contribute to
the NNLL accuracy. Eq. (2) resembles the QT resum-
mation formulae for Drell-Yan and Higgs production in
SCET [12], which have been proven to be equivalent to
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ī
Y †
t Y

†
t̄ |Xs% '(2)(q# + P̂#) $Xs|YiYīYtYt̄|0% ,
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are soft Wilson lines along the directions of partons a =
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function which is exclusive in )t, but the result will be
much more complicated.) For the cases of Drell-Yan and
Higgs production, such soft functions are equal to their

tree-level values with the analytic regulator used in [12,
14]. With the presence of colored particles in the final
state, that property does not hold anymore, as will be
shown below. For NNLL accuracy, we need the hard and
soft functions as well as the transverse PDFs to NLO, and
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Consistency checks

• NLO expansion compared with 
exact result at small QT

• Soft function important for the 
nice agreement

• Constant term checked by 
reproducing the NLO total 
cross section

• Would be great to compare 
the NNLO expansion with the 
NLO tt+jet code

3

For a consistency check, one can verify that close to the
production threshold !t ! 0, the NLO corrections to
the soft functions vanish for top-quark pair in the color-

singlet state, i.e., the (1, 1) components of the S(1)
īi

matri-
ces. The reason is that near threshold soft gluons can not
be emitted from color-singlet top-quark pairs with overall
vanishing color charge. Given the renormalization group
equations (RGEs) satisfied by the hard functions and the
transverse PDFs, it is straightforward to derive the ones
for the soft functions. We find

d

d lnµ
S īi(µ) = "!s†

īi
("s)S īi(µ)" S īi(µ)!

s
īi("s) , (9)

with !s
īi = !h

īi " 2#i
1, where !h

īi enter the RGEs of the
hard functions and can be found in [1]. Following the
approach shown in Ref. [12], we can get Sīi in Eq. (2)
from Eq. (9).
Given the resummed formula (2), it is important to

check whether its fixed-order expansion agrees with the
exact results in the small qT region. To this end we ex-
pand Eq. (2) to O("s) and plug it into Eq. (1). The
results can be written as
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where

Aīi = !i
0 S

(0)
īi

,

Bīi = 2#i
0 S

(0)
īi

" 4w33
īi +

2(1 + !2
t ) ln xs

!t
w34

īi

" 8 ln
"t1
mtM

w13
īi " 8 ln

"u1

mtM
w23

īi , (11)

and H
(0)
īi

is the LO hard function, which can be found,
e.g., in Eqs. (61) and (62) of Ref. [1]. The terms in-
volving the w matrices originate from the soft function.
Eq. (10) is also useful for QT resummation in traditional
CSS formalism.
Eq. (10) captures the leading singular terms at order

"s in the limit qT ! 0, which can be compared to the
exact result in the small qT region. We show in Fig. 1
the result from Eq. (10) and the exact result calculated
using MCFM [16]. To illustrate the e"ect of the new soft
functions, we also show in the plot the result without the
contributions from the soft functions. As can be seen
there, only when including the soft function contribu-
tions, the leading singular terms can reproduce the exact
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FIG. 1. Comparison of the leading singular and the exact
O(!s) distributions in the small qT region. Leading singular
terms with (dashed-dotted line) and without (dashed line) the
soft function contributions are presented.

result, demonstrating the validity of our formalism. It is
worth pointing out that our Eq. (11) is in contradition
with corresponding formulas in [10].
As a further check of the NLO soft functions, we em-

ploy the QT -subtraction method [20] to compute the
NLO total cross section for this process. We choose the
MSTW2008NLO PDFs [17] and set mt = 172.5 GeV.
Using the results presented in this Letter, we find that
the NLO total cross section is 161.93 pb and 162.30 pb,
with and without the L!-independent terms in the soft
functions, respectively, while the result calculated by
MCFM [16] is 161.94 pb. It turns out that the numerical
e"ects of L!-independent terms are small, due to signif-
icant cancellation between initial-final contributions and
final-final contributions.
To resum the large logarithms, we choose the default

hard scale as µh = mt, and evolve the hard functions to
a low scale µ, where the soft functions and the transverse
PDFs are evaluated. We follow the choice of µ proposed
in [12], µi = q"i +qT for i = q, g, where q"i is determined by
q"i = M exp("2'/(!i

0"s(q"i ))). We also adopt the modi-
fied power counting such that "sL2

! is counted as O(1).
Note that since M % 2mt & 345 GeV, q"q >' 3.0 GeV
which is considerably larger than that for Z-boson pro-
duction, where q" & 1.88 GeV. We therefore expect much
weaker dependence on non-perturbative e"ects in tt̄ pro-
duction, down to qT = 0. Finally, to take into account
the power corrections at large qT , we match the NNLL
resummed formula onto the exact NLO results [16], and
our best prediction is therefore of NLO+NNLL accuracy.
Fig. 2 shows the resummed qT distributions at the NLL

and NLO+NNLL accuracy for tt̄ production at the LHC
with

(
s = 7 TeV. Here and below we setmt = 172.5 GeV

and use MSTW2008NNLO PDFs [17]. Uncertainties of
the theoretical predictions are estimated by varying in-
dependently the common scale µ and the hard scale µh

by a factor of two around their central values. It’s clear
from Fig. 2 that the NLO+NNLL prediction exhibits sig-
nificantly smaller scale uncertainties, compared with the

MCFM



Resummation formula
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where s is the collider energy, M and y are the invariant
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where %i = (Ci&s/() ln(M2/µ2) with Cq = CF = 4/3
and Cg = CA = 3, L# = ln(b2µ2/b20) with b0 = 2e%!E , J0
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that minimizes the logarithms in it to µ. The hard func-
tions are matrices in color space, as indicated by the bold-
face letter. They are the same as in threshold resumma-
tion, whose expressions and RG evolution can be found
in [1]. The functions gi and Īi/a are related to the trans-
verse PDFs, whose definition and explicit NLO expres-
sions can be found in [12]. The functions Ī $g/a originate
from the second Lorentz structure of the gluon transverse
PDF [13]. They start at O(&s) and do not contribute to
the NNLL accuracy. Eq. (2) resembles the QT resum-
mation formulae for Drell-Yan and Higgs production in
SCET [12], which have been proven to be equivalent to
the traditional CSS formalism for certain choice of scales.
Besides the matrix form of the hard functions, a major
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functions Sīi, whose fixed order operator definition can
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are soft Wilson lines along the directions of partons a =
i, ī, t, t̄. The angle )t is the azimuthal angle of the top
quark in the transverse plane. (One may define a soft
function which is exclusive in )t, but the result will be
much more complicated.) For the cases of Drell-Yan and
Higgs production, such soft functions are equal to their

tree-level values with the analytic regulator used in [12,
14]. With the presence of colored particles in the final
state, that property does not hold anymore, as will be
shown below. For NNLL accuracy, we need the hard and
soft functions as well as the transverse PDFs to NLO, and
their anomalous dimensions to two loops. NLL accuracy
corresponds to one order less in all functions than NNLL
accuracy.
So far we have been working in the color space formal-

ism [15]. For actual computations, it is more convenient
to introduce a color basis, for which we adopt the one
used in [1]. In this basis, the LO soft functions are given
by
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where Nc = 3. At NLO, the bare soft functions can be
written as
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where wjk
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are color matrices, whose explicit expressions
can be found in [1]. The integrals Ijk are given by

Ijk = !
(4(µ2)"

(2%"

" 2#

0

d)t

2(

"

[dk]
vj · vk e%ib·k!

vj · k vk · k
, (6)

where [dk] = ddk (2() '(k2) !(k0), and vj are dimension-
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that although the individual integrals contain poles in &,
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(
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xs
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2
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+ 4 lnxs ln cos
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2
. (8)

• Scale choices follow Becher, Neubert, Wilhelm for DY and Higgs

• Much weaker dependence on non-perturbative physics due to larger mass 
— protected all the way down to QT = 0

• Evolution of the hard function given in
Ferroglia, Neubert, Pecjak, LLY: 0907.4791 & 0908.3676
Ahrens, Ferroglia, Neubert, Pecjak, LLY: 1003.5827

q⇤q & 3.0GeV q⇤g & 14.0GeV

µi = q⇤i +QT



Resummed prediction

• Good perturbative convergence, 
significantly reduced scale 
dependence from NLL to NNLL

• Consistent with NLO parton 
shower results

• Agree well with existing data. 
More data required to check the 
shape in the low QT region!
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FIG. 2. Resummed predictions for the qT distribution at NLL
(green band) and NLO+NNLL (black band). Also shown are
the predictions of POWHEG and MCFM.

NLL one. As shown in Fig. 2, the fixed-order predic-
tion from MCFM is not reliable when qT is small, while
the NLO+PS prediction of POWHEG [18] is in good agree-
ment with our NLO+NNLL resummed distribution. It
should be noted that the POWHEG prediction exhibits a
much larger scale dependence than the NLO+NNLL re-
sult, which is not shown in the plot.
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FIG. 3. Comparison of NLO+NNLL resummed prediction
(blue band) for the normalized qT distribution with the ex-
perimental data from the CMS collaboration.
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FIG. 4. The top quark charge asymmetry as a function of qT .
The Pythia and MC@NLO curves are extracted from [4].

In Fig. 3 we show our NLO+NNLL resummed predic-

tion for the normalized qT distribution, together with the
experimental data from the CMS collaboration [2], using
an integrated luminosity of 1.14 fb!1 at the LHC with!
s = 7 TeV. In this plot a non-perturbative factor of the

form exp("!2
NPb

2) is included for the qq̄-channel, with
!NP = 0.6 GeV [12]. For the gg-channel, the relevant
scale is q"g ># 14.0 GeV, we therefore do not consider non-
perturbative e"ects here. The experimental data shows
good agreement with our resummed prediction.
We finally turn to the qT -dependent top quark charge

asymmetry AFB. This quantity is of substantial interest
because it will provide new hints for the puzzle of large
deviation in AFB observed at the Tevatron. In QCD, the
asymmetry starts at NLO, however, it was found that
an LO parton shower program like Pythia can exhibit
non-zero AFB. As was explained in [19], this is due to
the fact that in the hard process qq̄ $ tt̄, color coherence
of the parton shower pushes the top-quark pair to higher
transverse momentum when the top goes backwards. In
our resummation formalism, this color coherence is ac-
counted for by the soft function Sqq̄, whose dependence
on t1 and u1 is asymmetric. In Fig. 4, we present
our resummed prediction for this observable, together
with predictions from MC@NLO and Pythia extracted from
[4]. Interestingly, our NLO+NNLL resummed prediction
shows very good agreement with the NLO+PS program
MC@NLO. In particular, they predict the same cross-over
at qT # 25 GeV.
In conclusion, for the first time, we have presented

a resummation framework for the transverse-momentum
spectrum of top-quark pairs at hadron collider, valid up
to arbitrary logarithmic accuracy. Compared with Drell-
Yan and Higgs production, a new ingredient in our for-
malism is the introduction of the transverse soft function
matrices, which describe the soft gluon e"ects associated
with final-state radiations. We have explicitly shown that
when expanded to O(!s), our resummation formula re-
produces precisely the fixed-order prediction from MCFM

at small qT . We have carried out the resummation at
NNLL accuracy. Our results agree quite well with those
from parton shower programs and with the CMS mea-
surement, while exhibiting a small scale dependence. We
have also examined the qT -dependent top quark charge
asymmetry, which could help clarifying the large devia-
tion from the SM observed at the Tevatron. Our formal-
ism can also be applied to the bb̄, cc̄ production, as well
as the production of colored supersymmetric partners.
With the NNLO soft function which may be calculated in
the future, our work provides a new subtraction method
for computing the tt̄ di"erential cross sections at NNLO,
following the qT subtraction method of [20]. Finally, it
is interesting to incorporate the decays of the top quark
into our framework in a way similar to [21], which we
leave for future works.
This work was supported in part by the National

Natural Science Foundation of China under Grants No.
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Forward-backward asymmetry

• LO parton shower can generate 
non-zero asymmetry due to color 
coherence

• In our framework, color coherence 
is built into the soft function

• Our prediction agrees well with 
NLO parton shower
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Figure 2: Colour flow and QCD radiation in (a) forward and (b) backward tt̄ production.

In the following section we examine in more detail the approximations made in event

generators, in comparison to the fixed-order perturbative treatment. Then in Section 3

we explain in general terms how they can produce a positive inclusive asymmetry while

only containing the LO production process. In Section 4 we present results from the

HERWIG++, PYTHIA and SHERPA generators for the inclusive asymmetry and various dif-

ferential asymmetry distributions. In Section 5 we summarize our findings and comment

on their implications.

2. Comparison with fixed order

To establish notation we first consider the lowest-order process,

q(p1) + q̄(p2) ! Q(p3) + Q̄(p4) , (2.1)

for which the leading-order spin-averaged matrix element squared is

X��M(qq̄ ! QQ̄)
��2 = g4

CF

N

✓
t̄ 2 + ū2

s̄2
+

2m2

s̄

◆
(2.2)

where m is the heavy quark mass and

s̄ = 2 p1 · p2 , t̄ = �2 p1 · p3 , ū = �2 p1 · p4 . (2.3)

The corresponding di↵erential cross section,

d�̂B
dt̄

=
1

16⇡ s̄2

X��M(qq̄ ! QQ̄)
��2 , (2.4)

is used for the primary hard subprocess in the event generators. Clearly, it does not

exhibit any forward–backward asymmetry. Thus for an asymmetry to be produced by a

leading-order generator, some parton showering must occur.

2.1 One gluon emission

The leading-order shower contribution is the one-gluon emission process,

q(p1) + q̄(p2) ! Q(p3) + Q̄(p4) + g(k) . (2.5)
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NNLO QT subtraction in tt production?

Gehrmann, Lübbert, LLY
1209.0682 and work in progress
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Summary

• An all-order QT resummation framework for top quark pair production is 
proposed for the first time

• Numerical results are given at NLO+NNLL accuracy

• Consistent with NLO parton shower tools and with experimental data

• May provide an alternative NNLO subtraction method for tt production

• Towards matching at NNLO

Thank you!


