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Vacuum stability

Introduction How we got here Getting a VEV is not an easy task Understanding parameter space

The beautiful Mexican hat
And why we like it!

In the SM it is easy because the potential looks like:

V (φ†φ) = m2φ†φ+
λ

2
(φ†φ)2

Minimizing this is simple!
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In a Toy-toymodel we can visualize it like this:
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Not so easy *
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Easy

Min. conditions are degree 3 polynomials with many extrema.

Furthermore, the term vacuum expectation value can be used in many confusing ways.

In this work, VEVs will only refer to the sets of constant values which the scalar fields have

at the field configurations which minimize the effective potential. Hence we do not consider

the effective potential to be a “function of the VEVs”, rather a function of a set of numbers

that we call a field configuration.

A. The tree-level potential and tadpole equations

If one merely considers the SM at tree level, minimizing the potential is straightforward.

A global SU(2)L rotation can bring the part of the potential due to the scalar doublet into

the form

V =
λ

4
|φ|4 + µ2

2
|φ|2 (1)

where φ is the neutral component of the SU(2)L doublet. After a little differentiation and

algebra, one finds that if λ > 0, µ2 < 0, then the potential is minimized for |φ| = v =

�
−µ2/λ.

However, for a set of N real scalar degrees of freedom φi (writing complex scalar fields

as two separate real scalars), the scalar part of the tree-level potential of a renormalizable

quantum field theory in four space-time dimensions is of the form

V tree
= λijklφiφjφkφl + Aijkφiφjφk + µ2

ijφiφj + irrelevant constant term (2)

which, when differentiated with respect to the N independent φi, yields N polynomial

equations of up to degree three. We have assumed that any terms linear in the fields have

been removed by constant shifts of the fields.

Although we assume renormalized potentials here for simplicity, the methods used by

Vevacious are equally applicable to non-renormalizable potentials, as long as V tree
is ex-

pressed as a finite-degree polynomial. The value of loop corrections to a non-renormalizable

potential may be debatable, but Vevacious can be restricted to using just the tree-level

potential.

While closed-form solutions for cubic polynomials in one variable exist, solving a cou-

pled system in general requires very involved algorithms, such as using Gröbner bases to

decompose the system [20, 21], or homotopy continuation to trace known solutions of simple

systems as they are deformed to the complicated target system of tadpole equations.
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All tree-level extrema guaranteed by using homotopy continuation

Vacuum stability
HOW TO:

Numerical minimization of the one-loop effective potential 
Tree-level minima are used as starting points for numerical minimization of the 
one-loop effective potential. Possible bifurcation of minima is taken into account 
and the lowest minimum is found. Calculating tunneling time between different 
minima is necessary, metastable vacua may appear. 

Tree level:

One loop:

Powerful way to find all the roots of a system of polynomial equations quickly. 
Continuously deforms a simple system of polynomial equations with known 
roots to the system one wants to solve.



Vevacious

• Finds all the tree level potential minima using 
the homotopy continuation method.

• Uses them as starting points for numerically 
minimizing the one-loop effective potential.

• Calculates tunneling times between the 
“physical” input minimum and any other 
minima.

• Classifies your input “physical” minimum as 
short-lived, long-lived or stable.

HOM4PS2

PyMinuit

CosmoTransitions

A Tool For Finding The Global Minima 
Of One-Loop Potentials

Lee, T. L. et al., Computing, 83(2-3), 109-133

arXiv:1109.4189.

https://code.google.com/p/pyminuit/

Model + parameter point + set of VEVs.  Are there other deeper minima? 

MSSM
stop and stau VEVs

3 to 18 
secs 

JECM,O’Leary, Porod, Staub.
arXiv:1307.1477  
http://vevacious.hepforge.org/

https://code.google.com/p/pyminuit/
https://code.google.com/p/pyminuit/
http://arxiv.org/abs/1307.1477
http://arxiv.org/abs/1307.1477
http://arxiv.org/abs/1307.1477
http://arxiv.org/abs/1307.1477


Vevacious JECM,O’Leary, Porod, Staub.
arXiv:1307.1477  
http://vevacious.hepforge.org/

INPUTS

SLHA file for your parameter point

Model file with one-loop potential and mass matrices 
Can be generated with Mathematica package SARAH (arXiv:1207.0906).
A set of model files for popular models is included with Vevacious. 

Can be generated with spectrum calculators like SPheno, SoftSusy or Suspect. 

Choose the model:

Choose a parameter point:

http://arxiv.org/abs/1307.1477
http://arxiv.org/abs/1307.1477
http://arxiv.org/abs/1307.1477
http://arxiv.org/abs/1307.1477


BLSSM

⊃

JECM,O’Leary, Porod, Staub.
arXiv:1212.4146

How often does R-parity spontaneously break?

How often are other deeper minima appearing?

Once we have a parameter point with a local minimum at a reasonable place: 

RPV

parity

To appear in PRD 

http://arxiv.org/abs/1307.1477
http://arxiv.org/abs/1307.1477
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Categorization Description

“RPC” SU(2)L, U(1)B−L both broken, R-parity conserved.

“RPV” SU(2)L, U(1)B−L both broken, R-parity broken.

“unbroken” Either SU(2)L or U(1)B−L broken but not both, R-parity conserved.

TABLE III. Categorization of parameter points according to the symmetries broken by their global

minima.

Categorization Hierarchical scan Democratic scan

total 1640 2330

tree level one-loop level tree level one-loop level

“RPC” 1422 1275 2236 2167

“RPV” 218 212 94 86

“unbroken” 0 153 0 77

TABLE IV. Number of parameter points in the various categories. All of the parameter points from

both scans categorized as “unbroken” broke SU(2)L without breaking U(1)B−L. Not all parameter

points that are “RPC” at the one-loop level were “RPC” at tree level, and likewise for the “RPV”

category.

to SU(3)c and U(1)em.

The third category, “unbroken”, only appears in the one-loop-level analysis. It is known

that particularly precarious arrangements of parameters that break symmetries sponta-

neously at tree level may not break these symmetries when evaluated at one-loop level [98].

In such cases, the (not obvious) combination of Lagrangian parameters that parameterizes

U(1)B−L-breaking for example may be of the same magnitude as the loop corrections. We

note that all such points that we found had zero sneutrino VEVs.

As can be seen in Figs. 1-4, there are R-parity-conserving points all over the parameter

space. Based purely on a tree-level analysis, one might conclude that there are clear regions

where the BLSSM has a stable, R-parity-conserving vacuum with the correct broken and

unbroken gauge groups. These are, as one might expect, in regions where the R-sneutrino-

bilepton Yukawa coupling Yx is not so large, and the trilinear soft SUSY-breaking parameter

A0 is not large compared to the soft SUSY-breaking scalar mass parameterm0, as, intuitively,

14



CMSSM JECM,O’Leary, Porod, Staub.

In preparation
With stop and stau VEVs

Stops and staus can have VEVs
Color and charge breaking minima might appear

When does this happen?

Can we have safe regions in allowed parameter space?

Can we exclude previously allowed regions?
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Stable

Long lived

Short lived

mostly stau VEVs

mostly stop VEVs

II. STAUS, HIGGS DIPHOTON WIDTH AND VACUUM STABILITY

To study the metastability of the electroweak vacuum in the MSSM, in the presence of

light staus with large mixing, it is instructive to first write down the scalar potential for

the neutral component of the up-type Higgs, hu, the left-handed stau, τ̃L, and the right-

handed stau, τ̃R. Neglecting the down-type Higgs is a very good approximation since for

large values of tan β - as required to achieve large mixing in the stau sector- and sizable

mA, the hd vacuum expectation value (VEV) remains small. However, for completeness,

when presenting most of our numerical results in Section IIC, we will use the full potential

including both the up- and the down-type Higgs bosons.

Following Ref. [12], and normalizing all fields as complex scalar fields, the scalar potential

can be written as

V = |µhu − yτ τ̃Lτ̃
∗
R
|2 + g22

8

�
|τ̃L|2 + |hu|2

�2
+

g21
8

�
|τ̃L|2 − 2|τ̃R|2 − |hu|2

�2

+m2
Hu

|hu|2 +m2
L3
|τ̃L|2 +m2

E3
|τ̃R|2 +

g21 + g22
8

δH |hu|4 , (1)

where µ is the Higgsino supersymmetric mass parameter and yτ is the tau Yukawa coupling

appearing in the MSSM superpotential. g2 and g1 are the gauge couplings for SU(2)L and

U(1)Y , respectively. In addition, m2
Hu

, m2
L3
, andm2

E3
are the soft-breaking masses for the up-

type Higgs, the left-handed third generation sleptons, and the right-handed third generation

sleptons. The last term, proportional to δH in Eq. (1), represents the leading contribution to

the full one-loop effective potential, arising from the top and stop loops. This contribution

depends on the average stop mass, mt̃, and on the stop mixing parameter, Xt = At−µ cot β,

and is of the order of unity for a 125 GeV Higgs boson [13],

δ(t)
H

=
3

2π2

y4
t

g21 + g22

�
log

�
m2

t̃

m2
t

�
+

X2
t

m2
t̃

− X4
t

12m4
t̃

�
∼ 1 , (2)

where yt ≈
√
2mt/v with v ≈ 246 GeV, and mt is the weak scale running top-quark mass.

The source of vacuum instability in Eq. (1) is clear: the term coupling the Higgs to the two

staus, whose coefficient is proportional to µ yτ , has a negative sign which tends to destabilize

the vacuum for positive values of the fields. As first studied in Ref. [12], when this cubic

coupling becomes too large, a charge breaking vacuum deeper than the electroweak breaking

vacuum may exist. Moreover, after the Higgs acquires a VEV, hu(d) → (vu(d) + hu(d)))/
√
2,

4
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Summary
• Vacuum stability is an important 

phenomenological issue in models with 
many scalars (SUSY)

• There is a systematic way of including this as 
a new constraint for pheno studies. We 
implemented it and released the public code 
Vevacious.

• We saw some examples of the application of 
Vevacious in two SUSY models.
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One-loop Potential

1. The homotopy continuation method

The homotopy continuation method [22, 23] has found use in several areas of physics

[24–26], in particular to find string theory vacua [27, 28] and extrema of extended Higgs

sectors [29], where the authors investigated a system of two Higgs doublets with up to five

singlet scalars in a general tree-level potential, and [30], where systems of up to ten fields

were allowed to have non-zero VEVs. In contrast, the Gröbner basis method is deemed

prohibitively computationally expensive for systems involving more than a few degrees of

freedom [20].

The numerical polyhedral homotopy continuation method is a powerful way to find all the

roots of a system of polynomial equations quickly [31]. Essentially it works by continuously

deforming a simple system of polynomial equations with known roots, with as many roots

as the classical Bézout bound of the system that is to be solved (i.e. the maximum number

of roots it could have). The simple system with known roots is continuously deformed into

the target system, with the position of the roots updated with each step. While the method

is described in detail in [22, 23], a light introduction can be found for example in [29].

B. The one-loop potential

The general form of the renormalized one-loop effective potential [32, 33] is

V 1-loop
= V tree

+ V counter
+ V mass

(3)

where V tree
is as above and V counter

has the same form as V tree
, i.e. a polynomial of the same

degree in the same fields, but the coefficients are instead the renormalization-dependent finite

parts of the appropriate counterterms [32]. The term V mass
has the form

V mass
=

1

64π2

�

n

(−1)
(2sn)(2sn + 1)(M̄2

n(φi))
2
�
log(M̄2

n(φi)/Q
2
)− cn

�
(4)

where the sum runs over all real scalar, Weyl fermion, and vector degrees of freedom, with sn

being the spin of the degree of freedom. Complex scalars and Dirac fermions are accounted

for as mass-degenerate pairs of real scalars and Weyl fermions respectively.

For scalar degrees of freedom, the M̄2
n(φi) are the eigenvalues of the second functional

derivative of V tree
, i.e. the eigenvalues of (M̄2

s=0)ij = (λijkl + λikjl + λiklj + ...)φkφl + (Aijk +
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Tunneling times
Tunneling times

! Γ/ volume = Ae−B/!(1 +O(!))

! A is solitonic solution, should be ∼ energy scale of potential

! B ∼ ([surface tension]/[energy density difference])3


