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•
Higher spin fields constitutute an es-

sential ingredient of AdS/CFT correspon-
dence as they are AdS duals of huge
class of operators on the CFT side.

•
AdS/hydrodynamics correspondence is

another, seemingly unrelated develop-
ment, suggesting that equations of hy-
drodynamics and relations between var-
ious transport coefficients can be ob-
tained by studying deformations ofAdS5
gravity, such as deformed boosted black
hole with velocity um and temperature
T . The dual gravity models, however,
have issues with unitarity and do not
appear to be fundamental theories but
rather effective theories, with some d.o.f.
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(such as higher spins) integrated out.

•
The purpose of this talk (based on the

recent work arxiv:1304.0898) is to relate
these developments using the string the-
ory approach

•
We analyze the noncritical RNS string

model in AdS5 background. The phys-
ical vertex operators in this model are
the elements of nonzero ghost cohomolo-
gies HN ∼ H−N−2 (definition will be
given below) that, in particular, describe
the following massless fields in space-
time:
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•

um(p)V
m (m = 0, 1, 2, 3)- spin 1 open

string excitation; V m ∈ H1 ∼ H−3

•

GmnV
mn - spin 2 (graviton),

V mn ∈ H1 ⊗ H̄1 ∼ H−3 ⊗H−3

•

ωa1...as−1|b1...bt ≡ ωs|tVs|t
- massless spin S excitations in

Vasiliev’s formalism;
Vs|t ∈ Hs−2 ∼ H−s

•
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MAIN RESULT:

•

The low-energy limit of this model is
AdS gravity coupled to higher spins.

•

The graviton’s β-function in this
model is given by:
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βmn = Rmn + 8gmn − 4Tmn (1)

where Tmn is the stress-energy tensor
of the d = 4 conformal fluid , evaluated
at the gauge with the temperature value
τ = 1

π , given by:

Tmn = gmn + 4umun +
∑

N

T
(N)
mn

is the “ideal fluid” contribution and
T
(N)
mn are dissipative terms of order N

in derivatives of u.

•
The velocity constraint u2 = umu

m =
−1 results from vanishing of the βum in
the leading order, as well as from the
Weyl invariance constraints on the spin
3 vertex operator (see below)
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•
Calculation of the first-derivative con-

tribution to the graviton’s β-function
gives

T
(1)
mn = ρmn

ρmn(p) =

∫

d4k{ i
3
um(k − p)un(k − p)

uk(k − p)gkl(k + p)(Q2
Liouvillepl + kl)

+
i

2
(um(k − p)(kl − pl)g

ln(k + p)

+un(k − p)(kl − pl)g
lm)(k + p)

•
In d = 5, where QLiouville =

√
2,

T (1) can be transformed to the following
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expression in the position space:

ρmn(p) =
1

2
ΠmkΠnl(∂kul + ∂luk)

−1

3
Πmn∂lu

l

with

Πmn = gmn + umun (2)

which coincides with the first order dis-
sipative contribution to Tmn (leading
to Navier-Stokes equation). Note that
the structure of this tensor (leading to
relative normalizations of sheer and bulk
viscosities, as well as to well-known 1

4π
sheer viscosity to entropy density ratio)
crucially depends on the value of the Li-
ouville background charge

•
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Next, the second order contribution to
Tmn in the β-function is

Tmn(2) =

5
∑

k=1

T
mn(2)
k

T
mn(2)
1 = Q2

Liouv(ρ
mlρnl −

1

3
Πmnρklρ

kl)

T
mn(2)
2 =

2Q2
Liouv

cLiouv − 1
ρmn∂lu

l

T
mn(2)
3 = (Q2

Liouv − 1)(ukul∂ku
m∂lu

n)

−
Q2
Liouv

cLiouv − 1
Πmnukul∂kup∂

lup

T
mn(2)
4 = (Q2

Liouv − 1)ΠkmΠln

− 1

cLiouv − 1
ΠmnΠklup(∂p∂lum + ∂p∂mul)

T
mn(2)
5 = −ǫl1l2l3lǫ

lkp(mρ
n)
p

ul1∂l2ul3(∂kul + ∂luk)
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2. AdS String Sigma-Model in

RNS Formalism

TheAdS string sigma-model (Regime
2) is described by the the generating
functional

Z(um, gmn,Ω
a1...as−1|b1...bt
m ) =

∫

D[X,ψ, ϕ, λ, ghosts

exp{−SRNS +

∫

d4pum(p)V
m(p) +

gmn(p)V
mn(p)

+
∑

s≥3;0≤t≤s−1

Ω
A1...As−1|B1...Bt
m (p)

×V mA1...As−1|B1...Bt
(p)}
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where

SRNS = Smatter + Sbc + Sβγ + SLiouville

Smatter = − 1

4π

∫

d2z(∂Xm∂̄X
m

+ψm∂̄ψ
m + ψ̄m∂ψ̄

m)

Sbc =
1

2π

∫

d2z(b∂̄c + b̄∂c̄)

Sβγ =
1

2π

∫

d2z(β∂̄γ + β̄∂γ̄)

SLiouville = − 1

4π

∫

d2z(∂ϕ∂̄ϕ + ∂̄λλ

+∂λ̄λ̄ + µ0e
Bϕ(λλ̄ + F ))

where SRNS is the full d-dimensional
RNS superstring action;Xm(m = 0, ...d− 1)
are the space-time coordinates; ϕ, λ, F
are components of super Liouville field
and the Liouville background charge is
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Q = B + B−1 =
√

9−d
2
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VERTEX OPERATORS:

•

Spin 1:

V m = K ◦
∮

dzeφ+φ̄

×{λ̄∂̄2Xm − 2∂̄λ̄∂̄Xm

+ipm(
1

2
∂̄2λ̄ +

1

q
∂ϕ∂λ

−1

2
λ(∂ϕ)2 +

(1 + 3q2)λ(3∂ψpψ
p − 1

2q
∂2ϕ))}

•
This massless open string operator is

the element ofH1 ∼ H−3 and must not
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be confused with usual photon excita-
tion in flat string theory (the element
of H0)

•
Structurally, the photon operator has

the form

V m(p) = K ◦
∮

dzLm(z, p)

In the limit of p = 0 the operators
Lm are the global symmetry generators
of the RNS action, inducing the global
space-time symmetries that are realized
nonlinearly, mixing ghost and matter
degrees of freedom. These symmetry
generators form the AdS isometry al-
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gebra, given by

[Tm, Tn] = −Tmn

Tm ≡ K◦
∮

dzLm(z, p = 0)

Tmn = K ◦
∮

dzψmψn(z)

[Tm1n1, Tm2n2]

ηm1m2Tn1n2 + ηn1n2Tm1m2

−ηm1n2Tn1m2 − ηm2n1Tm1n2

Just as the usual photon reduces to
translation operator in flat space at p =
0, the massless s = 1 operator in our
model is reduced to AdS transvection
generator at zero momentum. Next,
V mn is the spin 2 ( graviton) vertex op-
erator at ghost cohomology H1⊗ H̄1 ∼
H−3 ⊗ H̄−3 (not to be confused with
the “standard” string theory graviton,
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that is the element of H0⊗ H̄0) and de-
scribes fluctuations around the flat vac-
uum Just as the standard graviton is
the object bilinear in flat space transla-
tions, the H1⊗ H̄1 graviton in our case
is bilinear in AdS transvections.
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The explicit expression for V mn is

V mn = [K ⊗ K̄] ◦
∫

d2zeφ+φ̄

×{λ̄∂̄2Xm − 2∂̄λ̄∂̄Xm

+ipm(
1

2
∂̄2λ̄ +

1

QL
∂ϕ∂λ− 1

2
λ(∂ϕ)2 +

(1 + 3q2)λ(3∂ψpψ
p − 1

2QL
∂2ϕ))}

{λ̄∂̄2Xn − 2∂̄λ̄∂̄Xn

+ipn(
1

2
∂̄2λ̄ +

1

QL
∂̄ϕ̄∂̄λ̄

−1

2
λ̄(∂̄ϕ̄)2 + (1 + 3qL

2)λ̄(3∂̄ψ̄qψ̄
q

− 1

2QL
∂̄2ϕ̄))}eipX

where the holomorphic homotopy trans-
form of an operator V K ◦ V is defined
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according to

K◦V = V

+
(−1)N

N !

∮

dz

2iπ
(z − w)N : K∂NW : (z)

+
1

N !

∮

dz

2iπ
∂N+1
z [(z − w)NK(z)]K{Qbrst, U}

where w is some arbitrary point on the
worldsheet, U andW are the operators
defined according to

[Qbrst, V (z)] = ∂U(z) +W (z)

K = ce2χ−2φ

is the homotopy operator satisfying

{Qbrst, K} = 1

and N is the leading order of the oper-
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ator product

K(z1)W (z2) ∼ (z1 − z2)
NY (z2)

+O((z1 − z2)
N+1)

and similarly for antiholomorphic trans-
formation K̄◦

∮

... The important prop-
erty of the K transformation is the ho-
momorphism relation preserving the OPE
structure constants.

•
Next,

V
a1...as−1|b1...bt
m (p) ≡ V s|t(p)(0 ≤ t ≤ s− 1)

are the vertex operators for massless
higher spin s gauge fields

Ω
a1...as−1|b1...bt
m ≡ Ωs|t

in Vasiliev’s frame-like formalism. In
this work, we restrict ourselves to open
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string excitations (sufficient for symmet-
ric one-row higher spin fields) For a gen-
eral spin value s the explicit expressions
for the V s|t vertex operators are compli-
cated. However, these expressions pleas-
antly simplify for t = s − 3 with the
vertex operators for Ωs|s−3 extra gauge
fields given by the homotopy transforms:

•

V
a1...as−1|b1...bs−3
m = K ◦

∮

dze(s−2)φψm

×∂Xa1...∂Xas−1∂ψ(b1...∂(s−3)ψbs−3)eipX(z)

Thus the operators for the spin s are
the elements of the ghost cohomologies
Hs−2 ∼ H−s. The OPE structure of
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the operators in the different cohomolo-
gies is described by the fusion rules:

[Hs1]⊗[Hs2] =

s1+s2
∑

s=|s1−s2+1|
[Hs]

(s1 ≥ s2; s1,2 6= 0)

similar to the general structure of higher
spin algebras in AdS. In other words,
the vertex operators from different co-
homologies form the operator algebra
realizatons of HS algebras. The rest of
auxiliary fields along with the dynami-
cal field Ωs|0 can be related to Ωs|s−3

through generalized zero curvature rela-
tions in terms of ghost cohomology con-
ditions.
This concludes the list of vertex oper-

ators contributing to the graviton’s β-
22



function, considered in this talk.

23



CONTRIBUTIONS to the

β-FUNCTION.

In the leading order, the linearized con-
tributions follow from the Weyl invari-
ance constraints on the vertex opera-
tors. The calculations are the standard
ones,e.g., using the ǫ-expansion techniques.
However, the crucial novelty in our case
is the appearance of the cosmological
term. The cosmological term for βmn
appears as a result of nontrivial ghost
dependence of V mn, i.e. as a result of
V mn being an element of nonzero coho-
mology H1⊗ H̄1. Namely, the Weyl in-
variance constraints can be conveniently
deduced from the OPE:

∼
∫

d2z

∫

d2wTzz̄(z, z̄)Vgrav(w, w̄)
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by expanding around the midpoint and
evaluating the coefficient in front of

∼ Vgrav(
z+w
2 , z̄+w̄2 )

|z − w|2
(note that the trace Tzz̄ of the stress-
energy tensor, generating theWeyl trans-
formation, is nonzero in the underlying
ǫ-expansion). For a usual graviton op-
erator

∼ Gmn(p)

∫

d2w∂Xm∂̄XneipX(w, w̄)

in the bosonic string this procedure
leads, after simple calculation, to the
standard β-function contribution, quadratic
in momentum, given by the linearized
part of the Ricci tensor plus the sec-
ond derivative of the dilaton ∼Rlinmn −
2pmpnD with the dilatonD ∼ tr(Gmn).
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The calculation, leading to the identi-
cal result, is similar in superstring the-
ory. The graviton operator must then
be taken at canonical ghost picture (un-
integrated b − c picture and (−1,−1)
β − γ ghost picture), so

Vgrav = cc̄e−φ−φ̄ψmψneipX

and

Tzz̄≡Tmatterzz̄

+T b−czz̄ + T
β−γ
zz̄

= −1

2
(∂Xm∂̄X

m − ∂̄ψmψ
m

−∂ψ̄mψ̄m + ∂σ∂̄σ

+∂χ∂̄χ− ∂φ∂̄φ)
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The OPE of Vgrav with T
matter
zz̄ then

contributes the term ∼ p2Gmn to the
graviton’s beta-function (which is the
gauge-fixed linearized part of the Ricci
tensor, with the gauge condition∼ pmGmn =
0), while the contribution stemming from

the OPE with T b−czz̄ cancels the one from

the OPE with T
β−γ
zz̄ since

•

∂σ∂̄σ(z, z̄)cc̄(w, w̄)

∼ 1

|z − w|2cc̄(w, w̄)

∂φ∂̄φ(z, z̄)e−φ−φ̄(w, w̄)

∼ 1

|z − w|2e
−φ−φ̄(w, w̄)
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•
and σ and φ-terms of Tzz̄ have oppo-

site signs.

•
It is this cancellation that ensures the

absence of “cosmological terms” in the
β-function of the graviton with the con-
ventional vertex operator leading to Ein-
stein gravity around the flat vacuum.
In case of the vertex operator (), the

OPE of Tmatterzz̄ with V
H−3⊗H−3
grav still

leads to the linear part of the Ricci ten-
sor.However, since this operator is the
element of H−3 ⊗H−3, and its canon-
ical φ-ghost picture is (−3,−3) (refs),

the contributions from T b−czz̄ and T
β−γ
zz̄

no longer cancel each other:

•
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(T b−czz̄ + T
β−γ
zz̄ )(z, z̄)V

H−3⊗H−3
grav (w, w̄)

∼
1
2(1− 32)V

H−3⊗H−3
grav

|z − w|2
leading to the cosmological term pro-
portional to ∼4Gmn in the β-function.
Thus theWeyl invariance condition brings
the piece proportional to

∼ Rlinearizedmn + 4gmn

to the β-function (assuming that the
dilaton is switched off). The higher or-
der (quadratic) terms in βmn are given
by the appropriate 3-point functions, re-
sulting in the quadratic part of the Ricci
tensor, plus the matter tensor describ-
ing the holographic hydrodynamics.
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4. 3-point CORRELATORS AND

QUADRATIC CONTRIBUTIONS

In this work, instead of considering
the higher spin vertex operators as sources
of the fundamental HS fields, we regard
them as the sources of excitations given
by the polynomial expressions in um.
The expressions are constructed so as to
satisfy the BRST on-shell constraints,
identical to those for higher spin ver-
tex operators (degree s of polynomial
equals to the spin of the underlying fun-
damental field in space-time, emitted
by the corresponding vertex operator).
As a result, the polynomial contribu-
tions to the graviton’s β-function are
controled by the structure constants of
the HS operator algebra. In this talk,
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we restrict ourselves to s = 3 contri-
butions. The vertex operator for the
dynamical Ω2|0 field is given by

V
2|0
s=3 = K ◦

∮

dzeφψm∂X
a∂XbeipX(z)

with the corresponding on-shell and
Weyl invariance conditions on Ωmab(p)
given by

ηabΩ
ab
m = ηma Ωabm = 0

paΩ
ab
m(p) = 0

The only suitable degree 3 polynomial
in u satisfying these on-shell constraints
is given by
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Ωmab(p) =
∫

d4k

∫

d4qum(k + q)ua(k − p)ub(q − p)

+
1

2
δabum(p)−

1

2
(δmaub(p) + δmbua(p))

provided that ua satisfies uau
a = −1

with zero vorticity condition p[aub](p) =

0 and incompressibility pau
a(p) = 0.

However, since the β-function is the ob-
ject that must be calculated off-shell, in
the calculations below we shall keep the
terms, that are both non-transverse and
have nonzero vorticities, as they only
vanish in the on-shell limit.
The overall result is given by (with

QLiouv =
√

9−d
2 =

√
2):
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βmn = Rmn + 8gmn − 4Tmn
Tmn = gmn + 4umun

+ΠmkΠnl(∂kul + ∂luk)

−2

3
Πmn∂lu

l

+

5
∑

k=1

T
mn(2)
k
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with

T
mn(2)
1 = 2(ρmlρnl −

1

3
Πmnρklρ

kl)

T
mn(2)
2 =

√
2

3
ρmn∂lu

l

T
mn(2)
3 = 2ukul∂ku

m∂lu
n

−2

3
Πmnukul∂kup∂

lup

T
mn(2)
4 =

√
2ΠkmΠln

−
√
2

3
ΠmnΠklup(∂p∂lum + ∂p∂mul)

T
mn(2)
5 = − 1√

2
ǫl1l2l3lǫ

lkp(mρ
n)
p u

l1

×∂l2ul3(∂kul + ∂luk)

•
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The cosmological and ideal fluid terms
are contributed by the ǫ-expansion (Weyl
invariance constraint on the AdS gravi-
ton) and < 2− 1− 1 > correlator.

•
The first derivative terms (contribut-

ing to sheer and bulk viscosities) stem
from the Weyl invariance constraints on
spin 3 vertex operator V 2|1 for Ω2|1 ex-
tra field.

•
The second derivative terms are con-

tributed by < 2 − 1 − 1 > and < 2 −
3− 3 > correlators. The spin 3 contri-
bution is crucial for the structure of the
stress tensor to be conformally invariant
in d = 4.
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5. Conclusions and outlook

•
The β-function of the graviton oper-

ator describing the gravitational fluctu-
ations around AdS vacuum is given by
equations of gravity with cosmological
constant and with the matter

•
The matter stress tensor is the one

of the second order hydrodynamics; it
is conformally invariant in d = 4 and
this invariance is crucially ensured by
the spin 3 contributions to the gravi-
ton’s β-function

•
Further checks are needed to establish

the relation between gradient expansion
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in hydrodynamics and contribudions from
spins s≥4 at higher orders; the con-
jecture is that the expansion order in
holographic hydrodynamics is related to
spin values in the higher spin algebra

•
The separate, very interesting issue

is the appearance of the emergent AdS
space as a result of Weyl invariance con-
dition for operators at higher cohomolo-
gies. It appears that the cohomology
structure, scale invariance and emerg-
ing space-time geometry in string the-
ory are closely related (work in progress)
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