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6d (2,0) SCFT

Arises as world-volume theory of M5-branes

Content of Theory
2-form potential B with selfdual strength H = dB = ∗dB
5 scalars
4 chiral fermions

Theories have no dimensionfull parameter as they are nontrivial fixed
points of RG flow in 6D

They don‘t have any dimensionless parameter since fixed points are
isolated

Due to presence of self-dual field and absence of any parameters there is
no Lagrangian description known for 6d (2,0) SCFT

Dual to M-theory on AdS7 × S4

Free energy behaves as N3 for N � 1 SU(N) theory
Klebanov, Tseytlin ’96

Has a lot of useful compactifications
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6d SCFT ↔ 5d MSYM correspondence

We will further concentrate on compactification of (2, 0) SCFT to 5d MSYM.
This compactification is especially interesting due to recently made proposal
that 5d MSYM captures all degrees of freedom of 6d SCFT and can be used to
define it.

Main arguments:

Kaluza-Klein modes of compactified 6d SCFT can be identified with
instanton particles in 5d MSYM, with the following relation between YM
coupling and compactification radius arising
5d instanton particles: M6 ∼ 1

g2
YM

; 6d KK modes: M6 ∼ 1
R6
⇒ R6 ∼ g 2

YM

Complete KK spectrum of 6d theory compactified on S1 matches the
instanton solitons of 5d MSYM, with the identification

R6 =
g2YM
8π2 .

This was proven for the broken phase with N = 2 (i.e. 2 slightly separated
M5-branes) N.Lambert, C.Papageorgakis, M.Schmidt-Sommerfeld ’11
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5d SYM

R-symmetry is SU(2) in flat space

N = 1 Vector Multiplet in adjoint representation (Lvector )
gauge field Am

real scalar σ
SU(2)R Majorana doublet of gauginos λI
Triplet of auxilary fields DIJ

N = 1 Hypermultiplet in representation R (LR
matter )

2 complex scalars qI , I = 1, 2
fermion ψ

N = 2 SYM defined by the Lagrangian L = Lvector + Ladj
matter , i.e.

hypermultiplets taken in adjoint representation, with the masses of hypers
being M = 0. If we take M 6= 0 we call it N = 1∗ SYM

5D SYM is non-renormalizable
[
g 2
YM

]
= 1

Mass
.

For the details of putting 5d SYM on the sphere see K. Hosomichi,
R. -K. Seong and S. Terashima ’12
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Localization

Localization is powerful technique allowing to evaluate observables in SUSY
theories.
4d SYM: V.Pestun ’07 ;
ABJM: A.Kapustin, B.Willet and I. Yaakov ’09 ;

Main idea behind the method:

Let S(φ) and O(φ) be action and operator invariant under Grassmann-odd
symmetry δ (SUSY) : δS = 0, δO = 0

Consider 〈O(φ)〉 =
∫
DφO(φ)e−S(φ)+tδV with δ2V = 0. It can be shown

that expectation value doesn‘t depend on t: d
dt
〈O(φ)〉 = 0

In limit t → −∞ path integral localizes on field configuration satisfying
δV = 0 (localization locus) ,assuming δV is positive definite. And it is
easier to compute integral evaluating S and corresponding 1-loop
determinant on this localization locus

path integral (hard) → matrix integral (easier)
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Localization for 5D SYM on S5

To localize 5D SYM one should

Find appropriate δV
δVvector = δ

∫
S5

d5x
√
g Tr

[
(δλI )

†λI

]
; δVhyper = (δψ)† ψ;

Introduce vm = εIJξIΓ
mξJ , where ξI is Killing spinor on S5

Then fields in localization locus satisfy equations
Fmn = 1

2
εmnpqrv

pF qr ; Dmσ = 0; DIJ + 2σtIJ = 0; qI = 0;

This in turn implies localization locus to be
F = 0; σ = const; qI = 0
Here we have chosen only flat connection solution to the equations above,
ommiting instantons contribution.

For detailed procedure of 5D SYM localizations see
K. Hosomichi, R. -K. Seong and S. Terashima ’12;
J. Kallen and M. Zabzine ’12;
J. Kallen, J. Qiu and M. Zabzine ’12;
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Matrix Model

After localization is done path integral takes following form:

Z ∼
∫
dφZ vect

1−loop(φ)Z hyper
1−loop(φ)e

− 8π3r
g2
YM

Tr (φ2)
+ instantons

where φ = irσ whith r being radius of S5

1-loop determinants contributions are given by:
Z vect
1−loop(φ) = detAdj

(
sin(iπφ)e

1
2
f (iφ)

)
Z hyper
1−loop(φ) = detR

(
e−

1
4
f ( 1

2
−im−iφ)− 1

4
l( 1

2
−im−iφ)+(φ→−φ)

)
where m = −iMr , with M being masses of hypers.

f (z) with l(z) are functions given by

l(z) = −z log
(
1− e2πiz

)
+ i

2

(
πz2 + 1

π
Li2(e2πiz)

)
f (z) = iπz3

3
+ z2 log

(
1− e−2πiz

)
+ iz

π
Li2
(
e−2πiz

)
+ 1

2π2Li3
(
e−2πiz

)
− ζ(3)

2π2

Derivatives of this complicated functions are given by simple expressions
df (z)
dz

= πz2 cot(πz) ; dl(z)
dz

= −πz cot(πz) ;
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Case of Adjoint Hypermultiplet

In the case of SU(N) gauge group with adjoint hypermultiplet path
integral turns into
Z ∼∫ ∏N

i=1 dφi exp

(
− 8π3N

λ

∑
i

φ2
i +

∑
j 6=i

∑
i

[
1
2

log [sinh(π(φi − φj))] + 1
4
f (i(φi − φj))

− 1
4
l
(
1
2
− im + i(φi − φj)

)
− 1

4
f
(
1
2
− im + i(φi − φj)

)
+ (φi → −φi )
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where λ =

g2YMN

r
, is t’ Hooft coupling constant

In large N limit partition function is dominated by the saddle point
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2− (φi − φj)

2
)
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+ 1
2

(
1
4

+ (φi − φj −m)2
)

tanh(π(φi − φj −m)) + (m→ −m)
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Strong Coupling Limit

In the strong coupling limit (λ� 1) we expect that |φi − φj | � 1, i.e.
eigenvalues are well separated and saddle point equations are simplified to

16π2N
λ

φi = π
(
9
4

+ m2
)∑

j 6=i

sign(φi − φj)

Solutions to this saddle point equations are

φi =
(9+4m2)λ

64π2N
(2i − N)

Corresponding eigenvalue density is

ρ(φ) = 32π2

(9+4m2)λ
|φ| ≤ φm , φm =

(9+4m2)λ
64π2

= 0 |φ| > φm .
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Free Energy

Now substituting obtained solutions back to the free energy

F ≡ − logZ ≈ 8π3N
λ

∑
i

φ2
i − π

2

(
9
4

+ m2
)∑

j 6=i

∑
i

|φi − φj |

and using
N∑
i=1

(2i − N)2 ≈ 1
3
N3 ,

∑
j 6=i

N∑
i=1

|i − j | ≈ 1
3
N3 .

we can finally obtain expression for 5d SYM free energy

F ≈ − g2YMN3

96πr

(
9
4

+ m2
)2

N3 -behavior !

Numerical results: m = 0 (orange); m = 1
2
(purple); m = 1 (blue)
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Notice that essential element for N3 behavior is hypermultiplet in adjoint
representation !
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Wilson Loop

Wilson loop in 5D SYM:

W = 1
dimR

TrRPe
∮
iAMdxm+σds

As we are interested only in supersymmetric variables we further calculate
loop wrapping equator

In strong coupling limit of matrix model

〈W 〉 ∼ 1

N

∫ ∏
i

dφi

∑
i

e2πφi e
− 4π3N

λ

∑
i
φ2
i +

π
2 ( 9

4
+m2)

∑
j 6=i

∑
i
|φi−φj |

Saddle point position is the same as before, so we get:

〈W 〉 =

∫
dφρ(φ)e2πφ ∼ exp

(
λ

4π

(
9

4
+ m2

))
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AdS7/CFT6

6d SCFT results can be obtained from AdS7 × S4 supergravity calculations.

boundary of AdS7 is taken to be S1 × S5

radii of AdS7 and S4 are ` and `/2 correspondingly, ` = 2`pl(πN)1/3

AdS7 metric is given by

ds2 = `2(cosh2 ρ dτ 2 + dρ2 + sinh2 ρ dΩ2
5)

together with the identification τ = τ + 2πR6
r



AdS7/CFT6: Free Energy

AdS/CFT: supergravity classical action gives free energy of boundary CFT.

Full action: IAdS = Ibulk + Isurface + Ict, where

Ibulk = − 1

16πGN
Vol(S4)

∫
d7x
√
g (R − 2Λ)

GN = 1/(16π7`9pl) is Newton constant and e.o.m. give R − 2Λ = − 12
`2

Integration gives

Ibulk = 4πR6
3 r

N3
(

1
64
ε−6 − 3

32
ε−4 + 15

64
ε−2 − 5

16
+ O(ε2)

)
,

where 1/ε is UV cut-off

After minimal substruction we get free energy of 6d SCFT

IAdS = −5πR6

12 r
N3
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AdS7/CFT6: Wilson Loop

In SUGRA Wilson loop is related to the world volume of the M2-brane:

〈W 〉 ∼ e−T (2) ∫ dV

where T (2) = 1
(2π)2`3

pl
is the tension of the membrane.

The M2 brane is chosen to wrap the Euclidean time direction and the
equator of S5. The third direction falls in from the boundary into the bulk.
For this configuration we get:

T (2)

∫
dV =

πNR6

r

(
1

ε
− 2 + ε

)
where ε is the same UV cut-off as one used in Free Energy calculation

After regularization we obtain:

〈W 〉 ∼ exp

(
2πNR6

r

)
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Comparison of results

Summarizing results

AdS7/CFT6 Matrix Model

Free Energy − 5πR6
12 r

N3 − g2YMN3

48πr

(
9
4

+ m2
)2

Wilson Loop exp
(
2πNR6

r

)
exp

(
λ
4π

(
9
4

+ m2
))

Comparing Free Energy : R6 =
4g2YM
5π2

(
9
4

+ m2
)2
.

Comparing Wilson Loops : R6 =
g2YM
8π2

(
9
4

+ m2
)
.

For these two results to be consistent we need m = 1
2
, R6 =

5g2YM
16π2

m = 1
2
is indeed very special point because with this value of mass

enlargement of supersymmetry takes place (in difference with flat case
where SUSY is maximal when hypers are massless).
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Summary and Outlook

From matrix model obtained with localization technique we found some
observables in 5d SYM

Large-N behavior coincides with AdS7/CFT6 results

Coefficients for matrix model and AdS7/CFT6 calculations coincides for
N = 1∗ SYM with hyper masses m = 1

2
, when enlargement of SUSY takes

place

Relation between 5d SYM on S5 and 6d SCFT is R6 =
5g2YM
16π2 which differs

from the flat case correspondence R6 =
g2YM
8π2 obtained by Lambert et. al.



Thank you!


