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B & Bs decay constants

R. Dowdall et al, PRL 110 (2013)

We take two approaches to the analysis. The first is to
perform a simultaneous chiral fit to all our results for !,
!s,!s=!, andMBs

!MB using SUð2Þ chiral perturbation
theory. The second is to study only the physical u=d mass
results as a function of lattice spacing.

For the chiral analysis we use the same formula and
priors for MBs

!MB as in Ref. [11]. Pion masses used in
the fits are listed in Table Vand the chiral logarithms lðM2

!Þ
include the finite volume corrections computed in Ref. [23]
which have negligible effect on the fit. For the decay
constants the chiral formulas, including analytic terms up
to M2

! and the leading logarithmic behavior, are (see, e.g.,
Ref. [24])
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The coefficients of the analytic terms bs, bl are given priors
0.0(1.0), g has prior 0.5(5), and !0, !s0 have 0.5(5). To
allow for discretization errors each fit formula is multiplied
by ð1:0þ d1ð"aÞ2 þ d2ð"aÞ4Þ, with " ¼ 0:4 GeV. We
expect discretization effects to be very similar for ! and
!s and so we take the di to be the same, but differing from
the di used in theMBs

!MB fit. Since all actions used here
are accurate through a2 at tree level, the prior on d1 is taken
to be 0.0(3) whereas d2 is 0.0(1.0). The di are allowed to
have mild mb dependence as in Ref. [11]. The ratio !s=!
is allowed additional light quark mass dependent discreti-
zation errors that could arise, for example, from staggered
taste splittings. For comparison, we have fit the results
using SUð2Þ heavy meson staggered chiral perturbation
theory [17,25] which changes the results by less than 1
sigma. We have tested that the fit is stable with respect to
changes to the priors for g, bl, bs, di and adding or
removing discretization corrections.

The results of the decay constant chiral fits are plotted in
Figs. 1 and 2. Extrapolating to the physical point appro-
priate to ml ¼ ðmu þmdÞ=2 in the absence of electromag-
netism, i.e.,M! ¼ M!0 , we find!Bs

¼ 0:519ð10Þ GeV3=2,

!B ¼ 0:427ð9Þ GeV3=2, !Bs
=!B ¼ 1:215ð7Þ. For MBs

!
MB we obtain 86(1) MeV, in agreement with the result
of Ref. [11].

Figures 3 and 4 show the results of fittingMBs
!MB and

the decay constants from the physical point ensembles
only, and allowing only the mass dependent discretization
terms above. The results are !Bs

¼ 0:521ð8Þ GeV3=2,

!B ¼ 0:428ð7Þ GeV3=2, !Bs
=!B ¼ 1:216ð7Þ, and MBs

!
MB ¼ 87ð1Þ MeV. Results and errors agree well between
the two methods and we take the central values from the
chiral fit as this allows us to interpolate to the correct pion
mass.
Our error budget is given in Table VI. The errors that are

estimated directly from the chiral and continuum fit are
those from statistics, the lattice spacing and g, and other
chiral fit parameters. The two remaining sources of error in
the decay constant are missing higher order corrections in
the operator matching and relativistic corrections to the
current. We estimate the operator matching error by allow-
ing in our fits for an amb-dependent #

2
s correction to the

renormalization in Eq. (4) with prior on the coefficient of
0.0(2), i.e., ten times the size of the one-loop correction z0.
This error cancels in the ratio fBs

=fB. We also allow for #2
s

TABLE V. Raw lattice energies from each ensemble; errors
are from statistics and fitting only. aM! are the pion masses used
in the chiral fits; aEðBsÞ and aEðBÞ are the energies of the Bs

and B meson. Results on sets 3, 6, and 8 are new; others are
given in Ref. [11].

Set aM! aEðBsÞ aEðBÞ
3 0.10171(4) 0.6067(7) 0.5439(12)
6 0.08154(2) 0.5158(1) 0.4649(6)
8 0.05718(1) 0.4025(2) 0.3638(5)

FIG. 1 (color online). Fit to the decay constant ratio !Bs
=!B.

The fit result is shown in gray and errors include statistics, and
chiral or continuum fitting.

FIG. 2 (color online). Fit to the decay constants !Bs
and !B.

Errors on the data points include statistics and scale only. The fit
error, in gray, includes chiral or continuum fitting and perturba-
tive errors.
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✤NRQCD/HISQ incl rad impr. 
on nf =2+1+1 MILC HISQ

✤ Incl. lattices with physical mπ

✤Operator matching ⇒ 4% 
uncertainty in f ’s

✤ Statistics, fits in a2, r1 give 
2-3% uncertainties

✤ fB = 186(4) MeV;                     
fBs = 224(4) MeV;                   
fBs/fB = 1.205(7)



Β ➙ τν and Bs ➙ µµ

B(Bs ! µ+µ�) = 3.47(19)⇥ 10�9

1

|Vub|2
B(B ! ⌧⌫) = 6.05(20)

Including Bs oscillations

New SM prediction, ignoring Bs oscillations
B(Bs ! µ+µ�) = 3.17(15)(9)⇥ 10�9

Measured!                        LHCb, PRL 110 (2013)3.2+1.5
�1.2 � 10�9

updating A Buras et al, EPJ C72 (2012) and K De Bruyn et al, PRL 109 (2012)

B(B ! ⌧⌫) = 1.14(22)⇥ 10�4 ⇒ |Vub| = 0.0043(4)
(HFAG May 2013)



D ➙ K l ν

J Koponen et al, arXiv:1305.1462.  See also FNAL/MILC and ETM Collaborations
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Form factor shape

Series (z) expansion
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Λb ➙ p l- ν

W Detmold et al, arXiv:1306.0446
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FIG. 5. Our predictions for the di↵erential decay rates of ⇤b ! p µ�⌫̄µ (left) and ⇤b ! p ⌧�⌫̄⌧ (right), divided by |Vub|2.
We only show the kinematic region where we have lattice QCD results for the form factors F

+

and F�. The inner error band
originates from the statistical plus systematic uncertainty in F±. The outer error band additionally includes an estimate of
the uncertainty caused by the use of leading-order HQET for the b quark. The plot for ⇤b ! p e�⌫̄e is indistinguishable from
⇤b ! p µ�⌫̄µ and is therefore not shown.

these two uncertainties in quadrature, and hence estimate the systematic uncertainty in |Vub|�2d�/dq2 that is caused
by the use of leading-order HQET to be

s
⇤2

QCD

m

2

b

+
|p0|2
m

2

b

, (41)

where we take ⇤
QCD

= 500 MeV.
We also provide the following results for the integrated decay rate in the kinematic range of our lattice calculation,

14 GeV2  q

2  q

2

max

[where q

2

max

= (m
⇤b � mN )2],

1

|Vub|2
Z q2

max

14 GeV

2

d�(⇤b ! p `

�
⌫̄`)

dq2
dq2 =

8
><

>:

15.3 ± 2.4 ± 3.4 ps�1 for ` = e,

15.3 ± 2.4 ± 3.4 ps�1 for ` = µ,

12.5 ± 1.9 ± 2.7 ps�1 for ` = ⌧.

(42)

Here, the first uncertainty originates from the form factors, and the second uncertainty originates from the use of the
static approximation for the b-quark. With future experimental data, Eq. (42) can be used to determine |Vub|.

VI. DISCUSSION

We have obtained precise lattice QCD results for the ⇤Q ! p form factors defined in the heavy-quark limit. These
results are valuable in their own right, as they can be compared to model-dependent studies performed in the same
limit, and eventually to future lattice QCD calculations at the physical b quark mass. For the ⇤b ! p `

�
⌫̄` di↵erential

decay rate, the static approximation introduces a systematic uncertainty that is of order ⇤
QCD

/mb ⇠ 10% at zero
recoil and grows as the momentum of the proton in the ⇤b rest frame is increased. The total uncertainty for the
integral of the di↵erential decay rate from q

2 = 14GeV2 to q

2

max

= (m
⇤b �mN )2, which is the kinematic range where

we have lattice data, is about 30%. Using future experimental data, this will allow a novel determination of the CKM
matrix element |Vub| with about 15% theoretical uncertainty (the experimental uncertainty will also contribute to
the overall extraction). The theoretical uncertainty is already smaller than the di↵erence between the values of |Vub|
extracted from inclusive and exclusive B meson decays [Eqs. (1) and (2)], and can be reduced further by performing
lattice QCD calculations of the full set of ⇤b ! p form factors at the physical value of the b-quark mass. In such
calculations, the b quark can be implemented using for example a Wilson-like action [41–43], lattice nonrelativistic
QCD [44], or higher-order lattice HQET [45]. Once the uncertainty from the static approximation is eliminated,
other systematic uncertainties need to be reduced. In the present calculation, the second-largest source of systematic

hp(p0, s0)| s̄�Q |⇤Q(v,0, s)i = ū(p0, s0)[F1(p
0·v)+ /vF2(p

0·v)]�U(v, s)

In the static limit, 10 form factors reduce to 2

(using Static+DWF on nf=2+1 
RBC-UKQCD)

With expt data, could lead to  
|Vub|with 15% theory error
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FIG. 2: Form factors for B → K!+!−.

K̄0!+!−) and B± → K±!+!−. The observables we cal-
culate from the form factors introduce additional depen-
dence on MB, MK , and τB . In what follows we calculate
isospin averaged values for each observable. Values for
most input parameters are taken from the PDG [29]. We
use 1/αEW = 128.957(20) [30], |VtbV ∗

ts| = 0.0405(8) [31],
and Wilson coefficients from [32] with 2% errors [33]. In-
put parameter errors are propagated to errors reported
for observables [34].
Following Ref. [1] and restricting ourselves to the Stan-

dard Model, the differential decay rate is

dΓ!/dq
2 = 2a! + 2/3 c!, (1)

where a! and c!, defined in [11], are functions of form
factors, Wilson coefficients, and other input parameters.
We convert decay rates into branching fractions using

the B meson’s mean lifetime, B! = Γ!τB . The resulting
differential branching fractions are shown for decay into
a generic light dilepton final state in Fig. 3a and a di-
tau final state in Fig. 3c. Differential branching fractions
for dielectron and dimuon final states are nearly identi-
cal and when a generic light dilepton final state is refer-
enced, values are obtained using the average differential
branching fraction. Figs. 3b and 3d show error contri-

butions from form factors, input parameters, and Wilson
coefficients, denoted Ci. Uncertainty in the form factors
dominates. Form factor errors are better controlled in the
region of simulated q2. As a result, differential branch-
ing fractions for B → Kτ+τ− and for light dilepton final
states at large q2 are more precisely determined.
Integrating the differential branching fractions over q2

bins defined by (q2low, q
2
high) permits direct comparison

with experiment,

B!(q
2
low, q

2
high) ≡

∫ q2high

q2
low

dq2 dB!/dq
2 . (2)

Integrating over the full kinematic range yields the total
branching fractions

107Be(4m
2
e, q

2
max) = 5.55± 1.19,

107Bµ(4m
2
µ, q

2
max) = 5.54± 1.19,

107Bτ (14.18 GeV2, q2max) = 1.41± 0.15, (3)

where q2max = (MB −MK)2. For the ditau final state we
begin the integration at 14.18 GeV2 to account for the
experimentally vetoed ψ(2S) region. A detailed compar-
ison of our Standard Model branching fraction results
with experiment, and other calculations, is given in Ta-
ble I. The results of Altmannshofer and Straub [4] use
form factors from Ref. [35], in which quenched lattice [36]
and light cone sum rule [6] results are combined. The re-
sults of Bobeth et al. [5] use form factors obtained from
light cone sum rules in Ref. [7] and extrapolated to large
q2 via z expansion.
The ratio of dimuon and dielectron branching fractions

Rµ
e (q

2
low, q

2
high) ≡

∫ q2high
q2
low

dq2 dBµ/dq2

∫ q2
high

q2
low

dq2 dBe/dq2
, (4)

is a potentially sensitive probe of new physics [37], though
measurements thus far [12, 13] have been consistent with
the Standard Model. We extend the ratio to ditau fi-
nal states, where new physics contributions may be even
larger [38] and find

Rµ
e (4m

2
µ, q

2
max) = 1.00029(69), (5)

Rτ
µ(14.18 GeV2, q2max) = 1.174(40), (6)

Rτ
e (14.18 GeV2, q2max) = 1.178(41), (7)

Rτ
! (14.18 GeV2, q2max) = 1.176(40). (8)

Correlations among form factors are accounted for in the
calculation of the ratios. We give values of the branching
fraction ratios in different q2 bins in Tables II and III.
The angular distribution of the differential decay rate

is given by

1

Γ!

dΓ!

d cos θ!
=

1

2
F !
H +A!

FB cos θ!+
3

4
(1−F !

H)(1− cos2 θ!),

(9)
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ts| = 0.0405(8) [31],
and Wilson coefficients from [32] with 2% errors [33]. In-
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dard Model, the differential decay rate is
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2 = 2a! + 2/3 c!, (1)

where a! and c!, defined in [11], are functions of form
factors, Wilson coefficients, and other input parameters.
We convert decay rates into branching fractions using

the B meson’s mean lifetime, B! = Γ!τB . The resulting
differential branching fractions are shown for decay into
a generic light dilepton final state in Fig. 3a and a di-
tau final state in Fig. 3c. Differential branching fractions
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coefficients, denoted Ci. Uncertainty in the form factors
dominates. Form factor errors are better controlled in the
region of simulated q2. As a result, differential branch-
ing fractions for B → Kτ+τ− and for light dilepton final
states at large q2 are more precisely determined.
Integrating the differential branching fractions over q2

bins defined by (q2low, q
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with experiment,
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begin the integration at 14.18 GeV2 to account for the
experimentally vetoed ψ(2S) region. A detailed compar-
ison of our Standard Model branching fraction results
with experiment, and other calculations, is given in Ta-
ble I. The results of Altmannshofer and Straub [4] use
form factors from Ref. [35], in which quenched lattice [36]
and light cone sum rule [6] results are combined. The re-
sults of Bobeth et al. [5] use form factors obtained from
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The ratio of dimuon and dielectron branching fractions
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is a potentially sensitive probe of new physics [37], though
measurements thus far [12, 13] have been consistent with
the Standard Model. We extend the ratio to ditau fi-
nal states, where new physics contributions may be even
larger [38] and find
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B ➙ K l+l-

C. Bouchard et al, arXiv:1306.0434, arXiv:1306:2384
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FIG. 3: (left) Standard Model differential branching fractions and experiment. (right) Form factor, input parameter,
and Wilson coefficient (Ci) contributions to the error. The total error is the sum in quadrature of the components.

where θ! is the angle between the B and "− as mea-
sured in the dilepton rest frame. The “flat term” F !

H ,
introduced by Bobeth et al. [39], is suppressed by m2

! in
the Standard Model and is potentially sensitive to new
physics [1, 5]. The “forward-backward asymmetry” A!

FB

is zero in the Standard Model (up to negligible QED
contributions [39, 40]) so is also a sensitive probe of new
physics. The flat term [39]

F !
H(q2low, q

2
high) =

∫ q2high
q2
low

dq2 (a! + c!)

∫ q2
high

q2
low

dq2 (a! + 1/3 c!)
(10)

is constructed as a ratio to reduce uncertainties. Eval-
uated in experimentally motivated q2 bins, values for
F e,µ,τ
H are given in Tables II and III.

SUMMARY AND OUTLOOK

Employing the first unquenched lattice QCD form
factors [11], we calculate: Standard Model differential
branching fractions; branching fractions integrated over
experimentally motivated q2 bins; ratios of branching
fractions potentially sensitive to new physics; and the flat
term in the angular distribution of the differential decay
rate. Where available, we compare with experiment and
previous calculations. For q2 >

∼ 10 GeV2 our results are
more precise than experiment or previous calculations.
For all q2 our results are consistent with previous calcu-
lations and experiment.

Predictions for observables involving the ditau final
state are particularly precise and potentially sensitive to
new physics. Given this combination, measurements of
Bτ , Rτ

! , or F
τ
H by experimentalists would be particularly

interesting and welcome.

HPQCD Collaboration
(using NRQCD+HISQ 
valence on MILC 
nf=2+1 asqtad)

Gray: SM result 
(short distance only)
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B ➙ D l ν

✤ BaBar 3.4σ excess in 

✦ R(D (*)) = BR(B ➙ D(*) τ ν)/BR(B ➙ D(*) l ν)

✤ Massive τ implies contribution from scalar f.f.

✤ Bailey et al (FNAL/MILC), PRL 109 (2012) update SM 
computation of R(D) with unquenched LQCD

✤ Excess vs. SM now 1.7σ



B ➙ π l ν

✤ HPQCD (2006) and FNAL/MILC (2009) due to be updated

✤ ALPHA collaboration using HQET, forecast 15% determination of 
|Vub|, arXiv:1211.6327

✤ HPQCD updating with NRQCD/HISQ on MILC lattices.  
Previous operator matching error was probably too conservative.

B and Bs semileptonic decays with NRQCD/HISQ quarks C.M. Bouchard
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Figure 5: Preliminary form factor results.

2.3 Matching and Preliminary Results

The lattice vector current (J = V
µ

) is matched to the continuum at one-loop using massless
HISQ lattice perturbation theory [1, 16]

hV
µ

icont = (1+asr
(0)
µ

)hV (0)
µ

i+ hV (1),sub
µ

i (2.13)

where hV (1),sub
µ

i ⌘ hV (1)
µ

i�asz10,µhV (0)
µ

i. Currents contributing through O(as,LQCD/M,as/aM) are

V
(0)

µ

= b g

µ

q̄ and V
(1)

µ

=� 1
2M

b g

µ

g

g

g ·——— q̄ (2.14)

where q is the daughter quark in Fig. 1. For the lattice tensor current (J = T
µn

),

hTk0icont = (1+asrT )hT (0)
k0 i+ hT (1),sub

k0 i (2.15)

where hT (1),sub
k0 i= hT (1)

k0 i�asz
T
10hT

(0)
k0 i. Heavy-quark symmetry of the NRQCD b-quark allows

the tensor current renormalization to be recast in terms of vector current quantities: T
(0)

k0 = V
(0)

k ,
T

(1)
k0 =�V

(1)
k , and z

T
10 =�z10,k.

For the ensembles analyzed, preliminary results for form factors are shown in Fig. 5. The form
factors f+,0(q2) are calculated for all decay channels and i fT (q2) is calculated for B ! K`+`�.
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C Bouchard et al., 
arXiv:1210.6992



✤Many new results to be 
presented soon

✤My EPS HEP proceedings 
will include some of these

✤Review talk by A. El-Khadra 
(45 min talk, 15 page proceedings)

✤Expect new results

Lattice 2013
29 July - 3 Aug, http://www.lattice2013.uni-mainz.de

http://www.lattice2013.uni-mainz.de
http://www.lattice2013.uni-mainz.de
http://www.lattice2013.uni-mainz.de
http://www.lattice2013.uni-mainz.de


Expect new results @ Lattice 2013

✤ B ➙ π form factors with relativistic heavy quarks, update with NRQCD

✤ B physics results from CLS (wilson) and twisted-mass fermions

✤ D and Ds decay constants from FNAL/MILC

✤ Ds ➙ φ form factors from HPQCD; D  ➙ π/K and Ds ➙ K from ETMC

✤ K and D oscillations from ETMC

✤ B ➙ D from FNAL/MILC

✤ Paper on B(s) ➙ K*/φ

✤ Some results will improve LQCD precision, others will provide important checks 
of formulations and systematic errors


