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3 - Mass-Induced Neutrino Flavor Oscillations

Neutrino Flavor change can arise out of several different mechanisms. The
simplest one is to appreciate that, once neutrinos have mass, leptons
can mix. This turns out to be the correct mechanism (certainly the
dominant one), and only explanation that successfully explains all

long-baseline data consistently.

Neutrinos with a well defined mass:

Vi,V9, V3, ... with masses mq,mso, ms, ...

How do these states (neutrino mass eigenstates) relate to the neutrino

flavor eigenstates (ve, v, v;)?

Voo = Uil a=epu,7, 1=1,2,3

U is a unitary mixing matrix. I'll talk more about it later.

March 25,26,28, 2013 Neutrino Physics




André de Gouvéa Northwestern

The Propagation of Massive Neutrinos

Neutrino mass eigenstates are eigenstates of the free-particle Hamiltonian:

—iE,t 2 =2 2
vi) = e ), Ei — |pi|” = m;
The neutrino flavor eigenstates are linear combinations of v;’s, say:

lve) = cosfO|vy) 4 sinO|va).

lv,) = —sinf|v1) + cosf|ve).
If this is the case, a state produced as a v, evolves in vacuum into
lv(t, @) = cosfe P17|v1) + sin Oe P27 |vy).

It is trivial to compute P., (L) = |(v,|v(t,z = L))|?. It is just like a two-level
system from basic undergraduate quantum mechanics! In the ultrarelativistic

limit (always a good bet), t ~ L, E; — p..; ~ (m7)/2E;, and

Poy(L) = sin? 20sin? (47% )
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oscillation parameters:

{ moke = Ak = 1967 (&) (4 ) (SY)

amplitude sin” 20

€c

=1-P

cu

sin20

L L(a.u.)
OSC
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CHOOZ experiment
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There is a long (and oftentimes confused and confusing) history behind
this derivation and several others. A comprehensive discussion can be

found, for example, in
E.K. Akhmedov, A. Yu. Smirnov, 0905.1903 [hep-ph]

In a nutshell, neutrino oscillations as described above occur whenever

e Neutrino Production and Detection are Coherent — cannot “tell” 14

from vo from v3 but “see” v, or v, or v;.

e Decoherence effects due to wave-packet separation are negligible —
baseline not too long that different “velocity” components of the

neutrino wave-packet have time to physically separate.

e The energy released in production and detection is large compared to
the neutrino mass — so we can assign all of the effect to the neutrino
propagation, independent from the production process. Also assures

ultra-relativistic approximation good.
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. . 2 . —_—
P, = 1 — sin? 20 sin? (%) Works great for sin® 20 ~ 1 and Am? ~ 1073 eV?
600 —— : 600 : 50 »
- Sub-GeV e-like - Sub-GeV p-like F multi-ring = "F Upward stopping
_'U_"J 5[]0 :— 5[][] r 50 F : ‘_r:.fJ 1.2 :_
@ » ey N - Sub-GeV p-like " .
400 F 400 F 1 . f 0 qE
i e e N : I asanns Bl E F
S 300 F =+ o 300 - 4 FF N © 08F SE
o f F : = 06F i
£ 200F 200 | o0 B x F :
= n n S = 04p —t—
Z 100 F 100 F 0 ﬂ“+ + T 02:.#--:4_—_.-—+~
D:||||||||||||||||||| D:||||||||||||||||||| DEIIIIIIIIIIIII|||||| G:|||||||||||||||||||
1+ 065 0 05 1 1 05 0 05 1 "4 o095 0 05 1 -1 -08 -06 -04 -02 0

200 350 A

180 E— Multi-GeV e-like 300 E_ Multi-GeV p-like + PC 120 | multi-ring '7; a5 §_ Upward through-going p
%’ :gg - - 3 P,y ~ [l100 F Multi-GeV p-like "o SF
= - =F C = 3
= 120 ¢ 200 80 5 25F
5 100 et ol T T eoF o 2F
& 80f g ma F T 15F
E 60 & 100 gt 40 - 3 3
40 F a 2 3
< 2t O 1—Llain220 | F 05F

D:||||||||||||||||||| D:IIIJLII|||2|ISIII}I|IIII D'||||||||||||||||||| Eev o by v by o by v by

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 05 0 0.5 1 -1 08 06 04 -02 0O
Ccose CcosO cose cos®

Figure 4. Zenith angle distribution for fully-contained single-ring e-like and pu-like
events, multi-ring pu-like events, partially contained events and upward-going muons.
The points show the data and the solid lines show the Monte Carlo events without neu-
trino oscillation. The dashed lines show the best-fit expectations for v, < v, oscillations.
From M. Ishitsuka [Super-Kamiokande Collaboration], hep-ex/0406076.
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Matter Effects

The neutrino propagation equation, in the ultra-relativistic approximation, can
be re-expressed in the form of a Shrodinger-like equation. In the mass basis:

d m2

iV = 5 vs

up to a term proportional to the identity. In the weak/flavor basis

. d

el _ D% oyt
L|V5> UBZ 2EU |VC“>
In the 2 x 2 case,
d |ve) Am? sin? @ cos 6 sin 0 Ve)
i— - ,
dL V) 2K cos 0 sin 6 cos> 6 V)

(again, up to additional terms proportional to the 2 x 2 identity matrix).
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Fermi Lagrangian, after a Fiertz rearrangement of the charged-current terms:
LD I7eL7:8'u,’yMVeL — 2\/§GF (1761/)/“1/6[,) (éL%LeL) + ...

Equation of motion for one electron neutrino state in the presence of a

non-relativistic electron background, in the rest frame of the electrons:

Ne
2

(ELyuer) = du0

where N. = e'e is the average electron number density ( at rest, hence 8,0
term). Factor of 1/2 from the “left-handed” half.

Dirac equation for a one neutrino state inside a cold electron “gas” is (ignore

mass)
(i0"~,, — V2GF Neyo)|ve) = 0.
In the ultrarelativistic limit, (plus v2GrN. < E), dispersion relation is

E ~ |p| £ V2GFN., + for v, —for v
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zi Ve ) _ Am? sin® 6 cos 6 sin 0 N A 0 [ve)
AL\ |v,) 2K cosfsinf  cos®6 0 0 V) |

A = ++/2GF N, (+ for neutrinos, — for antineutrinos).

Note: Similar effect from neutral current interactions common to all (active)

neutrino species — proportional to the identity.

In general, this is hard to solve, as A is a function of L: two-level non-relativistc

quantum mechanical system in the presence of time dependent potential.

In some cases, however, the solution is rather simple.
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Constant A: good approximation for neutrinos propagating through matter
inside the Earth [exception: neutrinos that see Earth’s internal structure (the

crust, the mantle, the outer core, the inner core)]

d Ve ) A A/2sin 260 |ve) 5
i — = ,  A=Am"/2F.
dL -\ |v,) A/2sin20  Acos26 V)
P, = sin? 20, sin” (%) :
where
Ay = \/(A — Acos20)” + A2sin® 26,
Aprsin20y; = Asin 20,
Aprcos20y = A — Acos?26.

The presence of matter affects neutrino and antineutrino oscillation differently.

Nothing wrong with this: CPT-theorem relates the propagation of neutrinos in
an electron background to the propagation of antineutrinos in a positron
background.
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Enlarged parameter space in the presence of matter effects.

For example, can tell whether cos 26 is positive or negative.

€c

sign(A)=sign(cos20)

=1-P

cu

,,,\A=O (va uum),_\

N 4
1 4
A}

-
. N ¢

.
-
-
-
”

sign(A)=-sign(cos20) L(a.u.)
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The MSW Effect

Curiously enough, the oldest neutrino puzzle is the one that is most subtle
to explain. This is because solar neutrinos traverse a strongly varying

matter density on their way from the center of the Sun to the surface of
the Earth.

For the Hamiltonian

sin” 6 cos @ sin 6 1 0
+ A :

cosfsin 6 cos? 6 0 O

it is easy to compute the eigenvalues as a function of A:

(remember, A = Am?/2F)
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ve) = [vh)

Ma.u.)

heavy

light A(a.u.)
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A decreases “slowly” as a function of L. = system evolves adiabatically.

|ve) = |vanr) at the core — |v2) in vacuum,

PE™h — [(y, |1)|? = sin? 6.

Note that P.. ~ sin? @ applies in a wide range of energies and baselines, as long
as the approximations mentioned above apply —ideal to explain the energy

independent suppression of the ®B solar neutrino flux!

Furthermore, large average suppressions of the neutrino flux are allowed if
sin® § < 1. Compare with P} =1 — 1/2sin” 20 > 1/2.

One can expand on the result above by loosening some of the assumptions. |ve)
state is produced in the Sun’s core as an incoherent mixture of |v1ar) and |vaar).
Introduce adiabaticity parameter P., which measures the probability that a

|vin ) matter Hamiltonian state will not exit the Sun as a |v;) mass-eigenstate.

March 25,26,28, 2013 Neutrino Physics




André de Gouvéa Northwestern

lve) —  |vim), with probability cos? 0y,

—  |von), with probability sin? Onr,

where 0, is the matter angle at the neutrino production point.

lvipr)  —  |v1), with probability (1 — Pe),
—  |v2), with probability P,
lvonr)  —  |v1) with probability P,
—  |v2) with probability (1 — Pe).

Pj. = cos2 0 and Py, = sin? 0 so
PoUm —  cos2 0y [(1 = P.)cos? § + P.sin? 6]
+sin? 0y [Pc cos? 0 + (1—P.) sin? 0] .
For N. = Nege L/70 P, (crossing probability), is exactly calculable
e—Ysin® 0 _ ,—v

P. = i , v = 2mroA. (1)

Adiabatic condition: v > 1, when P, — 0.
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Borexino, 1110.3230
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Solar oscillations confirmed by Reactor experiment: KamLAND

[arXiv:1303.4667]
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Atmospheric Oscillations in the Electron Sector: Daya Bay, RENO, Double Chooz
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Summarizing:

Both the solar and atmospheric puzzles can be properly explained in

terms of two-flavor neutrino oscilations:

e solar: v, < v, (linear combination of v, and v;): Am? ~ 107% eV?,
sin? @ ~ 0.3.

e atmospheric: v, < v;: Am? ~ 1072 eVZ, sin® 0 ~ 0.5 (“maximal

mixing” ).
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Putting it all together — 3 flavor mixing:

Ve Uel UeQ Ue3 14
Vr UTl Ue7‘2 UTS V3

Definition of neutrino mass eigenstates (who are vy, vo, 1/37):

° m% < m% Amis < 0 — Inverted Mass Hierarchy
e m35 —mi < |m3—m?, Amis >0 N ] Mass Hi h
5 1 3 1.2 mis > ormal Mass Hierarchy

20, = [Ueal®. 20, — [Uus|”. _ —i6

tan® 610 = IU61I2’ tan< 0oz = |Ui3|2’ U.3 = sinfi3e™"

[For a detailed discussion see AdG, Jenkins, PRD78, 053003 (2008)]
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It Turns Out That ...
e Two Mass-Squared Differences Are Hierarchical, Am?, < |Am?,];
e One of the Mixing Angles Is Small, sin® 615 ~ 0.02.

= T'wo Puzzles Decouple, and Two-Flavor Interpretation Captures
Almost All the Physics:

e Atmospheric Neutrinos Determine |[Am?;| and 03;
e Solar Neutrinos Determine Am?, and 61.

(small 013 guarantees that |Am?i;| effects governing electron neutrinos are
small, while Am?, < |Am3;| guarantees that Am?, effects are small at

atmospheric and accelerator experiments).
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Three Flavor Mixing Hypothesis Fits All" Data Really Well.

parameter best fit £1o 20 30
Am3, [107°eV?]| 7.62 £0.19 7.27-8.01 7.12-8.20
Am3, [10-36V? 253798 2.34 — 2.69 2.26 — 2.77

| —(2.407559) | —(2.25 — 2.59) | —(2.15 — 2.68)
sin? 612 0.3201 0012 0.29-0.35 0.27-0.37
. 0.4910 0% 0.41-0.62
sin® 63 o oon ) 0.39-0.64
0.5310-02 0.42-0.62
0.02670-095 | 0.019-0.033 0.015-0.036
Sinz 913 : —0.004 : : . .
0.0277000: | 0.020-0.034 | 0.016-0.037
i 0.8310-54) 7
5 ( 00—70-%)7 0 — 27 0 — 27

* Modulo short-baseline anomalies.
March 25,26,28, 2013
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4— What We Know We Don’t Know

L ——— (m3)2

(Am®)

atm

(m,)’
(Amz)sol
(m,)’

normal hierarchy

(m,)

(Amz)sol
(m,)’

(Amz) atm
(m3)2*

inverted hierarchy

: Missing Oscillation Parameters

e e AT
(013 # 0!)

e Is CP-invariance violated in neutrino
oscillations? (§ # 0, 7?)

e Is 3 mostly v, or ;7 (023 > 7/4,
023 < 7'('/4, or O3 = 7T/4?)

e What is the neutrino mass hierarchy?

= All of the above can “only” be
addressed with new neutrino

oscillation experiments

Ultimate Goal: Not Measure Parameters but Test the Formalism (Over-Constrain Parameter Space)
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Ve Uel UeQ UeS V1
Vr UT]. U’7'2 UTS V3

What we have really measured (very roughly):
e Two mass-squared differences, at several percent level — many probes;
° U€2|2 — solar data;
o |U,2|? + |Ur2|* — solar data;
o |Uea|?|Uc1|? — KamLAND;
o |U,s3|?(1 —|Uus|?) — atmospheric data, K2K, MINOS;
o |Uecs|?(1 — |Uez|?) — Double Chooz, Daya Bay, RENO:;
o |Uecs|?|U.3|* (upper bound — hint) — MINOS, T2K.

We still have a ways to go!
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Why Don’t We Know the Neutrino Mass Hierarchy?

Most of the information we have regarding f23 and Am?, comes from
atmospheric neutrino experiments (SuperK). Roughly speaking, they
measure

AmisL

P,, =1 —sin® 2093 sin? [ — 3=
L4 S11 23 S111 ( 1E

) + subleading.

It is easy to see from the expression above that the leading term is simply

not sensitive to the sign of Am?,.

Am?
32 < 0.06 are both small,

AmlS

On the other hand, because |U.3|? < 0.05 and

we are yet to observe the subleading effects.
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Determining the Mass Hierarchy via Oscillations — the large U.3 route

Again, necessary to probe v, — v, oscillations (or vice-versa) governed by
Amj3s. This is the oscillation channel that (almost) all next-generation,
accelerator-based experiments are concentrating on, including the next

generation experiments T2K and NOvVA.

In vaccum

A?’TL%gL

P,ue = SiIl2 923 SiIl2 2(913 Sin2 (T

) + “subleading”,

so that, again, this is insensitive to the sign of Am7; at leading order. However,

in this case, matter effects may come to the rescue.

As I discussed already, neutrino oscillations get modified when these propagate
in the presence of matter. Matter effects are sensitive to the neutrino mass
ordering (in a way that I will describe shortly) and different for neutrinos and

antineutrinos.
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If Ao = AQ 72 terms are ignored, the v, — v, oscillation probability is

described, in constant matter density, by

AeffL
Pe >~ P, ~ sin 2 093 sin? 26’13 sin? (%) :

: A7, sin” 20
sin? 26 = ?Zlif oty

ASE = \/(Alg cos 2013 — A)2 4+ A2, sin® 26,3,

A = +£V2GFN, is the matter potential. It is positive for neutrinos and

negative for antineutrinos.

P, depends on the relative sign between A3 and A. It is different for the
two different mass hierarchies, and different for neutrinos and

antineutrinos.
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replace sign(cos — sign m2
A sign(A)=sign(cos20) place lenleonRl) T e mmis)

-.A=0 (vacuum)._

A Y
N 4
‘ ’
\

. N ¢

-
.
B
B

sign(A)=‘;s“ign(é0826

Requirements:
e sin® 263 large enough — otherwise there is nothing to see!
e |A13| ~ |A| — matter potential must be significant but not overwhelming.

o ASTL large enough — matter effects are absent near the origin.
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In the old Standard Model, there is only one® source of CP-invariance

violation:
= The complex phase in Vo g s, the quark mixing matrix.

Indeed, as far as we have been able to test, all CP-invariance violating
phenomena agree with the CKM paradigm:

® €K;
® ¢;
e sin20;
e ctc.

Recent experimental developments, however, provide strong reason to
believe that this is not the case: neutrinos have mass, and leptons mix!

dmodulo the QCD #-parameter, which will be “willed away” henceforth.
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