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Electromagnetism: Tutorial



 
JUAS 2013:    Electromagnetism  Exercises
                        H. Henke 

2

Given is a conducting hollow sphere carrying a charge Q. 
What is the field inside and outside and what is the stored 
energy?

a
Q∰ D⃗⋅d F⃗=∭ρdV

→        E⃗={0     Q4πϵ0 r
2 e⃗r}∰D⃗⋅d F⃗={0       r≤a

Q      r≥a}

Tut-Ex 1
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Stored energy

W e=
1
2∭ρΦ dV=1

2∯ρSΦ dF

      =1
2∯

Q
4π a2

Q
4πϵ0a

dF=
   Q2

8πϵ0a

W e=
1
2∭ E⋅DdV=

   Q2

80
∮
a

∞ dr
r2 =

   Q2

80a
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Tut-Ex 2

A capacitor C is filled with a lossy dielectric and charged to 
a voltage V.  What is the time constant for discharge?

ε
r
  κ V,   C

y

∇⃗⋅    ∇⃗×H⃗=J+∂ D⃗
∂ t

   →    κϵ ∇⃗⋅D⃗+d
d t

∇⃗⋅D⃗=0

C carries a surface charge qS=CV /A=D

A

κε D⃗+d D⃗
d t =0     →    D⃗=D⃗0e−t /T ε ,   T ε=εκ
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Given is a 1-dimensional planar diode. What is the 
current density at saturation?

Poissonequation :
d 2Φ(z)
dz2 =

e ne( z)
ϵ0

at saturation :

E (z=0)=d ϕ
dz

=0

Tut-Ex 3
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kinetic energy :   eΦ(z)=1
2
m0v

2(z)

current density :   J=e ne(e)v (z )=e ne(z )√2eΦ( z)
m0

Poissonequ. :       d
2Φ

dz2 =√m0

2eΦ
 Jϵ0

multiplying with2d Φ/dz  and integrating

                             (dΦdz )
2

=4
ϵ0

J √m0

2e √Φ+C
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saturation at z=0:
                       Φ=0 ,   E=dΦ/dz=0   →   C=0

                       dΦ
dz

=2(Jϵ0 )
1 /2(m0

2 e
Φ)

1/4

boundary conditions :Φ( z=0)=0 ,   Φ(z=d )=V 0

                    J=4
9
ϵ0√2e

m0
 
V 0

3 /2

d 2      Child−Langmuir law

integration :

                     4
3 Φ

3 /4=2(Jϵ0
)
1 /2
(
m0

2 e )
1 /4

z+C
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Tut-Ex 4
Derive the magnetic vector potential for a given 
current density.

∇⃗⋅B⃗=0    →    B⃗=∇⃗× A⃗
∇⃗× B⃗=∇⃗(∇⃗⋅A⃗)−∇⃗ 2 A⃗=μ J⃗

∇⃗⋅A⃗=0    →    ∇⃗ 2 A⃗=−μ J⃗
                           ∇⃗ 2 Ai=−μ J i ,   i=x , y , z      (1)

Poisson  equation :                  ∇⃗ 2Φ=−ρϵ

Potential of point charge :     Φ=q /4πϵ r



 
JUAS 2013:    Electromagnetism  Exercises
                        H. Henke 

9

cartesian componentsof (1) fulfill similar equation as(2)

                       Φ  →  Ai ,    
1
ϵ  →  μ ,    ρ  →  J i

                        A⃗( r⃗ )=μ
4π∭

J⃗ ( r⃗ ' )
∣⃗r− r⃗ '∣

dV '

Potential of charge distribution :

                    Φ( r⃗ )=1
4π ϵ∭

ρ( r⃗ ' )
∣⃗r− r⃗ '∣

dV '           (2)
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Given is a non-relativistic cyclotron with a constant magnetic 
induction B and maximum radius R. 
What is the end energy and the total accelerating voltage?

centrifugal force equals Lorentz force :
m0v

2

r =qv B            vmax=
qB
m0

R

Tut-Ex 5
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maximumkinetic energy :

E kin=
1
2 m0vmax

2 =1
2
q2

m0
B2 R2

total experienced voltage :

V=
E kin

q =1
2
q
m0

B2 R2

cyclotron frequency  and RF− frequency :

ωC=2π f =2π
T

=v
r
=qB
m0

,          ωRF=2ωC

Example : R=0.5m, B=1.5T, deuterium (p, n) with q=e, m
0
=3.34 10-27kg

                 E
kin

=13.5 MeV, f
RF

=23 MHz



 
JUAS 2013:    Electromagnetism  Exercises
                        H. Henke 

12

 A long dipole magnet is excited by a coil with n windings 
and current I

0
. Calculate the magnetic field in the air gap.

g

l

n×I
0

∮ H⋅d s=∬ J⋅d A
H i lH o g=n I 0

Bi=Bo     H i=0 H o

H o=
n I 0

g 0 l /
≈
n I 0

g
μ

Tut-Ex 6
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Tut-Ex 7

Give the E- and H-field of a z-polarized plane wave 
which propagates in x-direction.
What is the time-averaged radiated power density?

E⃗=E 0 ei (ω t−kx)e⃗z ,                            k=ω
c

Z H⃗=e⃗x×E⃗=−E 0 ei (ω t−kx)e⃗y ,     Z=√μϵ

S⃗c=
1
2 E⃗×H⃗∗=1

2Z∣E 0∣
2 e⃗x
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Tut-Ex 8

Derive the longitudinal vector potential for TM-waves 
in a rectangular waveguide.
What is the equation for the separation constants?

∂2 A z

∂ x2 +
∂2 Az

∂ y2 +
∂2 Az

∂ z2 +k 2 Az=0,    k=ω
c

Bernoulli  ansatz :     Az(x , y , z )=X (x)Y ( y)Z (z )

           1
X

d 2 X
dx2⏟
−k x

2

+1
Y

d 2Y
dy2⏟
−k y

2

+1
Z

d 2Z
dz2⏟
−k z

2

+k 2=0

Dispersion  relation(equ.of separation constants):
                       k 2=k x

2+k y
2+k z

2
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d 2 X
dx2 +k x

2 X=0   →   X=C1 cos(k x x)+C2sin (k x x)

                                          ={cos(k x x)
sin(k x x) } or {eik x x

e−ik x x}
general solution

     Az(x , y , z)={cos(k x x)
sin(k x x)}{cos(k y y)

sin(k y y)}{e
ik z z

e−ik z z}eiω t

for Y  y , Z z  correspondingly.

TM−waves :     H= ∇×A e z

E z=−
1
i ωϵ

[1ρ
∂
∂ρ

(ρ
∂Az

∂ρ
)+1

ρ2

∂2 Az

∂φ2 ]=
k x

2+k y
2

iωϵ
Az ∼Az
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E z (x=0,a)=E z (y=0,b)=0 :

  Az=Csin(k x x)sin (k y y )e
i (ω t−kz z)

,   k x=mπ
a ,   k y=nπb

   k 2=(ωc )
2
=(mπ

a )
2
+(nπb )

2
+k z

2

Tut-Ex 9

Give the longitudinal wavelength and phase and group 
velocity of a TE

10
-mode in a rectangular waveguide.

m=1,    n=0 :

k z=
2π
λ z

=√k 2−(π
a
)

2
   →    λ z=

λ0

√1−(λ0/2a)2
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v ph=

 =

k z
=c
1−0/2a2

               c

v g=
∂
∂

=∂
∂ k z

=c1−0/2 a2         c

      v phv g=c2

a

b

x

y

E, H

TE
10

-mode
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Tut-Ex 10

What is the lowest mode in a circular waveguide?
Show the field pattern.
In which frequency range is mono-mode operation possible?

TE11−mode :   K 11=
j11 '
a =√k 2−k z

2 ,    j 11 '=1.841

TM 01−mode :    k c=
j 01

a
,   j 01=2.405

             f c11= j 11 ' c /2πa    →    f C01= j 01c /2πa
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Tut-Ex 11

Calculate the accelerating voltage, shunt impedance 
and R-upon-Q of a TM

010
-mode pill-box cavity.

V m=∣∫
0

g

am e⃗m⋅e⃗z ei ω t dz∣=∣∫
0

g

E z ei ωz /v dz∣,      z=vt

      =2
ωϵ

(
j 01

a
)

2

D010 g T ,   T=sin(ωg /2v)
ωg /2v

onaxis :

E z=−i 2
ωϵ

(
j 01

a
)

2

D010 ei ω t
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Rsh

Q0
=V 2

ωW̄
=2
π Z g

a
T 2

j 01 J1
2( j o1)

Rsh=
V 2

P̄d
=4
π

Z
δS

g2

a+g
T 2

j 01J 1
2( j 01)

P̄d=
4π
κδs

j 01
2 (1+g

a
)∣D010∣

2 J1
2( j 01)

W̄=2πg
ω2ϵ

j 01
4

a2 ∣D010∣
2 J1

2( j 01)
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