Transverse Beam Dynamics

JUAS tutorial 2 (solutions)

16 January 2013

1 Exercise: geometry of a storage ring, thin lens, tune, dispersion

Consider a proton synchrotron accumulator made of identical cells. The relevant ring parameters are given in the following table:

Proton kinetic energy 2 GeV

Cell type Symmetric triplet™)
Ring circumference 960 m
Integrated quadrupole gradient ([ Gdl) 15T

(*)Note: A thin lens symmetric triplet cell consists of a thin lens defocusing quadrupole of focal length — f, followed with a
drift space of length Lq, a thin lens focusing quadrupole of focal length f, a drift of length Lo, a thin lens dipole of horizontal
bending angle 6, a drift of length Lo, a thin lens focusing quadrupole of focal length f, a drift of length L;, and a thin lens
defocusing quadrupole of focal length —f (see Figure below).
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Compute the focal length f of the quadrupoles. The proton rest mass is 938 MeV.
Assuming a longitunally constant gradient for the quadrupole f Gdl = G - I, where [ is the length of the quadrupole

The quadrupole strength:

_ G 15T
Bp  (Bp)l
Knowing f = %, we obtain
Bp

1.5T’

so we calculate the particle momentum in order to calculate the rigidity Bp = 2.
We have the information of the kinetic energy, therefore we can use the relativistic formula to obtain the momentum pc [GeV]

The total energy is given by
E = \/mdc* + p2c2,

where mo = 938 MeV is the rest mass of the particle (in this case protons)
Knowing that the kinetic energy Ey = E — moc® = y/mac* + p?c? — moc?, and after some trivial algebra we obtain:

p=2.78GeV/c

1
Bp =~ ﬁp[GeV/c]:9.27Tm

and with this information we can finally obtain the focal length:
Bp
f= 1.5T

Given the numerical values L1 = 1.5 m and Ly = 6 m:

=6.18m



e Compute the horizontal and vertical transfer matrices of a triplet cell (take into account that the sign of the focal length
changes when going from horizontal to vertical plane).

Let “s go to calculate first the bending angle of the dipole:

The length of the cell is Leeyy = 2L1 + 2Ly =15 m

Knowing that the circumference of the machine is 960 m and that we have a thin dipole per cell:

Number of cells:N = % =64

and therefore:

0 = 22 = 0.098 rad.

Having the information L1, La, f and 6 we can calculate the elements of the matrix of the triplet cell (Use the expression
from the Hint):

j’3+2L§L2*23Llf(L1+L2) 2(f7L1)(L1f<2FL2f*L1L2) (Ll + LQ _ LiLo )9

Miripiet = 2L1<L1L?L1f—f2> f3+2L§L27:?3Llf(L1+L2> <f2+L1;'2—L1L'2>9
0 0 1
For the horizontal plane:

0.525 9.153 0.592
Mipipier(ery = | —0.079 0.525  0.099
0 0 1

For the vertical plane:
Here we have to take into account that in our example we consider only horizontal bending magnets, and no bend in vertical
(0 =0 in vertical). In addition we have to consider f — —f,

0.296 22.26 0
Mtriplet(V) = —0.04 0.296 0
0 0 1

e Compute the horizontal and vertical machine tunes.

In this example we are considering the propagation of 3D vectors (z, 2’, Ap/po):

T T mi1 M1z Mi3 €
{E/ =M {E/ = mo1 Moo 123 {E/
Ap/po / Ap/po / o 0 1 Ap/po ),

REMEMBER: In terms of the betatron functions these elements of the matrix M between two points can be defined as
follows:

% (COS ¢ac + oo sin Qbac) V ﬂxﬁzo sin ¢x D,
M = (awo—0s) 0051#75:(51;%0%) sinde /%(COS Oy — azsing,) D/
0 0 1

The terms my3 = D, and moz = D/, are the horizontal dispersion and the derivative of the horizontal dispersion over s,
respectively.

We are dealing with a symmetric cell, so:

Bm(so + Lcell) = Bm(SO) = /BLIJO

am(SO + Lcell) = am(SO) = Qz0

Dm(SO + Lcell) = Dm(SO)

These periodicity conditions are valid for the case of our triplet, FODO cells, and other symmetric cells. The Twiss parameters
and the dispersion at the entrance of the cell are equal to those at the exit of the cell. Considering this we can rewrite the

transport matrix of our triplet cell as:

mi1 Mia M3 COS g + 20410 Sin fiy B0 Sin iy D,
1 in g, .
M=1 mor ma mas | = - w COS Ly — QugoSin i, D!,
0 0 1 0 0 1



where i, is the horizontal phase advance of the cell (Remember that we are calculating first the transport in the horizontal
phase, and we have to proceed in a similar way with the vertical case).

Since we have calculated the matrix elements corresponding to our triplet cell, then we can calculate the phase advance
comparing the elements My,.ipie(ry = M:

1
COS by = —=(M11 + Moo) = 0. — U, = 1. ra
7 2( ) 0.525 7 1.018rad

In order not to get confused with the concepts, it is necessary to remember that in circular machines the transfer matrix for
a complete turn can also be written as:

COS [y + 20410 Sin fiy B0 sin piy D,
1 sin 1y - .
— Hazﬁ% COS Ly — Qo Sin i, DY,
0 0 1

But in this case 1, is the phase advance after one turn.

The tune is defined as the number of betatron oscillations per turn:

(L N
Qz,y = Hayy - Hayy

27 27

where N = 64 is the number of periodic cells in the total machine.

The horizontal tune is

Ny,  64-1.018
or 2w

Qz = =10.37

If we proceed in a similar way for the vertical plane with the transport matrix M,;pieq(v), We obtain:

Ny, 64127

=12.94
2 2

Qy:

e Compute the horizontal and vertical betatron functions at the entrance of a triplet cell.
Brosin gy = mio = 9.153 — B0 = 10.75

ﬁyO sin,uy =mig = 22.26 — ﬂyO = 23.31

e Compute the horizontal and vertical dispersion functions at the entrance of a triplet cell.
Dz = Mmi3 = 0.592

D, =0

Hint:
The 3 x 3 horizontal transfer matrix for one symmetric triplet cell is (in the thin lens approximation):
f3+2L%L2—Jg3Llf(L1+L2) 20-L)Infrlaf~Iaks) ([, 4L, Llng )

Mtriplet = 2L1(L1L2szlf7f2) f3+2L?L2_J%3Llf(L1+L2) (f2+L1J[2*L1L2)9
0 0 1
x
for the transport of a vector x! , where Ap/pg is the momentum offset with respect to the design momentum py.
Ap/po



2 Exercise: emittance
From the solution of the trajectory equation,
= \/Becos[d + o] (1)
e Derive the following relation:
vx? + 2axz’ + Br'? =€

where € is the emittance, and 8, «, and ~ are the so-called Twiss parameters:

(DO NOT CONFUSE this « with the relativistic Lorentz factor!).
we make the first derivative 2’ (when you do the derivative remember that 8, o and ¢ depend on s):

2= —\/g (acoslé + o] + sinle + o)) (2)

From Eq. (1):

Substituting this into Eq. (2) we get:

VB Lo
Ve VB

If we now use the trigonometric relation sin? © 4 cos? © = 1 we obtain:

sin[¢ + ¢o] =

2
(e -

Finally, taking into account the definition

14+ a?
B

we arrive to

va? + 20xa’ + fz? =€



