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Part I: Inflation basics



Inflation is ...
A prolonged period of accelerated expansion in the very early Universe,

which explains why the Universe is approximately homogeneous and flat,

may explain the absence of relic particles predicted by fundamental physics,

and is the leading paradigm for explaining the observed inhomogeneities in 
the Universe.

Planck Collaboration: The Planck mission

Fig. 14. The SMICA CMB map (with 3 % of the sky replaced by a constrained Gaussian realization).

Fig. 15. Spatial distribution of the noise RMS on a color scale of 25 µK
for the SMICA CMB map. It has been estimated from the noise map

obtained by running SMICA through the half-ring maps and taking the

half-difference. The average noise RMS is 17 µK. SMICA does not

produce CMB values in the blanked pixels. They are replaced by a con-

strained Gaussian realization.

for bandpowers at � < 50, using the cleanest 87 % of the sky. We

supplement this ‘low-�’ temperature likelihood with the pixel-

based polarization likelihood at large-scales (� < 23) from the

WMAP 9-year data release (Bennett et al. 2012). These need to

be corrected for the dust contamination, for which we use the

WMAP procedure. However, we have checked that switching

to a correction based on the 353 GHz Planck polarization data,

the parameters extracted from the likelihood are changed by less

than 1σ.

At smaller scales, 50 < � < 2500, we compute the power

spectra of the multi-frequency Planck temperature maps, and

their associated covariance matrices, using the 100, 143, and

Fig. 16. Angular spectra for the SMICA CMB products, evaluated over

the confidence mask, and after removing the beam window function:

spectrum of the CMB map (dark blue), spectrum of the noise in that

map from the half-rings (magenta), their difference (grey) and a binned

version of it (red).

217 GHz channels, and cross-spectra between these channels
11

.

Given the limited frequency range used in this part of the analy-

sis, the Galaxy is more conservatively masked to avoid contam-

ination by Galactic dust, retaining 58 % of the sky at 100 GHz,

and 37 % at 143 and 217 GHz.

11
interband calibration uncertainties have been estimated by compar-

ing directly the cross spectra and found to be within 2.4 and 3.4×10
−3

respectively for 100 and 217 GHz with respect to 143 GHz
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Fig. 19. The temperature angular power spectrum of the primary CMB from Planck, showing a precise measurement of seven acoustic peaks, that

are well fit by a simple six-parameterΛCDM theoretical model (the model plotted is the one labelled [Planck+WP+highL] in Planck Collaboration

XVI (2013)). The shaded area around the best-fit curve represents cosmic variance, including the sky cut used. The error bars on individual points

also include cosmic variance. The horizontal axis is logarithmic up to � = 50, and linear beyond. The vertical scale is �(�+ 1)Cl/2π. The measured

spectrum shown here is exactly the same as the one shown in Fig. 1 of Planck Collaboration XVI (2013), but it has been rebinned to show better

the low-� region.
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Fig. 20. The temperature angular power spectrum of the CMB, esti-

mated from the SMICA Planck map. The model plotted is the one la-

belled [Planck+WP+highL] in Planck Collaboration XVI (2013). The

shaded area around the best-fit curve represents cosmic variance, in-

cluding the sky cut used. The error bars on individual points do not in-

clude cosmic variance. The horizontal axis is logarithmic up to � = 50,

and linear beyond. The vertical scale is �(� + 1)Cl/2π. The binning

scheme is the same as in Fig. 19.

8.1.1. Main catalogue

The Planck Catalogue of Compact Sources (PCCS, Planck

Collaboration XXVIII (2013)) is a list of compact sources de-

tected by Planck over the entire sky, and which therefore con-

tains both Galactic and extragalactic objects. No polarization in-

formation is provided for the sources at this time. The PCCS

differs from the ERCSC in its extraction philosophy: more effort

has been made on the completeness of the catalogue, without re-

ducing notably the reliability of the detected sources, whereas

the ERCSC was built in the spirit of releasing a reliable catalog

suitable for quick follow-up (in particular with the short-lived

Herschel telescope). The greater amount of data, different selec-

tion process and the improvements in the calibration and map-

making processing (references) help the PCCS to improve the

performance (in depth and numbers) with respect to the previ-

ous ERCSC.

The sources were extracted from the 2013 Planck frequency

maps (Sect. 6), which include data acquired over more than two

sky coverages. This implies that the flux densities of most of

the sources are an average of three or more different observa-

tions over a period of 15.5 months. The Mexican Hat Wavelet

algorithm (López-Caniego et al. 2006) has been selected as the

baseline method for the production of the PCCS. However, one

additional methods, MTXF (González-Nuevo et al. 2006) was

implemented in order to support the validation and characteriza-

tion of the PCCS.

The source selection for the PCCS is made on the basis of

Signal-to-Noise Ratio (SNR). However, the properties of the

background in the Planck maps vary substantially depending on

frequency and part of the sky. Up to 217 GHz, the CMB is the
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Inflation and perturbations
The main motivation for being interested in inflation is that it 
leads to a perturbed Universe. During inflation, quantum 
fluctuations are imprinted on the Universe.

Scalar field fluctuations

Lead to scalar metric perturbations

Cause gravitational collapse to form structures

Gravitational wave perturbations

Not associated with gravitational collapse but may 
influence the CMB.



The Key Tests of Inflation

The simplest models of inflation predict nearly
power-law spectra of adiabatic, gaussian scalar
and tensor perturbations in their growing mode
in a spatially-flat Universe.

This statement lists the key predictions of inflation that we would like to

test. However some tests are more powerful than others, because some

are predictions only of the simplest inflationary models.

Test: a useful test of a model is one which, if failed, leads to rejection of that model.

Supporting evidence is the verification of a prediction which, while not

generic, is seen as indicative that the model is correct.

Slide from a review talk at Cosmo-01 (Rovaniemi, Finland)

The Key Tests of Inflation

The simplest models of inflation predict nearly
power-law spectra of adiabatic, gaussian scalar
and tensor perturbations in their growing mode
in a spatially-flat Universe.

This statement lists the key predictions of inflation that we would like to

test. However some tests are more powerful than others, because some

are predictions only of the simplest inflationary models.

Test: a useful test of a model is one which, if failed, leads to rejection of that model.

Supporting evidence is the verification of a prediction which, while not

generic, is seen as indicative that the model is correct.
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the QUIET Collaboration (2012) reports r < 2.8 (95% CL). A host of forthcoming experiments are targeting B-mode
measurements that have the potential to detect or limit tensor modes at significantly lower levels than can be achieved
with temperature data alone.
In Table 5, we report limits on r from the nine-year WMAP data, analyzed alone and jointly with external data;

the tightest constraint is
r < 0.13 (95% CL) WMAP+eCMB+BAO+H0.

This is effectively at the limit one can reach without B-mode polarization measurements. The joint constraints on ns
and r are shown in Figure 7, along with selected model predictions derived from single-field inflation models. Taken
together, the current data strongly disfavor a pure Harrison-Zel’dovich (HZ) spectrum, even if tensor modes are allowed
in the model fits.

Fig. 7.— Two-dimensional marginalized constraints (68% and 95% CL) on the primordial tilt, ns, and the tensor-to-scalar ratio, r, derived

with the nine-year WMAP in conjunction with: eCMB (green) and eCMB+BAO+H0 (red). The symbols and lines show predictions from

single-field inflation models whose potential is given by V (φ) ∝ φα (Linde 1983), with α = 4 (solid), α = 2 (long-dashed), and α = 1

(short-dashed; McAllister et al. 2010). Also shown are those from the first inflation model, which is based on an R
2 term in the gravitational

Lagrangian (dotted; Starobinsky 1980). Starobinsky’s model gives ns = 1− 2/N and r = 12/N2 where N is the number of e-folds between

the end of inflation and the epoch at which the scale k = 0.002 Mpc
−1

left the horizon during inflation. These predictions are the same

as those of inflation models with a ξφ2
R term in the gravitational Lagrangian with a λφ4 potential (Komatsu & Futamase 1999). See

Appendix A for details.

4.1.1. Running Spectral Index

Some inflation models predict a scale dependence or “running” in the (nearly) power-law spectrum of scalar pertur-
bations. This is conveniently parameterized by the logarithmic derivative of the spectral index, dns/d ln k, which gives
rise to a spectrum of the form (Kosowsky & Turner 1995)

∆2
R(k) = ∆2

R(k0)

�
k

k0

�ns(k0)−1+ 1
2 ln(k/k0)dns/d ln k

. (9)

We do not detect a statistically significant deviation from a pure power-law spectrum with the nine-year WMAP data.
The allowed range of dns/d ln k is both closer to zero and has a smaller confidence range with the nine-year data,
dns/d ln k = −0.019± 0.025. However, with the inclusion of the high-l CMB data, the full CMB data prefer a slightly
more negative value, with a smaller uncertainty, dns/d ln k = −0.022+0.012

−0.011. While not significant, this result might
indicate a trend as the l-range of the data expand. The inclusion of BAO and H0 data does not affect these results.
If we allow both tensors and running as additional primordial degrees of freedom, the data prefer a slight negative

running, but still at less than 3σ significance, and only with the inclusion of the high-l CMB data. Complete results
are given in Table 5.

4.2. Isocurvature Modes

In addition to adiabatic fluctuations, where all species fluctuate in phase and therefore produce curvature fluctuations,
it is possible to have isocurvature perturbations: an over-density in one species compensates for an under-density in
another, producing no net curvature. These entropy, or isocurvature perturbations have a measurable effect on the
CMB by shifting the acoustic peaks in the power spectrum. For cold dark matter and photons, we define the entropy
perturbation field

Sc,γ ≡ δρc
ρc

− 3δργ
4ργ

(10)

WMAP9 Hinshaw et al

In the simplest inflation models (eg a single scalar field rolling on a 
nearly flat potential) these are all we need.

The most basic observables that can be predicted from a given 
inflation model are  (Liddle and Lyth, astro-ph/9208007)

      n = 1 - 6ε + 2η:  Spectral index of density perturbations.
      r  = 16ε:   Ratio of gravitational waves to density perturbations.

Green: Combined 
CMB data from 
WMAP, ACT and SPT.

Red: As green, plus 
BAO and H0 data.



Scale dependence of the spectral index n, known as 
the running α.

Significant non-gaussianity.

Isocurvature density perturbations  (perturbations in 
the relative amount of different materials, leaving the 
total density unperturbed).

But more complicated inflation models may produce further 
observables, including



A possible disconnect

Theory: 

Future observations:  

        n for sure, r maybe, α maybe, fNL maybe, fiso if we are lucky
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Planck results: power spectrum
Main result: Exquisite measurement of the temperature power 
spectrum Planck Collaboration: The Planck mission
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Fig. 25. Measured angular power spectra of Planck, WMAP9, ACT, and SPT. The model plotted is Planck’s best-fit model including Planck

temperature, WMAP polarization, ACT, and SPT (the model is labelled [Planck+WP+HighL] in Planck Collaboration XVI (2013)). Error bars
include cosmic variance. The horizontal axis is �0.8.

than that measured using traditional techniques, though in agree-
ment with that determined by other CMB experiments (e.g.,
most notably from the recent WMAP9 analysis where Hinshaw
et al. 2012c find H0 = (69.7 ± 2.4) km s−1 Mpc−1 consis-
tent with the Planck value to within ∼ 1σ). Freedman et al.
(2012), as part of the Carnegie Hubble Program, use Spitzer
Space Telescope mid-infrared observations to recalibrate sec-
ondary distance methods used in the HST Key Project. These
authors find H0 = (74.3±1.5±2.1) km s−1 Mpc−1 where the first
error is statistical and the second systematic. A parallel effort by
Riess et al. (2011) used the Hubble Space Telescope observa-
tions of Cepheid variables in the host galaxies of eight SNe Ia to
calibrate the supernova magnitude-redshift relation. Their ‘best
estimate’ of the Hubble constant, from fitting the calibrated SNe
magnitude-redshift relation is, H0 = (73.8 ± 2.4) km s−1 Mpc−1

where the error is 1σ and includes known sources of systematic
errors. At face value, these measurements are discrepant with the
current Planck estimate at about the 2.5σ level. This discrep-
ancy is discussed further in Planck Collaboration XVI (2013).

Extending the Hubble diagram to higher redshifts we note
that the best-fitΛCDM model provides strong predictions for the
distance scale. This prediction can be compared to the measure-
ments provided by studies of Type Ia SNe and baryon acoustic
oscillations (BAO). Driven in large part by our preference for
a higher matter density we find mild tension with the (relative)
distance scale inferred from compilations of SNe (Conley et al.
2011; Suzuki et al. 2012). In contrast our results are in excellent

agreement with the BAO distance scale compiled in Anderson
et al. (2012).

The Planck data, in combination with polarization measured
by WMAP, high-� anisotropies from ACT and SPT and other,
lower redshift data sets, provides strong constraints on devia-
tions from the minimal model. The low redshift measurements
provided by the BAO allow us to break some degeneracies still
present in the Planck data and significantly tighten constraints on
cosmological parameters in these model extensions. The ACT
and SPT data help to fix our foreground model at high �. The
combination of these experiments provides our best constraints
on the standard 6-parameter model; values of some key parame-
ters in this model are summarized in Table 9.

From an analysis of an extensive grid of models, we find no
strong evidence to favour any extension to the base ΛCDM cos-
mology, either from the CMB temperature power spectrum alone
or in combination with Planck lensing power spectrum and other
astrophysical datasets. For the wide range of extensions which
we have considered, the posteriors for extra parameters gener-
ally overlap the fiducial model within 1σ. The measured values
of the ΛCDM parameters are relatively robust to the inclusion
of different parameters, though a few do broaden significantly if
additional degeneracies are introduced. When the Planck likeli-
hood does provide marginal evidence for extensions to the base
ΛCDM model, this comes predominantly from a deficit of power
(compared to the base model) in the data at � < 30.

The primordial power spectrum is well described by a
power-law over three decades in wave number, with no evidence
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Planck results: non-gaussianity
Main result: No detection of primordial non-gaussianity; limits 
strengthened. Detection of ISW-lensing bispectrum at 2 to 3 sigma.

  fNL
local =  2.7± 5.8

  fNL
equil = -42 ± 75

  fNL
ortho = -25 ± 39

Planck Collaboration: Planck 2013 Results. XXIV. Constraints on primordial NG

Fig. 6. Full 3D CMB bispectrum recovered from the Planck foreground-cleaned maps, including SMICA (left), NILC (centre) and
SEVEM (right), using the hybrid Fourier mode coefficients illustrated in Fig. 8, These are plotted in three-dimensions with multipole
coordinates {�1, �2, �3} on the tetrahedral domain shown in Fig. 1 out to �max = 2000. Several density contours are plotted with red
positive and blue negative. The bispectra extracted from the different foreground-separated maps appear to be almost indistinguish-
able.

Fig. 7. Planck CMB bispectrum detail in the signal-dominated regime showing a comparison between full 3D reconstruction using
hybrid Fourier modes (left) and hybrid polynomials (right). Note the consistency of the main bispectrum properties which include
an apparently ‘oscillatory’ central feature for low-� together with a flattened signal beyond to � � 1400. Note also the periodic CMB
ISW-lensing signal in the squeezed limit along the edges of the tetrapyd.

These amplitudes show remarkable consistency between the dif-
ferent maps, demonstrating that the alternative foreground sepa-
ration techniques do not appear to be introducing spurious NG.
Note that here the βR

n coefficients are for the orthonormalized
modes Rn (Eq. (63)) and they have a roughly constant variance,
so anomalously large modes can be easily identified. It is ev-
ident, for example, that among the low modes there are large
signals, which include the ISW-lensing signal and point source
contributions.

Using the modal expansion of Eq. (45) with Eq. (63), we
have reconstructed the full 3D Planck bispectrum. This is illus-
trated in Fig. 6, where we show “tetrapyd” comparisons between
different foreground cleaned maps. The tetrapyd (see Fig. 1) is
the region defined by the multipoles that obey the triangle condi-
tion, with � ≤ �max. The 3D plots show the reduced bispectrum of
the map, divided by a Sachs-Wolfe CMB bispectrum solution for

a constant primordial shape, S (k1, k2, k3) = 1. This constant pri-
mordial bispectrum template normalizaton is carried out in order
to remove an ∼ �4 scaling from the starting bispectrum (it is anal-
ogous to multiplication of the power spectrum by �(� + 1)). To
facilitate the interpretation of 3D bispectrum figures, note that
squeezed configurations lie on the edges of the tetrapyd, flat-
tened on the faces and equilateral in the interior, with b��� on the
diagonal. The colour levels are equally spaced with red denot-
ing positive values, and blue denoting negative. Given the cor-
respondence of the βR

n coefficients for SMICA, NILC, and SEVEM,
the reconstructed 3D signals also appear remarkably consistent,
showing similar contours out to � � 1500. At large multipoles �
approaching �max = 2000, there is increased randomness in the
reconstruction due to the rise in experimental noise and some
evidence for a residual point source contribution.
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Planck results: inflation
Main result: No detection of tensors (unsurprising as no 
polarization data). More tightly constrained model space.

Non-gaussianity limits provides useful constraints on some models of inflation, excluding 
models with very low (scalar field) sound speed and some variants of the curvaton model.

10 Planck Collaboration: Constraints on inflation

Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-� Planck+WP+BAO

ΛCDM + tensor
ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059

r0.002 < 0.12 < 0.13 < 0.11 < 0.12
−2∆ lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the ΛCDM+r model from Planck combined with other data sets.

The constraints are given at the pivot scale k∗ = 0.002 Mpc
−1
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Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to

the theoretical predictions of selected inflationary models.

reheating priors allowing N∗ < 50 could reconcile this model

with the Planck data.

Exponential potential and power law inflation

Inflation with an exponential potential

V(φ) = Λ4 exp
�
−λ φ

Mpl

�
(35)

is called power law inflation (Lucchin & Matarrese, 1985),

because the exact solution for the scale factor is given by

a(t) ∝ t2/λ2
. This model is incomplete, since inflation would

not end without an additional mechanism to stop it. Assuming

such a mechanism exists and leaves predictions for cosmo-

logical perturbations unmodified, this class of models predicts

r = −8(ns − 1) and is now outside the joint 99.7% CL contour.

Inverse power law potential

Intermediate models (Barrow, 1990; Muslimov, 1990) with in-

verse power law potentials

V(φ) = Λ4
�
φ

Mpl

�−β
(36)

lead to inflation with a(t) ∝ exp(At f ), with A > 0 and 0 < f < 1,

where f = 4/(4 + β) and β > 0. In intermediate inflation there

is no natural end to inflation, but if the exit mechanism leaves

the inflationary predictions on cosmological perturbations un-

modified, this class of models predicts r ≈ −8β(ns − 1)/(β − 2)
(Barrow & Liddle, 1993). It is disfavoured, being outside the

joint 95% CL contour for any β.

Hill-top models

In another interesting class of potentials, the inflaton rolls away

from an unstable equilibrium as in the first new inflationary mod-

els (Albrecht & Steinhardt, 1982; Linde, 1982). We consider

V(φ) ≈ Λ4
�
1 − φ

p

µp + ...

�
, (37)

where the ellipsis indicates higher order terms negligible during

inflation, but needed to ensure the positiveness of the potential

later on. An exponent of p = 2 is allowed only as a large field

inflationary model and predicts ns − 1 ≈ −4M2
pl/µ

2 + 3r/8 and

r ≈ 32φ2
∗M2

pl/µ
4
. This potential leads to predictions in agree-

ment with Planck+WP+BAO joint 95% CL contours for super-

Planckian values of µ, i.e., µ � 9 Mpl.
Models with p ≥ 3 predict ns − 1 ≈ −(2/N)(p − 1)/(p − 2)

when r ∼ 0. The hill-top potential with p = 3 lies outside the



But watch out for Neff!

10 Planck Collaboration: Constraints on inflation
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Fig. 24. Constraints on ns for ΛCDM models with non-standard
relativistic species, Neff , (upper) and helium fraction, YP, (lower).
We show 68% and 95% contours for various data combinations.
Note the tightening of the constraints with the addition of BAO
data.

ACT and SPT, Hinshaw et al. (2012) found a negative running
at nearly the 2σ level with dns/d ln k = −0.022 ± 0.012 (see
also Dunkley et al. 2011 and Keisler et al. 2011 for analysis
of ACT and SPT with earlier data from WMAP). The ACT
3-year release, which incorporated a new region of sky, gave
dns/d ln k = −0.003 ± 0.013 (Sievers et al. 2013) when com-
bined with WMAP 7 year data. With the wide field SPT data at
150 GHz, a negative running was seen at just over the 2σ level,
dns/d ln k = −0.024 ± 0.011 (Hou et al. 2012).

The picture from previous CMB experiments is therefore
mixed. The latest WMAP data show a 1σ trend for a running,
but when combined with the S12 SPT data, this trend is ampli-
fied to give a potentially interesting result. The latest ACT data
go in the other direction, giving no support for a running spectral
index when combined with WMAP29.

The results from Planck data are as follows (see Figs. 21 and
23):

dns/d ln k = −0.013 ± 0.009 (68%; Planck+WP); (62a)

29The differences between the Planck results reported here and the
WMAP-7+SPT results (Hou et al. 2012) are discussed in Appendix A.

dns/d ln k = −0.015 ± 0.009 (68%; Planck+WP+highL); (62b)
dns/d ln k = −0.011 ± 0.008 (68%; Planck+lensing

+WP+highL). (62c)

The consistency between (62a) and (62b) shows that these re-
sults are insensitive to modelling of unresolved foregrounds.
The preferred solutions have a small negative running, but not
at a high level of statistical significance. Closer inspection of
the best-fits shows that the change in χ2 when dns/d ln k is in-
cluded as a parameter comes almost entirely from the low multi-
pole temperature likelihood. In fact, the fits to the high multipole
Planck likelihood have a slightly worse χ2 when dns/d ln k is in-
cluded. The slight preference for a negative running is therefore
driven by the spectrum at low multipoles � <∼ 50. The tendency
for negative running is partly mitigated by including the Planck
lensing likelihood (Eq. 62c).

The constraints on dns/d ln k are broadly similar if tensor
fluctuations are allowed in addition to a running of the spectrum
(Fig. 23) . Adding tensor fluctuations, the marginalized posterior
distributions for dns/d ln k give

dns/d ln k = −0.021 ± 0.011 (68%; Planck+WP), (63a)
dns/d ln k = −0.022 ± 0.010 (68%; Planck+WP+highL), (63b)
dns/d ln k = −0.019 ± 0.010 (68%; Planck+lensing

+WP+highL). (63c)

As with Eqs. (62a)–(62c) the tendency to favour negative run-
ning is driven by the low multipole component of the tempera-
ture likelihood not by the Planck spectrum at high multipoles.

This is one of several examples discussed in this section
where marginal evidence for extensions to the base ΛCDM
model are favoured by the TT spectrum at low multipoles. (The
low multipole spectrum is also largely responsible for the pull of
the lensing amplitude, AL, to values greater than unity discussed
in Sect. 5.1). The mismatch between the best-fit base ΛCDM
model and the TT spectrum at multipoles � <∼ 30 is clearly vis-
ible in Fig. 1. The implications of this mismatch are discussed
further in Sect. 7.

Beyond a simple running, various extended parameter-
izations have been developed by e.g., Bridle et al. (2003),
Shafieloo & Souradeep (2008), Verde & Peiris (2008), and
Hlozek et al. (2012), to test for deviations from a power-law
spectrum of fluctuations. Similar techniques are applied to the
Planck data in Planck Collaboration XXII (2013).

6.2.2. Tensor fluctuations

In the base ΛCDM model, the fluctuations are assumed to
be purely scalar modes. Primordial tensor fluctuations could
also contribute to the temperature and polarization power spec-
tra (e.g., Grishchuk 1975; Starobinsky 1979; Basko & Polnarev
1980; Crittenden et al. 1993, 1995). The most direct way of test-
ing for a tensor contribution is to search for a magnetic-type par-
ity signature via a large-scale B-mode pattern in CMB polar-
ization (Zaldarriaga & Seljak 1997; Kamionkowski et al. 1997).
Direct B-mode measurements are challenging as the expected
signal is small; upper limits measured by BICEP and QUIET
give 95% upper limits of r0.002 < 0.73 and r0.002 < 2.8 respec-
tively (Chiang et al. 2010; QUIET Collaboration et al. 2012)30.

30As discussed in Planck Collaboration II (2013) and
Planck Collaboration VI (2013), residual low-level polarization
systematics in both the LFI and HFI data preclude a Planck B-mode
polarization analysis at this stage.
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Part II: Random inflation



Philosophy
Rather than writing down specific models and testing compatibility 
with the data, instead generate models stochastically and explore what 
range of phenomenology results.

Early work of this kind was done 
by Tegmark (astro-ph/0410281). But 
he used only a single field, 
hence very limited 
phenomenology.

2

0 20 40 60

-0.01

0

0.01

FIG. 2: A small segment of the inflaton potential V (!) for simula-
tion number 26140213 from §5, with vertical and horizontal energy
scales mh = 3m̄ and mh = 0.007m̄, respectively (m̄ = mPl/

!
8").

A half-basin of attraction stretches from a local maximum (circle)
to a local minimum (triangle). The thicker curve indicates regions
where the slow-roll approximation is valid, with squares indicating
inflation endpoints. Many starting points ! fail to produce galax-
ies, either because the slow-roll approximation in invalid and there
is no inflation (three-pointed star), because inflation is rapidly fol-
lowed by #! < 0 recollapse (five-pointed star) or because inflation
never ends (six-pointed star). Only a small fraction of starting
points (like the four-pointed star) give inflation followed by a vac-
uum density |#!| near zero.

ner of the currently allowed parameter space, it is easy
to come away with the impression that inflation is not
very predictive and hence di!cult to test or rule out.

However, this pessimistic conclusion rests on a rather
dubious premise: that the way inflation occurred in our
region of space is the only way that inflation occurred
anywhere. This is the antithesis of the “landscape”
paradigm now emerging from string theory, with an ex-
tremely complicated potential with perhaps 10300 di"er-
ent minima [16–29], c.f. [30, 31].

Whatever the correct fundamental theory may turn
out to be, one can easily imagine it giving rise to an
inflaton potential V (!) with multiple minima, as in the
example shown in Figure 2. As long as ! takes on a range
of values early on1, di"erent post-inflationary domains

1 Having ! take on a range of values early on is easy to arrange.
The same quantum fluctuation process responsible for generat-
ing our observed density fluctuations gives rise to the familiar

will correspond to ! having rolled down into di"erent
minima, and so the parameter values we measure will
depend on which domain we inhabit. In other words,
what is traditionally referred to as the inflaton potential
is merely the basin of attraction around our particular
local minimum !0. Our observed cosmological constant
will be !! = V (!0), our gravity wave amplitude will be
given by V (!1) at the point !1 about 55 e-foldings before
our inflation ended [36, 37], ns will be determined by the
first and second derivatives of lnV at at !1, and so on.
Even if the potential has only one minimum, parameters
such as ns will depend on the direction from which one
rolls down to this minimum (from the left or from the
right for single-field inflation like in Figure 2, or from a
continuum of directions for multi-field inflation where !
is a vector).

If one or more explicit e"ective potentials V (!) emerge
from string theory or some other fundamental theory [38],
then it is clearly worthwhile computing or estimating the
corresponding 8-dimensional parameter probability dis-
tribution fp(p) (Figure 1 shows an example), since this
will provide a powerful observational test of the theory.
The purpose of the present paper is to lay the groundwork
for such a calculation in the context of classic slow-roll in-
flation, computing fp(p) for various classes of randomly
generated potentials and exploring its dependence both
on the potential V (!) and on the choice of measure un-
derlying the calculation. We will see that a number of
general conclusions can be drawn rather independently
of the detailed nature of the potential V (!), depending
mainly on energy scales. For related discussions of such
issues in the context in inflationary flow equations, see
[39–41].

We find that the issue of what measure to use when
sampling 4D spacetime is no less important than the is-
sue of what potential V (!) to use. This measure prob-
lem cannot be brushed aside as irrelevant philosophy,
since the measure dramatically a"ects the testable pre-
diction for fp(p), and we will argue that some plausible-
sounding and oft-discussed measures like synchronous
volume-weighting are already ruled out by observation.
There is some correct measure that nature subscribes to,
and we need to figure out which one it is, just as was
successfully done in the past for the measures allowing
us to compute probabilities in statistical mechanics and
quantum physics.

The rest of this paper is organized as follows. Sec-
tion II briefly summarizes how the potential V (!) af-
fects what we observe, emphasizing that modulo a slight

di!usion process that can drive ! uphill as well as downhill [32],
e!ectively populating all !-values in a quantum superposition.
Decoherence [33] then insures that we can for all practical pur-
poses treat ! as having di!erent classical values in di!erent spa-
tial regions [34, 35]. Alternatively, an early hot state with en-
ergy in excess of typical V -values would naturally populate all
!-values.





The Multiverse ...
... is the notion that the properties of the Universe vary on extremely large 
scales, much bigger than the present observable Universe. This is predicted 
by simple inflationary models.

Linde, Linde and Mezhlumian



The Multiverse ...

The multiverse contains untold numbers of regions with varying values of 
fundamental physics parameters including Λ.

In those where Λ is negative, the Universe typically recollapses long before 
galaxies can form.

In those where Λ is positive, the Universe typically goes into accelerated 
expansion, ceasing structure formation, long before galaxies can form.

The exception is if Λ is extremely close to zero (in Planck units), as is 
observed.

... is worth considering as it provides so far the only plausible explanation 
for the observed cosmological constant:

Hence the multiverse is envisaged to be a vast arena almost entirely devoid 
of galaxies. In places where galaxies happen to exist, Λ is extremely small. If 
Λ is measured by lifeforms who inhabit galaxies, they inevitably find Λ to be 
small, even though this is not a fair representation of the greater multiverse.



The Multiverse ...

Weinberg (1987) used it to predict a small but non-zero cosmological 
constant, as was later discovered by observations.

The argument hinges on there being a huge number of possible vacuum 
states to the Universe, as the observed value of Λ is around 10-120 mPl

4. 
String theory has been shown to provide at least 10500 possible vacuum 
states of different energies, and hence can provide a realization of 
Weinberg’s argument.

No other known theory can claim to predict Λ to order-of-magnitude 
accuracy.

... is worth considering believing because



String landscape inflation
Frazer and Liddle, JCAP, arXiv:1101.1619

Our aim: to consider consequences of the string landscape picture 
for inflation by considering inflationary trajectories in a (toy-model) 
randomly-generated landscape.

We initially considered a two-
dimensional landscape generated 
via a Fourier series approach.

New phenomenology:

Isocurvature perturbations.

Non-gaussianity.



mhi �MPl and mhj �MPl: While our choice of potential would require additional terms

to investigate this scenario, we are referring to the sort of case where there is more

than one kinematically significant scale. An example of this kind of situation was

investigated in refs. [8, 9]. The setup they considered could be imagined as a sort

of multi-dimensional version of a board with nails stuck in it. The trajectory has a

slow-roll drift velocity with what the authors describe as a brownian motion imposed

on top of this. Depending on the scales involved, this could lead to interesting features

in the power spectra and, for a given suitable background evolution, the extra distance

covered due to the random motion will increase the number of e-folds.

mhi ∼MPl: Finally we have the beginners’ ski slope, an example of which is shown in Fig. 1.

This is what we will be investigating. There are no jumps and the features are gentle

so an advanced skier or snowboarder would probably be rather bored in our landscape,

but for inflation we feel this is an interesting scale on which to begin our exploration.

This mass scale is well motivated by theory and it also gives rise to quite a broad range

of behaviour, since in order to obtain a sufficient number of e-folds of inflation, the

trajectory generally has to take a non-straight path. The downside is that the broad

range of behaviour will make the model less predictive but then again, it is interesting to

see how robust the values of certain parameters are under such variations. Also, while

the variability in a two scalar field model may be large, one can easily imagine that

the deviation might decrease as more scalar fields are introduced. This tendency was

seen in ref. [10] for Nflation models with random initial conditions on many uncoupled

fields.

2.2 How we explore it

As we discussed, any model of inflation where the potential has multiple minima predicts a

probability distribution for the cosmological parameters. We wish to compute this distribu-

tion for the potential described above. To do this we perform essentially the same experiment

that was performed in ref. [4]:

1. Generate a random potential V (φ) and start at φ = (0, 0).

2. If V (0, 0) < 0 then reject model, otherwise evolve to find the field trajectory.

3. If model gets stuck in eternal inflation, reject.

4. Once the model stops inflating, if the number of e-folds of inflation N < 60 we reject

as insufficient inflation occurred. Otherwise find the local minimum to calculate ρvac,

and if ρvac < 0, reject. If N ≥ 60 and ρvac ≥ 0, calculate observables.

5. Repeat many times to obtain a statistical sample.

6. (Change some assumptions and do it all again.)

We start the evolution at V (0, 0) for practical purposes. Instead of viewing this as

starting at the same position in many different potentials, since the statistics of our landscape

are invariant under translation, one could equally view this as starting at random positions

in one infinite potential. An alternative choice of initial conditions would be to start only at

– 4 –

Procedure

Successful runs (where inflation ends in a satisfactory vacuum state) are 
obtained only around one in 105 simulations. We analyzed approximately 
5 x 106 cases thus generating around 100 model Universes. We can then 
explore their properties.



Disclaimer: we make no attempt to address the 
problem of initial conditions/measure problem. 
We are considering only the phenomenological 
part of the scenario.



Quantity Result Observed Agreement
nR −0.06± 0.02 −0.027± 0.014 Y
αR −0.0003± 0.0009 −0.022± 0.020 Y
niso 0.001± 0.13 N/A N/A
αiso −0.02± 0.22 N/A N/A
r 0.05± 0.03 < 0.24 (95% c.l.) Y
TSS 0.06± 0.43 N/A N/A
TRS 0.8± 0.9 N/A N/A

Table 3. Some cosmological parameter constraints.
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Figure 2. Histograms of the curvature spectral index, tensor-to-scalar ratio, and e-folds, plus a
plot of the tensor-to-scalar ratio against the spectral index where the points have been colour-coded
according to the number of e-folds. The blue line on the ns–r plot is the 95% confidence contour from
WMAP+BAO+H0.

so far tested. Figure 2 shows histograms of the curvature spectral index and tensor-to-scalar
ratio, a histogram of the number of e-folds and a plot of r against ns, colour-coded with
the number of e-folds. The last plot also shows the present observational limits from a data
compilation including WMAP7 results [19].

Planck hopes to measure the tensor-to-scalar ratio with an accuracy of a few hundredths,
hence has discovery potential if it is of order 0.1 or so. For this reason it is interesting to note
that of the universes not already rejected by the ns–r plot, there seems to be a preference
for universes with larger r. We also note that all large e-fold universes (green points) lie
within the 95% confidence limit and only a couple of blue points are rejected, but more data
are needed to conclude whether or not large e-fold universes are favoured within our model.
We find this potential trend quite intriguing as it is easy to conceive of measures that give
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for universes with larger r. We also note that all large e-fold universes (green points) lie
within the 95% confidence limit and only a couple of blue points are rejected, but more data
are needed to conclude whether or not large e-fold universes are favoured within our model.
We find this potential trend quite intriguing as it is easy to conceive of measures that give
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WMAP7+BAO+H0 95% confidence limit

Predicted perturbations: spectral index versus tensor-to-scalar ratio.

Planck+WP+BAO 95% confidence limit
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Figure 3. Histograms of the fractional change in the curvature and isocurvature power spectra

accompanied by histograms for the transfer functions. Arrows indicate Universe 1832942.
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Figure 4. Plot of r against �, demonstrating the consistency relation r = −8nT = 16� becoming an

inequality.

but with many points dropping below the line where TRS and the turn rate have suppressed

the value of r. Hence the relation becomes an inequality when there are extra degrees of

freedom, as first described in ref. [21].

As an example of the sort of situation that can give rise to large TRS values we include

Fig. 5. As mentioned earlier, generally the dominant effect is the turn rate and while there

are a number of types of trajectory that lead to large TRS , in this case we see that it is the

cumulative effect of a fairly continuously curved trajectory spiralling its way to a minimum.

As pointed out in ref. [1] (see refs. [19, 22] for primary references), the CMB places strong

observational constraints against the existence of isocurvature perturbations. As such, any

multi-field model must either generate no isocurvature perturbations at horizon exit, or must

– 17 –

Consistency relation breakdown due to isocurvature perturbations.



Extension I: Canonical models

Extension to D scalar fields instead of only 2 

Done up to D=6, nothing much changes.

Computation of cosmic non-gaussianity, using Transport Equations method of 
Mulryne-Seery-Wesley. 

It’s always small.

Fuller investigation of the effect of choice of the scale of features in the 
random potentials.

String theory suggests that the potential should have more structures than 
we used in our first paper. Success rate in generating models plummets 
as more features are included, but change does not seem radical.

Frazer and Liddle, JCAP, arXiv:1111.6646



Figure 2. Example of two-field potentials with mh = 15.8MPl and mh = 2.0MPl respectively.

from W–W scattering for a Higgs around 1 TeV, there needs to be something to unitarize

graviton–graviton scattering. There is no good reason to assume the inflaton does not couple

to these extra degrees of freedom. To do so is to make a strong assumption about quantum

gravity which is hard to justify, and thus we expect λd ∼ 1. If we categorise inflation models

as large field, |∆φ| � Mpl, medium field |∆φ| ∼ Mpl and small field |∆φ| � Mpl, then

this sort of reasoning indicates small and perhaps medium field models should be considered

more realistic as terms in the summation are suppressed, while to have a large-field model,

one needs to justify additional symmetries to protect the flatness of the potential against

the otherwise increasingly large series contributions. Crudely speaking we can think of our

choice of mh as corresponding to a decision on what energy scales we are integrating out.

Finally, we would like to consider the number of fields to be included in the model.

Historically a lot of focus has been given to single-field models simply because they are the

most basic inflationary set-up, but this is not what is best motivated from the field theory

perspective. As already mentioned, a single-field model occurs when one degree of freedom

is much lighter than all the others. This means one can integrate out the other degrees of

freedom provided they are sufficiently massive, but there is no good reason to believe this

is necessarily the case. For example, in string theory the contributing massive fields include

stabilised moduli. Work on flux compactifications is still very much in development but

typically masses correspond to around the Hubble scale. This strongly motivates models

with tens if not hundreds of active fields [10].

It therefore seems quite reasonable to model the final inflationary phase in a landscape

as a truncated d-field Fourier series with random coefficients, provided we are dealing with

small- to medium-field models. However, for computational reasons we are forced to work

with something less realistic. Ideally we would work with more fields, and push to smaller

field excursions than we will be working with. For the purposes of our investigation we will

at times be working with inflationary trajectories that not particularly well motivated as

genuine models of inflation, yet we still find them to be quite informative when it comes to

understanding inflationary dynamics.

– 6 –
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Figure 6. n− r plots for a range of mh

spectrum, while the tensor power spectrum is conserved and so as Fig. 6 shows, we see an
increasingly strong suppression in r as we move to lower mh.

As illustrated in the examples of Fig. 4 a less featured potential reduces the chance of
trajectories reaching their adiabatic limit. It’s noteworthy therefore that despite this, the
plots of the n-r plane for mh = 15 and mh = 18 show remarkable consistency for n and r at
the end of inflation. This might lead one to think that the super-horizon evolution is having
negligible effect but if we take the example of mh = 15, as Table 5 shows, the mean increase
in the field trajectory from turning is only 4% yet if we assumed a single-field approximation
was valid we would obtain n = 0.98±0.01 which is significantly different from the true result
of 0.95 ± 0.01. If nothing else these results show one should be exceedingly careful when
making single field approximations.
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Figure 5. Example plots showing the super-horizon evolution of fNL for modes exiting 55 e-folds
before the end of inflation. Again we see that for the more featured landscape evolution stops early
on, while for the smoother example, evolution often continues to the end of inflation.

Figure 6. Θ at the end of inflation for mh = 3MPl (blue), mh = 9MPl (yellow) and mh = 15MPl

(red). All trajectories essentially reach a caustic in the most featured example, less for mh = 9MPl

and least for the smoothest landscape mh = 15MPl.

conditions required for a very strong focusing, while in contrast the comparatively mild,
undulating meadows of mh = 15MPl give very little incentive for trajectories to focus to a
caustic.

4.2.2 fNL is always small

Much of this kind of discussion carries over to understanding the results of Fig. 5. First
and foremost it should be noted there was not a single example of a trajectory that gave
sufficient non-Gaussianity to be detected by any future planned experiment. Methods to get
around this disappointingly generic feature of multi-field inflation were recently addressed in
Ref. [20] and the special case of sum-separable potentials was also discussed in Ref. [22]. In
the case of sum-separable hilltop potentials which reach an adiabatic limit during inflation,
what is known as the horizon-crossing approximation [23] gives a good estimate of the final
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Evolution of non-gaussianity



Extension II: D-brane model
 Dias-Frazer-Liddle, JCAP, arXiv:1203.3792 (plus March 2013 erratum)

Figure 1. The non-compact conifold approximation for the warped throat. This approximation
holds between x = 1, where the throat is glued to the compact bulk, and x = 0.02, where the tip that
cannot be described by the non-compact geometry starts.

a rescaled radial coordinate as x ≡ r/rUV that in the cone region is always 0 � x < 1.
To ensure that the non-compact approximation always holds, we restrict our analysis to the
regime comfortably above the tip, where 0.02 < x < 1. The value x = 0.02 was chosen in
agreement with Ref. [2].

The T 1,1 space is parameterized by 5 angles Ψ = {θ1, θ2,ϕ1,ϕ2,ψ} where 0 ≤ θ1 ≤ π,
0 ≤ θ2 ≤ π, 0 ≤ ϕ1 < 2π, 0 ≤ ϕ2 < 2π and 0 ≤ ψ < 4π.

Throughout this paper we will use units M−2
Pl = 8πG = 1. In this throat the D3-brane

experiences a DBI inflationary Lagrangian like

L = a3



−T (φ)

�

1− T3gijφ̇iφ̇j

T (φ)
− V (φ) + T (φ)



 , (2.2)

where a is the scale factor, T3 is a constant representing the brane tension and, within
the approximation where the logarithmic corrections to the warp factor can be ignored,
T (φ) = T3x4. The value of the warp factor at the tip is determined by the parameter a0
such that T (φ)|tip ≡ T3a40. Some physical arguments concerning the consistency of the set-up
enforce a limit on how small T (φ) can get [8]; in this work, following Ref. [2], we use the
values T3 = 10−2 and a0 = 10−3.

As mentioned in Ref. [2], for our specific realisations of the D-brane action, the brane
velocity is always very small compared to T (φ), making

T3gijφ̇iφ̇j

T (φ)
� 1. (2.3)

This is equivalent to saying that DBI effects are negligible, as we can rewrite the Lagrangian
as

L = a3
�
1

2
T3gijφ̇

iφ̇j − V (φ)

�
(2.4)

and identify the canonical kinetic term rescaled by the constant T3.
The fact that this simplification can be made is related not only to the choice of T3

and a0 but also to the fact that our analysis only includes the throat region above the tip.
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See also N. Agarwal, R. Bean, L. McAllister and G. Xu, Universality in D-brane Inflation, 
JCAP 1109 (2011) 002, arXiv:1103.2775
L. McAllister, S. Renaux-Petel and G. Xu, A Statistical Approach to Multifield Inflation:
Many-field Perturbations Beyond Slow Roll, astro-ph/1207.0317.
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spectral index is 
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completely 
incompatible 
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observations.
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Figure 18. The dynamical behaviour of Verse 79856. The left plot shows the projection of the

trajectory across x, θ1 and ψ. The top-right panel shows the trajectory in x, whereas the middle

and bottom panel show the superhorizon evolutions of Pζζ and ns. Orange and yellow approximately

indicates before and after the inflection point, respectively.

turns distinguish this trajectory from single-field inflection-point inflation and, as discussed,

have consequences in the statistics of ζ. In fact, it is possible to see in Fig. 18 — right middle

and bottom panels — that the values of Pζζ and ns undergo superhorizon evolution around

these turns in field space.

As in our previous analysis, the populations with red and blue spectral index could be

understood by the position of horizon crossing relative to the inflection point. In fact, it

is straightforward to see that whenever horizon exit occurs before the inflection point, the

spectral index is bigger than one. For the spectral index to be smaller than one, a dominant

negative η contribution is required, which implies horizon exit after the inflection point. The

latter is harder to achieve, which explains the small proportion of inflationary trajectories

with red tilt; a trajectory that gives rise to 55 e-folds in the yellow region needs to have a

much larger total number of e-folds. Roughly, one would expect it to give rise to at least twice

55. Indeed, this rough estimation is confirmed by Fig. 19, where the value of the spectral
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Figure 16. Distributions for the amplitude of the power spectrum Pζζ , left and scalar spectral index
ns, right.
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Figure 17. Plot of the values of ns versus r. The right panel greatly expands the vertical scale. The
orange lines indicate the 95% confidence limits using WMAP data.

Imposing observational constraints on the distributions, as can be seen in Fig. 17, ex-
cludes the majority of the trajectories. Almost all the realisations with red tilt are in accor-
dance with observational constraints, such that ∼ 20% of the total sample is in agreement
with data. A further constraint is imposed by requiring the correct amplitude of the scalar
power spectrum, (2.5 ± 0.1) × 10−9 [6]. Combining all constraints we obtained only three
realisations in total concordance with observations in the full sample of 564 cases. As dis-
cussed in the original article, this is not a worrying result as the distribution of Pζζ does not
show a sharp peak.

As in our original computation, all trajectories are essentially of the same type —
inflection-point inflation. Most of the inflation occurs in a small sub-region of the conifold
(typically 0.02 < x < 0.09) in the vicinity of an inflection point in the radial direction.
Looking closely at one particular representative trajectory, Verse 79856, this is evident.

In the top right panel of Fig. 18, the trajectory in the radial coordinate is plotted in two
different colours to highlight the approximate position of the inflection-point – orange before
and yellow after it. The left panel shows the inflationary trajectory projected over three of
the six directions – radial, θ1 and ψ. The trajectory evolves from top to bottom and it is easy
to see that around the inflection point it undertakes turns in the angular directions. The
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Figure 8. Distributions for the amplitude of the power spectrum Pζζ , top left, scalar spectral index

ns, top right, running of the spectral index, bottom left, and local non-gaussianity parameter fNL,

bottom right. All distributions were taken for the sample with 2 active fields.

A very interesting result comes from the computation of the running of the spectral

index. Fig. 16 shows that the running tends to be positive and that it can take large values.

This outcome, as will be discussed shortly, is extremely constraining. One could think that,

since the running can take large values, the value of the spectral index changes a lot with

the choice of pivot scale. Our approach is to think that sampling over a large number of

inflationary potentials reproduces the effect of sampling over different choices of pivot scales,
such that the final distributions for different pivot scales are actually identical. We tested

this assumption and found it to be the case.

The tensor-to-scalar ratio is always extremely small, as it is related to the slow-roll

parameter � that remains � 1 throughout the calculation. This can be clearly seen in Fig. 9.

Furthermore, the usual single-field result for the brane case would be the relation

r = 16
�

T3
(5.1)

which corresponds to the green line. We can see how multifield effects change this result, by

weakening this expression to an inequality.

The local non-gaussianity parameter fNL, as can be seen in Fig. 16, is almost always too

small to possibly be detected by any anticipated observation. In the full two-field ensemble

only five trajectories yielded values of |fNL| > 1. Although these are highly unlikely, any case

presenting interesting observational signatures can be informative in its own right; we leave a

detailed analysis of these cases for future work. When plotted against ns, this parameter also
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Figure 19. The value of the spectral index plotted against the total number of e-folds. The orange
line represents the ns = 1 cut. It is possible to see how ns < 1 implies N � 120.

index is plotted against the total number of e-folds.

11.2 How predictive?

The biggest discrepancy between our two analyses concerns the approach to an adiabatic
limit. As stated in §7, one way to keep track of isocurvature modes is to monitor the dilation
of the bundle of trajectories.

When the number of fields is larger than one, the bundle of trajectories is a tensor of
rank n > 1. In this case, the condition θSR → −∞ is not sufficient to ensure the bundle
is reaching a caustic, becoming an object of rank 0. In fact, θSR would experience this
behaviour whenever the bundle becomes a tensor of rank n− 1. In other words, a ‘spherical’
bundle could focus to a ‘sheet’ rather than a point; if this happens, isocurvature modes are
not suppressed [7]. Therefore it is hard to make absolute statements.

In the D-brane model, as can be seen in Fig. 20, we consistently found across all the
trajectories and throughout the full inflationary period θSR < 0, which means the bundle of
trajectories is focusing. To ensure this corresponds to reaching an adiabatic limit we have to
make sure the bundles are reaching caustics. In this model, where we are near what can be
considered quasi-single-field inflation, with one direction light and all the others heavy, there
is no dynamical reason for the bundle to be focusing in any other way than by exponentially
suppressing the isocurvature modes. Therefore we can consider that this model does not
raise problems of predictiveness related to persistence of isocurvature through reheating, in
agreement with Ref. [2].

12 Conclusions

In this erratum we repeat our calculations for the predictions of the D-brane model presented
in ‘Multifield consequences for D-brane inflation’ taking into account the curved field-space
metric in the conifold. We performed this analysis for the power spectrum of curvature
perturbations only, leaving the study of bispectrum for a future publication. The inclusion
of curvature induces large masses in 5 of our 6 active quantum modes, in agreement with
Ref. [2], which has consequences for the dynamics of inflation. To perform this computation
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Successful trajectories are inflection point trajectories. However, if horizon 
exit occurs before the inflection point is reached, the spectrum is blue. 
Models with red spectral indices tend to have >120 e-foldings in total.



Inflation remains an excellent explanation of the origin of 
structure.

There is no evidence yet of any complexity in inflationary 
dynamics.

Recent observations are exerting pressure on gravitational 
wave production, and hence on models.

Landscape models may indicate limits to the predictiveness 
of inflationary models. They also tend to give rather boring 
observational predictions.

Conclusions




