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RooFit: A data modeling toolkit
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Wouter Verkerke, UCSB 

Building realist ic m odels

Ð Composit ion (Ôplug & playÕ)

Ð Convolut ion

g(x; m,s)m(y; a0,a1)

=

! =

g(x,y; a0,a1,s)
Possible in an y PDF

No explicit support in PDF code needed

Wouter Verkerke, UCSB 

Building realistic models

• Complex PDFs be can be trivially composed using operator classes

– Addition

– Multiplication

+ =

* =

Wouter Verkerke, UCSB 

Parameters of composite PDF objects

RooAddPdf

sum

RooGaussian

gauss1
RooGaussian

gauss2
RooArgusBG

argus
RooRealVar

g1frac
RooRealVar

g2frac

RooRealVar

x
RooRealVar

sigma
RooRealVar

mean1

RooRealVar

mean2
RooRealVar

argpar
RooRealVar

cutoff

RooArgSet *paramList = sum.getParameters(data) ;

paramList->Print("v") ;

RooArgSet::parameters:

1) RooRealVar::argpar : -1.00000 C

2) RooRealVar::cutoff :  9.0000 C

3) RooRealVar::g1frac :  0.50000 C

4) RooRealVar::g2frac :  0.10000 C

5) RooRealVar::mean1  :  2.0000 C

6) RooRealVar::mean2  :  3.0000 C

7) RooRealVar::sigma  :  1.0000 C

The parameters of sum
are the combined 
parameters
of its components

RooFit is a major tool developed at BaBar for data modeling.
RooStats provides higher-level statistical tools based on these PDFs.
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RooFit, RooStats, HistFactory
RooStats has been widely adopted by LHC experiments

! statistical tools based on the RooFit modeling language
! supports frequentist, Bayesian, likelihood based inference

The RooFit modeling language is very general, but this generality can 
make simple problems seem overly complex for beginners

! learning the RooFit modeling language is a significant barrier for 
usage of the common statistical tools in RooStats

HistFactory produces statistical models in the RooFit/RooStats 
framework with a restricted form (a likelihood template)

! the form is general enough to support many analyses
● used widely within ATLAS Higgs and SUSY searches (originated in top group)
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What is a ÒfactoryÓ
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In object-oriented computer programming, a factory is an object for creating 
other objects. It is an abstraction of a constructor,

Factory objects are used in situations where getting hold of an object of a 
particular kind is a more complex process than simply creating a new 
object. The factory object might decide to create the object's class (if 
applicable) dynamically, return it from an object pool, do complex 
conÞguration on the object, or other things.

http://en.wikipedia.org/wiki/Object-oriented
http://en.wikipedia.org/wiki/Object-oriented
http://en.wikipedia.org/wiki/Computer_programming
http://en.wikipedia.org/wiki/Computer_programming
http://en.wikipedia.org/wiki/Object_(computer_science)
http://en.wikipedia.org/wiki/Object_(computer_science)
http://en.wikipedia.org/wiki/Abstraction_(computer_science)
http://en.wikipedia.org/wiki/Abstraction_(computer_science)
http://en.wikipedia.org/wiki/Constructor_(computer_science)
http://en.wikipedia.org/wiki/Constructor_(computer_science)
http://en.wikipedia.org/wiki/Class_(computer_science)
http://en.wikipedia.org/wiki/Class_(computer_science)
http://en.wikipedia.org/wiki/Object_pool
http://en.wikipedia.org/wiki/Object_pool
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HistFactory

32 page documentation of HistFactory tool + manual
! currently a “living document”
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http://cds.cern.ch/record/1456844

http://cds.cern.ch/record/1456844
http://cds.cern.ch/record/1456844
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A related note
Conceptually similar to MCLimit and Collie used at Tevatron

! those tools merge model building and statistical tests
! HistFactory factorizes building of model from statistical tests 

(done in RooStats)
John Conway outlined similar building blocks for binned likelihoods
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http://indico.cern.ch/conferenceOtherViews.py?view=standard&confId=107747

Nuisance Parameters in 
Likelihoods for Searches

John Conway
Univ. of California, Davis

PhyStat 2011 - 17-20 January 
CERN

http://indico.cern.ch/conferenceOtherViews.py?view=standard&confId=107747
http://indico.cern.ch/conferenceOtherViews.py?view=standard&confId=107747
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Visualizing probability models
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G(x|µ, ! ) (µ, ⇥)
I will represent PDFs graphically as below (directed acyclic graph)
! eg. a Gaussian                  is parametrized by                    
! every node is a real-valued function of the nodes below 

G

x µ !

Clearly related to Graphical Models, but not the focus here.
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Marked Poisson Process
Channel : a subset of the data defined by some selection 
requirements.  

! eg. all events with 4 electrons with energy > 10 GeV
! n: number of events observed in the channel
! ! : number of events expected in the channel

Discriminating variable:  a property of those events that can be 
measured and which helps discriminate the signal from background

! eg. the invariant mass of two particles 
! f(x): the p.d.f. of the discriminating variable x

Marked Poisson Process:

8

f (D|⌫) = Pois( n|⌫)
n!

e=1

f (xe)

D = { x1, . . . , xn}
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Mixture model

Sample:  a sample of simulated events corresponding to particular 
type interaction that populates the channel.

! ie. components of a mixture model

9

!
tot

=
!

s2samples

! sf (x) =
1

!
tot

!

s! samples

! sf s(x) ,

10 ATLAS collaboration: Search for the Standard Model Higgs Boson

Table 5. Numbers of events estimated as background, observed in dataand expected from signal in the H → ZZ → !!qq search
for low mass (mH < 360 GeV) and high mass (mH ≥ 360 GeV) selections. The signal, quoted at two mass points, includes small
contributions from !!!! and !!νν decays. Electron and muon channels are combined. The uncertainties shown are the statistical
and systematic uncertainties, respectively.

Source low mass selection high mass selection
Z+jets 214 ± 4 ± 27 9.1 ± 0.9 ± 1.4
W+jets 0 .33 ± 0.16 ± 0.17 −

tøt 0.94 ± 0.09 ± 0.25 0.08 ± 0.02 ± 0.03
Multi-jet 3 .81 ± 0.65 ± 1.91 0.11 ± 0.11 ± 0.06

ZZ 3.80 ± 0.10 ± 0.73 0.30 ± 0.03 ± 0.06
WZ 2.83 ± 0.05 ± 0.88 0.29 ± 0.02 ± 0.10

Total background 226 ± 4 ± 28 9.9 ± 0.9 ± 1.5
H → ZZ → !!qq 0.60 ± 0.01 ± 0.12 (mH = 200 GeV) 0 .24 ± (< 0.001) ± 0.05 (mH = 400 GeV)

Observed 216 11

data. The multi-jet background in the electron channel is
derived from a sample where the electron identiÞcation
requirements are relaxed. In the muon channel, the multi-
jet background is estimated from a simulated sample of
semi-leptonically decayingb- and c-quarks and found to be
negligible after the application of the m!! selection. This
was veriÞed in data using leptons with identical charges.

6.3.2 Results for theH ! ZZ ! !!"" search

The H ! ZZ ! !!"" analysis is performed for Higgs
boson masses between 200 GeV and 600 GeV in steps of
20 GeV. Table 6 summarises the numbers of events ob-
served in the data, the estimated numbers of background
events and the expected numbers of signal events for two
selectedmH values. For the low mass selections, Þve events
are observed in data compared to an expected number of
events from background sources only of 5.8± 0.5± 1.3. The
corresponding results for the high mass selections are Þve
events observed in data compared to an expected yield of
3.5± 0.4± 0.8 events from background sources only. In ad-
dition to the H ! ZZ ! !!"" decays, several other Higgs
boson channels give a non-negligible contribution to the
total expected signal yield. In particular, H ! W W (! ) !
!"!" decays can lead to Þnal states that are very similar
to H ! ZZ ! !!"" decays. They are found to contribute
signiÞcantly to the signal yield at low mH values. The
expected number of events fromH ! W W (! ) ! !"!" de-
cays relative to that from H ! ZZ ! !!"" decays is 76%
for mH = 200 GeV and 9% for mH = 300 GeV. The kine-
matic selections prevent individual candidates from being
accepted by both searches. TheEmiss

T distribution before
vetoing events with low Emiss

T is shown in Fig. 7.

7 Combination method

The limit-setting procedure uses the power-constrained
proÞle likelihood method known as the Power Constrained
Limit, PCL [13, 14, 64]. This method is preferred to the
more familiar CLs [15] technique because the constraint
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Fig. 7. Distribution of missing transverse energy in the H →
ZZ → !!νν search in the electron channel before vetoing events
with low Emiss

T . The expected yield for a Higgs boson with
mH = 400 GeV is also shown.

is more transparently deÞned and it has reduced overcov-
erage resulting in a more precise meaning of the quoted
conÞdence level. The resulting PCL median limits have
been found to be around 20% tighter than those obtained
with the CL s method in several Higgs searches. The ap-
plication of the PCL method to each of the individual
Higgs boson search channels is described in Refs. [7Ð11].
A similar procedure is used here. The individual analyses
are combined by maximising the product of the likelihood
functions for each channel and computing a likelihood ra-
tio. A single signal normalisation parameterµ is used for
all analyses, whereµ is the ratio of the hypothesised cross
section to the expected Standard Model cross section.

Each channel has sources of systematic uncertainty,
some of which are common with other channels. Table 7
lists the common sources of systematic uncertainties, which
are taken to be 100% correlated with other channels. Let
the search channels be labelled byl (l = H ! ##, H !
W W , . . . ), the background contribution, j , to channel l
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Parametrizing the model
Parameters of interest ( µ): parameters of the theory that modify the 
rates and shapes of the distributions, eg.

! the mass of a hypothesized particle
! the “signal strength” μ=0 no signal, μ=1 predicted signal rate

Nuisance parameters ( ! or ! p): associated to uncertainty in:
! response of the detector (calibration)
! phenomenological model of interaction in non-perturbative regime

Lead to a parametrized model: 
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⌫ ! ⌫(! ), f (x) ! f (x|! )

f (D|↵) = Pois(n|↵)

nY

e=1

f (xe|↵)

! = ( µ, " )
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Z+jets top Diboson ...

syst 1

syst 2

...
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Tabulate effect of individual variations of sources of systematic uncertainty
! typically one at a time evaluated at nominal and “± 1 σ”
! use some form of interpolation to parametrize pth variation in terms of 

nuisance parameter  " p 

Incorporating Systematic Effects

10 ATLAS collaboration: Search for the Standard Model Higgs Boson

Table 5. Numbers of events estimated as background, observed in dataand expected from signal in the H → ZZ → !!qq search
for low mass (mH < 360 GeV) and high mass (mH ≥ 360 GeV) selections. The signal, quoted at two mass points, includes small
contributions from !!!! and !!νν decays. Electron and muon channels are combined. The uncertainties shown are the statistical
and systematic uncertainties, respectively.

Source low mass selection high mass selection
Z+jets 214 ± 4 ± 27 9.1 ± 0.9 ± 1.4
W+jets 0 .33 ± 0.16 ± 0.17 −

tøt 0.94 ± 0.09 ± 0.25 0.08 ± 0.02 ± 0.03
Multi-jet 3 .81 ± 0.65 ± 1.91 0.11 ± 0.11 ± 0.06

ZZ 3.80 ± 0.10 ± 0.73 0.30 ± 0.03 ± 0.06
WZ 2.83 ± 0.05 ± 0.88 0.29 ± 0.02 ± 0.10

Total background 226 ± 4 ± 28 9.9 ± 0.9 ± 1.5
H → ZZ → !!qq 0.60 ± 0.01 ± 0.12 (mH = 200 GeV) 0 .24 ± (< 0.001) ± 0.05 (mH = 400 GeV)

Observed 216 11

data. The multi-jet background in the electron channel is
derived from a sample where the electron identiÞcation
requirements are relaxed. In the muon channel, the multi-
jet background is estimated from a simulated sample of
semi-leptonically decayingb- and c-quarks and found to be
negligible after the application of the m!! selection. This
was veriÞed in data using leptons with identical charges.

6.3.2 Results for theH ! ZZ ! !!"" search

The H ! ZZ ! !!"" analysis is performed for Higgs
boson masses between 200 GeV and 600 GeV in steps of
20 GeV. Table 6 summarises the numbers of events ob-
served in the data, the estimated numbers of background
events and the expected numbers of signal events for two
selectedmH values. For the low mass selections, Þve events
are observed in data compared to an expected number of
events from background sources only of 5.8± 0.5± 1.3. The
corresponding results for the high mass selections are Þve
events observed in data compared to an expected yield of
3.5± 0.4± 0.8 events from background sources only. In ad-
dition to the H ! ZZ ! !!"" decays, several other Higgs
boson channels give a non-negligible contribution to the
total expected signal yield. In particular, H ! W W (! ) !
!"!" decays can lead to Þnal states that are very similar
to H ! ZZ ! !!"" decays. They are found to contribute
signiÞcantly to the signal yield at low mH values. The
expected number of events fromH ! W W (! ) ! !"!" de-
cays relative to that from H ! ZZ ! !!"" decays is 76%
for mH = 200 GeV and 9% for mH = 300 GeV. The kine-
matic selections prevent individual candidates from being
accepted by both searches. TheEmiss

T distribution before
vetoing events with low Emiss

T is shown in Fig. 7.

7 Combination method

The limit-setting procedure uses the power-constrained
proÞle likelihood method known as the Power Constrained
Limit, PCL [13, 14, 64]. This method is preferred to the
more familiar CLs [15] technique because the constraint
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Fig. 7. Distribution of missing transverse energy in the H →
ZZ → !!νν search in the electron channel before vetoing events
with low Emiss

T . The expected yield for a Higgs boson with
mH = 400 GeV is also shown.

is more transparently deÞned and it has reduced overcov-
erage resulting in a more precise meaning of the quoted
conÞdence level. The resulting PCL median limits have
been found to be around 20% tighter than those obtained
with the CL s method in several Higgs searches. The ap-
plication of the PCL method to each of the individual
Higgs boson search channels is described in Refs. [7Ð11].
A similar procedure is used here. The individual analyses
are combined by maximising the product of the likelihood
functions for each channel and computing a likelihood ra-
tio. A single signal normalisation parameterµ is used for
all analyses, whereµ is the ratio of the hypothesised cross
section to the expected Standard Model cross section.

Each channel has sources of systematic uncertainty,
some of which are common with other channels. Table 7
lists the common sources of systematic uncertainties, which
are taken to be 100% correlated with other channels. Let
the search channels be labelled byl (l = H ! ##, H !
W W , . . . ), the background contribution, j , to channel l

f (D|↵) = Pois(n|↵)

nY

e=1

f (xe|↵)
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Tabulate effect of individual variations of sources of systematic uncertainty
! typically one at a time evaluated at nominal and “± 1 σ”
! use some form of interpolation to parametrize pth variation in terms of 

nuisance parameter  " p 

Incorporating Systematic Effects

10 ATLAS collaboration: Search for the Standard Model Higgs Boson

Table 5. Numbers of events estimated as background, observed in dataand expected from signal in the H → ZZ → !!qq search
for low mass (mH < 360 GeV) and high mass (mH ≥ 360 GeV) selections. The signal, quoted at two mass points, includes small
contributions from !!!! and !!νν decays. Electron and muon channels are combined. The uncertainties shown are the statistical
and systematic uncertainties, respectively.

Source low mass selection high mass selection
Z+jets 214 ± 4 ± 27 9.1 ± 0.9 ± 1.4
W+jets 0 .33 ± 0.16 ± 0.17 −

tøt 0.94 ± 0.09 ± 0.25 0.08 ± 0.02 ± 0.03
Multi-jet 3 .81 ± 0.65 ± 1.91 0.11 ± 0.11 ± 0.06

ZZ 3.80 ± 0.10 ± 0.73 0.30 ± 0.03 ± 0.06
WZ 2.83 ± 0.05 ± 0.88 0.29 ± 0.02 ± 0.10

Total background 226 ± 4 ± 28 9.9 ± 0.9 ± 1.5
H → ZZ → !!qq 0.60 ± 0.01 ± 0.12 (mH = 200 GeV) 0 .24 ± (< 0.001) ± 0.05 (mH = 400 GeV)

Observed 216 11

data. The multi-jet background in the electron channel is
derived from a sample where the electron identiÞcation
requirements are relaxed. In the muon channel, the multi-
jet background is estimated from a simulated sample of
semi-leptonically decayingb- and c-quarks and found to be
negligible after the application of the m!! selection. This
was veriÞed in data using leptons with identical charges.

6.3.2 Results for theH ! ZZ ! !!"" search

The H ! ZZ ! !!"" analysis is performed for Higgs
boson masses between 200 GeV and 600 GeV in steps of
20 GeV. Table 6 summarises the numbers of events ob-
served in the data, the estimated numbers of background
events and the expected numbers of signal events for two
selectedmH values. For the low mass selections, Þve events
are observed in data compared to an expected number of
events from background sources only of 5.8± 0.5± 1.3. The
corresponding results for the high mass selections are Þve
events observed in data compared to an expected yield of
3.5± 0.4± 0.8 events from background sources only. In ad-
dition to the H ! ZZ ! !!"" decays, several other Higgs
boson channels give a non-negligible contribution to the
total expected signal yield. In particular, H ! W W (! ) !
!"!" decays can lead to Þnal states that are very similar
to H ! ZZ ! !!"" decays. They are found to contribute
signiÞcantly to the signal yield at low mH values. The
expected number of events fromH ! W W (! ) ! !"!" de-
cays relative to that from H ! ZZ ! !!"" decays is 76%
for mH = 200 GeV and 9% for mH = 300 GeV. The kine-
matic selections prevent individual candidates from being
accepted by both searches. TheEmiss

T distribution before
vetoing events with low Emiss

T is shown in Fig. 7.

7 Combination method

The limit-setting procedure uses the power-constrained
proÞle likelihood method known as the Power Constrained
Limit, PCL [13, 14, 64]. This method is preferred to the
more familiar CLs [15] technique because the constraint
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Fig. 7. Distribution of missing transverse energy in the H →
ZZ → !!νν search in the electron channel before vetoing events
with low Emiss

T . The expected yield for a Higgs boson with
mH = 400 GeV is also shown.

is more transparently deÞned and it has reduced overcov-
erage resulting in a more precise meaning of the quoted
conÞdence level. The resulting PCL median limits have
been found to be around 20% tighter than those obtained
with the CL s method in several Higgs searches. The ap-
plication of the PCL method to each of the individual
Higgs boson search channels is described in Refs. [7Ð11].
A similar procedure is used here. The individual analyses
are combined by maximising the product of the likelihood
functions for each channel and computing a likelihood ra-
tio. A single signal normalisation parameterµ is used for
all analyses, whereµ is the ratio of the hypothesised cross
section to the expected Standard Model cross section.

Each channel has sources of systematic uncertainty,
some of which are common with other channels. Table 7
lists the common sources of systematic uncertainties, which
are taken to be 100% correlated with other channels. Let
the search channels be labelled byl (l = H ! ##, H !
W W , . . . ), the background contribution, j , to channel l

f (D|↵) = Pois(n|↵)

nY

e=1

f (xe|↵)
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Tabulate effect of individual variations of sources of systematic uncertainty
! typically one at a time evaluated at nominal and “± 1 σ”
! use some form of interpolation to parametrize pth variation in terms of 

nuisance parameter  " p 

Incorporating Systematic Effects

10 ATLAS collaboration: Search for the Standard Model Higgs Boson

Table 5. Numbers of events estimated as background, observed in dataand expected from signal in the H → ZZ → !!qq search
for low mass (mH < 360 GeV) and high mass (mH ≥ 360 GeV) selections. The signal, quoted at two mass points, includes small
contributions from !!!! and !!νν decays. Electron and muon channels are combined. The uncertainties shown are the statistical
and systematic uncertainties, respectively.

Source low mass selection high mass selection
Z+jets 214 ± 4 ± 27 9.1 ± 0.9 ± 1.4
W+jets 0 .33 ± 0.16 ± 0.17 −

tøt 0.94 ± 0.09 ± 0.25 0.08 ± 0.02 ± 0.03
Multi-jet 3 .81 ± 0.65 ± 1.91 0.11 ± 0.11 ± 0.06

ZZ 3.80 ± 0.10 ± 0.73 0.30 ± 0.03 ± 0.06
WZ 2.83 ± 0.05 ± 0.88 0.29 ± 0.02 ± 0.10

Total background 226 ± 4 ± 28 9.9 ± 0.9 ± 1.5
H → ZZ → !!qq 0.60 ± 0.01 ± 0.12 (mH = 200 GeV) 0 .24 ± (< 0.001) ± 0.05 (mH = 400 GeV)

Observed 216 11

data. The multi-jet background in the electron channel is
derived from a sample where the electron identiÞcation
requirements are relaxed. In the muon channel, the multi-
jet background is estimated from a simulated sample of
semi-leptonically decayingb- and c-quarks and found to be
negligible after the application of the m!! selection. This
was veriÞed in data using leptons with identical charges.

6.3.2 Results for theH ! ZZ ! !!"" search

The H ! ZZ ! !!"" analysis is performed for Higgs
boson masses between 200 GeV and 600 GeV in steps of
20 GeV. Table 6 summarises the numbers of events ob-
served in the data, the estimated numbers of background
events and the expected numbers of signal events for two
selectedmH values. For the low mass selections, Þve events
are observed in data compared to an expected number of
events from background sources only of 5.8± 0.5± 1.3. The
corresponding results for the high mass selections are Þve
events observed in data compared to an expected yield of
3.5± 0.4± 0.8 events from background sources only. In ad-
dition to the H ! ZZ ! !!"" decays, several other Higgs
boson channels give a non-negligible contribution to the
total expected signal yield. In particular, H ! W W (! ) !
!"!" decays can lead to Þnal states that are very similar
to H ! ZZ ! !!"" decays. They are found to contribute
signiÞcantly to the signal yield at low mH values. The
expected number of events fromH ! W W (! ) ! !"!" de-
cays relative to that from H ! ZZ ! !!"" decays is 76%
for mH = 200 GeV and 9% for mH = 300 GeV. The kine-
matic selections prevent individual candidates from being
accepted by both searches. TheEmiss

T distribution before
vetoing events with low Emiss

T is shown in Fig. 7.

7 Combination method

The limit-setting procedure uses the power-constrained
proÞle likelihood method known as the Power Constrained
Limit, PCL [13, 14, 64]. This method is preferred to the
more familiar CLs [15] technique because the constraint
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Fig. 7. Distribution of missing transverse energy in the H →
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is more transparently deÞned and it has reduced overcov-
erage resulting in a more precise meaning of the quoted
conÞdence level. The resulting PCL median limits have
been found to be around 20% tighter than those obtained
with the CL s method in several Higgs searches. The ap-
plication of the PCL method to each of the individual
Higgs boson search channels is described in Refs. [7Ð11].
A similar procedure is used here. The individual analyses
are combined by maximising the product of the likelihood
functions for each channel and computing a likelihood ra-
tio. A single signal normalisation parameterµ is used for
all analyses, whereµ is the ratio of the hypothesised cross
section to the expected Standard Model cross section.

Each channel has sources of systematic uncertainty,
some of which are common with other channels. Table 7
lists the common sources of systematic uncertainties, which
are taken to be 100% correlated with other channels. Let
the search channels be labelled byl (l = H ! ##, H !
W W , . . . ), the background contribution, j , to channel l
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Table 5. Numbers of events estimated as background, observed in dataand expected from signal in the H → ZZ → !!qq search
for low mass (mH < 360 GeV) and high mass (mH ≥ 360 GeV) selections. The signal, quoted at two mass points, includes small
contributions from !!!! and !!νν decays. Electron and muon channels are combined. The uncertainties shown are the statistical
and systematic uncertainties, respectively.

Source low mass selection high mass selection
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WZ 2.83 ± 0.05 ± 0.88 0.29 ± 0.02 ± 0.10

Total background 226 ± 4 ± 28 9.9 ± 0.9 ± 1.5
H → ZZ → !!qq 0.60 ± 0.01 ± 0.12 (mH = 200 GeV) 0 .24 ± (< 0.001) ± 0.05 (mH = 400 GeV)
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data. The multi-jet background in the electron channel is
derived from a sample where the electron identiÞcation
requirements are relaxed. In the muon channel, the multi-
jet background is estimated from a simulated sample of
semi-leptonically decayingb- and c-quarks and found to be
negligible after the application of the m!! selection. This
was veriÞed in data using leptons with identical charges.

6.3.2 Results for theH ! ZZ ! !!"" search

The H ! ZZ ! !!"" analysis is performed for Higgs
boson masses between 200 GeV and 600 GeV in steps of
20 GeV. Table 6 summarises the numbers of events ob-
served in the data, the estimated numbers of background
events and the expected numbers of signal events for two
selectedmH values. For the low mass selections, Þve events
are observed in data compared to an expected number of
events from background sources only of 5.8± 0.5± 1.3. The
corresponding results for the high mass selections are Þve
events observed in data compared to an expected yield of
3.5± 0.4± 0.8 events from background sources only. In ad-
dition to the H ! ZZ ! !!"" decays, several other Higgs
boson channels give a non-negligible contribution to the
total expected signal yield. In particular, H ! W W (! ) !
!"!" decays can lead to Þnal states that are very similar
to H ! ZZ ! !!"" decays. They are found to contribute
signiÞcantly to the signal yield at low mH values. The
expected number of events fromH ! W W (! ) ! !"!" de-
cays relative to that from H ! ZZ ! !!"" decays is 76%
for mH = 200 GeV and 9% for mH = 300 GeV. The kine-
matic selections prevent individual candidates from being
accepted by both searches. TheEmiss

T distribution before
vetoing events with low Emiss

T is shown in Fig. 7.

7 Combination method

The limit-setting procedure uses the power-constrained
proÞle likelihood method known as the Power Constrained
Limit, PCL [13, 14, 64]. This method is preferred to the
more familiar CLs [15] technique because the constraint
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is more transparently deÞned and it has reduced overcov-
erage resulting in a more precise meaning of the quoted
conÞdence level. The resulting PCL median limits have
been found to be around 20% tighter than those obtained
with the CL s method in several Higgs searches. The ap-
plication of the PCL method to each of the individual
Higgs boson search channels is described in Refs. [7Ð11].
A similar procedure is used here. The individual analyses
are combined by maximising the product of the likelihood
functions for each channel and computing a likelihood ra-
tio. A single signal normalisation parameterµ is used for
all analyses, whereµ is the ratio of the hypothesised cross
section to the expected Standard Model cross section.

Each channel has sources of systematic uncertainty,
some of which are common with other channels. Table 7
lists the common sources of systematic uncertainties, which
are taken to be 100% correlated with other channels. Let
the search channels be labelled byl (l = H ! ##, H !
W W , . . . ), the background contribution, j , to channel l
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Table 5. Numbers of events estimated as background, observed in dataand expected from signal in the H → ZZ → !!qq search
for low mass (mH < 360 GeV) and high mass (mH ≥ 360 GeV) selections. The signal, quoted at two mass points, includes small
contributions from !!!! and !!νν decays. Electron and muon channels are combined. The uncertainties shown are the statistical
and systematic uncertainties, respectively.

Source low mass selection high mass selection
Z+jets 214 ± 4 ± 27 9.1 ± 0.9 ± 1.4
W+jets 0 .33 ± 0.16 ± 0.17 −

tøt 0.94 ± 0.09 ± 0.25 0.08 ± 0.02 ± 0.03
Multi-jet 3 .81 ± 0.65 ± 1.91 0.11 ± 0.11 ± 0.06

ZZ 3.80 ± 0.10 ± 0.73 0.30 ± 0.03 ± 0.06
WZ 2.83 ± 0.05 ± 0.88 0.29 ± 0.02 ± 0.10

Total background 226 ± 4 ± 28 9.9 ± 0.9 ± 1.5
H → ZZ → !!qq 0.60 ± 0.01 ± 0.12 (mH = 200 GeV) 0 .24 ± (< 0.001) ± 0.05 (mH = 400 GeV)

Observed 216 11

data. The multi-jet background in the electron channel is
derived from a sample where the electron identiÞcation
requirements are relaxed. In the muon channel, the multi-
jet background is estimated from a simulated sample of
semi-leptonically decayingb- and c-quarks and found to be
negligible after the application of the m!! selection. This
was veriÞed in data using leptons with identical charges.

6.3.2 Results for theH ! ZZ ! !!"" search

The H ! ZZ ! !!"" analysis is performed for Higgs
boson masses between 200 GeV and 600 GeV in steps of
20 GeV. Table 6 summarises the numbers of events ob-
served in the data, the estimated numbers of background
events and the expected numbers of signal events for two
selectedmH values. For the low mass selections, Þve events
are observed in data compared to an expected number of
events from background sources only of 5.8± 0.5± 1.3. The
corresponding results for the high mass selections are Þve
events observed in data compared to an expected yield of
3.5± 0.4± 0.8 events from background sources only. In ad-
dition to the H ! ZZ ! !!"" decays, several other Higgs
boson channels give a non-negligible contribution to the
total expected signal yield. In particular, H ! W W (! ) !
!"!" decays can lead to Þnal states that are very similar
to H ! ZZ ! !!"" decays. They are found to contribute
signiÞcantly to the signal yield at low mH values. The
expected number of events fromH ! W W (! ) ! !"!" de-
cays relative to that from H ! ZZ ! !!"" decays is 76%
for mH = 200 GeV and 9% for mH = 300 GeV. The kine-
matic selections prevent individual candidates from being
accepted by both searches. TheEmiss

T distribution before
vetoing events with low Emiss

T is shown in Fig. 7.

7 Combination method

The limit-setting procedure uses the power-constrained
proÞle likelihood method known as the Power Constrained
Limit, PCL [13, 14, 64]. This method is preferred to the
more familiar CLs [15] technique because the constraint
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Fig. 7. Distribution of missing transverse energy in the H →
ZZ → !!νν search in the electron channel before vetoing events
with low Emiss

T . The expected yield for a Higgs boson with
mH = 400 GeV is also shown.

is more transparently deÞned and it has reduced overcov-
erage resulting in a more precise meaning of the quoted
conÞdence level. The resulting PCL median limits have
been found to be around 20% tighter than those obtained
with the CL s method in several Higgs searches. The ap-
plication of the PCL method to each of the individual
Higgs boson search channels is described in Refs. [7Ð11].
A similar procedure is used here. The individual analyses
are combined by maximising the product of the likelihood
functions for each channel and computing a likelihood ra-
tio. A single signal normalisation parameterµ is used for
all analyses, whereµ is the ratio of the hypothesised cross
section to the expected Standard Model cross section.

Each channel has sources of systematic uncertainty,
some of which are common with other channels. Table 7
lists the common sources of systematic uncertainties, which
are taken to be 100% correlated with other channels. Let
the search channels be labelled byl (l = H ! ##, H !
W W , . . . ), the background contribution, j , to channel l

After parametrizing each 
component of the mixture 
model, the pdf for a single 
channel might look like this



Kyle Cranmer (NYU)

Center for 
Cosmology and 
Particle Physics

Lund Stats Lectures, November, 2012

Simultaneous multi-channel model

Simultaneous Multi-Channel Model:  Several disjoint regions of 
the data are modeled simultaneously.  Identification of common 
parameters across many channels requires coordination between 
groups such that meaning of the parameters are really the same.

where

Control Regions: Some channels are not populated by signal 
processes, but are used to constrain the nuisance parameters

! convert ‘bad’ systematics into ‘good’ systematics
! Prototypical Example: “on/off” problem with unknown 
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Dsim = {D 1, . . . , Dcmax }

fsim(Dsim|! ) =
!

c! channels

"

Pois(nc|! c(! ))
n c!

e=1

f c(xce|! )

#

! b

f (n,m|µ, ⌫b) = Pois( n|µ + ⌫b)! "# $
signal region

áPois(m|⌧⌫b)! "# $
control region
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Constraint terms

Often detailed statistical model for auxiliary measurements that 
measure certain nuisance parameters are not available. 

! one typically has MLE for " p, denoted ap and standard error
Constraint Terms:  are idealized densities for the MLE.

! common choices are Gaussian, Poisson, and log-normal 
! New: careful to write constraint term a frequentist way.  
! Previously:                                            with uniform η

Simultaneous Multi-Channel Model with constraints:  

where

15

fp(ap|↵p) for p 2 S

for p 2 SDsim = {D 1, . . . , Dcmax } G = {ap},

f tot (Dsim ,G|↵) =

Y

c2channels

"
Pois(nc|⌫c(↵))

ncY

e=1

fc(xce|↵)

#
á
Y

p2S

fp(ap|↵p)

⇡(↵p|ap) = fp(ap|↵p)⌘(↵p)
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Conceptual building blocks
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Probability models can be constructed to simultaneously describe several channels, that is several
disjoint regions of the data deÞned by the associated selection criteria. I will usee as the index over
events andc as the index over channels. Thus, the number of events in thecth channel isnc and the
value of theeth event in thecth channel isxce. In this context, the data is a collection of smaller datasets:
Dsim = {D1, . . . , Dcmax } = {{xc=1 ,e=1 . . . xc=1 ,e= n

c

}, . . . {xc= cmax ,e=1 . . . xc= cmax ,e= n
cmax

}}. In RooFit
the indexc is referred to as aRooCategory and it is used to inside the dataset to differentiate events as-
sociated to different channels or categories. The classRooSimultaneous associates the datasetDc with
the corresponding marked Poisson model. The key point here is that there are now multiple Poisson
terms. Thus we can write the combined (or simultaneous) model

fsim(Dsim|! ) =
!

c2channels

"

Pois(nc|" (! ))
n

c!

e=1

f (xce|! )

#

, (2)

remembering that the symbol product over channels has implications for the structure of the dataset.

Experiment

Ensemble

Channel
c !  channels

f
c
 (x | ! )

Event
e !  events

{1Én
c
}

Observable(s)
x
ec

Sample
s !  samples

Distribution
f
sc

 (x | ! )

Expected Number of Events
"
s
 

Constraint Term
f
p
(a

p
 | !

p 
)

p !  parameters with constraints

global observable
a

Parameter
! , #, $

Shape Variation
f
scp

(x | !
p
 = X )

A

B

C

Legend:
A "has many" Bs. 
B "has a" C.
Dashed is optional.

Fig. 1: A schematic diagram of the logical structure of a typical particle physics probability model and dataset
structures.

2.2 Auxiliary measurements

Auxiliary measurements or control regions can be used to estimate or reduce the effect of systematic
uncertainties. The signal region and control region are not fundamentally different. In the language that
we are using here, they are just two different channels.

A common example is a simple counting experiment with an uncertain background. In the fre-
quentist way of thinking, the true, unknown background in the signal region is a nuisance parameter,
which I will denote" B .5 If we call the true, unknown signal rate" S and the number of events in the
signal regionnSR then we can write the modelPois(nSR|" S + " B ). As long as" B is a free parameter,

5Note, you can think of a counting experiment in the context of Eq. 1 withf (x) = 1 , thus it reduces to just the Poisson
term.

5

Constrained Unconstrained
Normalization Variation OverallSys (⌘cs) NormFactor (�p)
Coherent Shape Variation HistoSys �csb –
Bin-by-bin variation ShapeSys& StatError �cb ShapeFactor �csb

Table 1: Conceptual building blocks for constructing more complicated PDFs: parameters.

2 The Likelihood Template

2.1 Index Convention

In what follows we use the term channel as a region of the data defined by the corresponding
event selection, as opposed to a particular scattering process. The channels are required to
have disjoint event selection requirements. We use the term sample for a set of scattering
processes that can be added together incoherently; thus scattering processes that interfere
quantum mechanically must be considered in the same sample.

We will use the following mnemonic index conventions:

¥ e2 events

¥ b2 bins

¥ c 2 channels

¥ s 2 samples

¥ p 2 parameters

We define the following subsets of parameters N = {�p} the unconstrained normalization
factors (ie. NormFactor), S = {↵p} the parameters associated to systematic that have ex-
ternal constraints (ie. OverallSys and HistoSys ), ! = { �csb} (the bin-by-bin uncertainties
with constraints (statistical errors, ShapeSysbut not those associated to an unconstrained
ShapeFactor). We also use greek symbols for parameters of the model and roman symbols
for observable quantities with a frequentist notion of probability.

2.2 The Template

The parametrized probability density function constructed by the HistFactory is of a con-
crete form, but su�ciently flexible to describe many analyses based on template histograms.
In general, the HistFactory produces probability density functions of the form

P(nc, xe, ap | �p,↵p, �b) =
!

c! channels

"

Pois(nc|⌫c)
nc!

e=1

f c(xe|↵)

#

áG(L 0|�,�L ) á
!

p! S+ �

f p(ap|↵p) (5)

where f p(ap|↵p) is a constraint term describing an auxiliary measurement ap that constrains
the nuisance parameter ↵p (see Section 4.2). Denote the bin containing xe as be. We have
the following expression for the expected (mean) number of events in a given bin

⌫cb(�p,↵p, �b) = �cs �cb�cs(↵) ⌘cs(↵) �csb(↵) , (6)

4
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Table 5. Numbers of events estimated as background, observed in dataand expected from signal in the H → ZZ → !!qq search
for low mass (mH < 360 GeV) and high mass (mH ≥ 360 GeV) selections. The signal, quoted at two mass points, includes small
contributions from !!!! and !!νν decays. Electron and muon channels are combined. The uncertainties shown are the statistical
and systematic uncertainties, respectively.

Source low mass selection high mass selection
Z+jets 214 ± 4 ± 27 9.1 ± 0.9 ± 1.4
W+jets 0 .33 ± 0.16 ± 0.17 −

tøt 0.94 ± 0.09 ± 0.25 0.08 ± 0.02 ± 0.03
Multi-jet 3 .81 ± 0.65 ± 1.91 0.11 ± 0.11 ± 0.06

ZZ 3.80 ± 0.10 ± 0.73 0.30 ± 0.03 ± 0.06
WZ 2.83 ± 0.05 ± 0.88 0.29 ± 0.02 ± 0.10

Total background 226 ± 4 ± 28 9.9 ± 0.9 ± 1.5
H → ZZ → !!qq 0.60 ± 0.01 ± 0.12 (mH = 200 GeV) 0 .24 ± (< 0.001) ± 0.05 (mH = 400 GeV)

Observed 216 11

data. The multi-jet background in the electron channel is
derived from a sample where the electron identiÞcation
requirements are relaxed. In the muon channel, the multi-
jet background is estimated from a simulated sample of
semi-leptonically decayingb- and c-quarks and found to be
negligible after the application of the m!! selection. This
was veriÞed in data using leptons with identical charges.

6.3.2 Results for theH ! ZZ ! !!"" search

The H ! ZZ ! !!"" analysis is performed for Higgs
boson masses between 200 GeV and 600 GeV in steps of
20 GeV. Table 6 summarises the numbers of events ob-
served in the data, the estimated numbers of background
events and the expected numbers of signal events for two
selectedmH values. For the low mass selections, Þve events
are observed in data compared to an expected number of
events from background sources only of 5.8± 0.5± 1.3. The
corresponding results for the high mass selections are Þve
events observed in data compared to an expected yield of
3.5± 0.4± 0.8 events from background sources only. In ad-
dition to the H ! ZZ ! !!"" decays, several other Higgs
boson channels give a non-negligible contribution to the
total expected signal yield. In particular, H ! W W (! ) !
!"!" decays can lead to Þnal states that are very similar
to H ! ZZ ! !!"" decays. They are found to contribute
signiÞcantly to the signal yield at low mH values. The
expected number of events fromH ! W W (! ) ! !"!" de-
cays relative to that from H ! ZZ ! !!"" decays is 76%
for mH = 200 GeV and 9% for mH = 300 GeV. The kine-
matic selections prevent individual candidates from being
accepted by both searches. TheEmiss

T distribution before
vetoing events with low Emiss

T is shown in Fig. 7.

7 Combination method

The limit-setting procedure uses the power-constrained
proÞle likelihood method known as the Power Constrained
Limit, PCL [13, 14, 64]. This method is preferred to the
more familiar CLs [15] technique because the constraint
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Fig. 7. Distribution of missing transverse energy in the H →
ZZ → !!νν search in the electron channel before vetoing events
with low Emiss

T . The expected yield for a Higgs boson with
mH = 400 GeV is also shown.

is more transparently deÞned and it has reduced overcov-
erage resulting in a more precise meaning of the quoted
conÞdence level. The resulting PCL median limits have
been found to be around 20% tighter than those obtained
with the CL s method in several Higgs searches. The ap-
plication of the PCL method to each of the individual
Higgs boson search channels is described in Refs. [7Ð11].
A similar procedure is used here. The individual analyses
are combined by maximising the product of the likelihood
functions for each channel and computing a likelihood ra-
tio. A single signal normalisation parameterµ is used for
all analyses, whereµ is the ratio of the hypothesised cross
section to the expected Standard Model cross section.

Each channel has sources of systematic uncertainty,
some of which are common with other channels. Table 7
lists the common sources of systematic uncertainties, which
are taken to be 100% correlated with other channels. Let
the search channels be labelled byl (l = H ! ##, H !
W W , . . . ), the background contribution, j , to channel l
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where be is the index of the bin containing xe and �be is the width of that same bins. Note,

because the f(x) are normalized to unity we have S =
P

b⌫
sig
b and B =

P
b⌫

bkg
b .

Formally one can either write the probability model in terms of a product over Poisson
distributions for each bin of the histogram, or one can also continue to use the unbinned
expression above recognizing that the shapes f(x) look like histograms (ie. they are discon-
tinuous at the bin boundaries and constant between them). Technically, the HistFactory
makes a model that looks more like the unbinned expression with a single RooAbsPdf that
is “extended” with a discontinuous shape in x. Nevertheless, it can be more convenient to
express the model in terms of the individual bins. Then we have

P(nb|µ) = Pois(ntot |µS +B)

"
Y

b! bins

µ⌫

sig
b + ⌫

bkg
b

µS +B

#
= Ncomb

Y

b! bins

Pois(nb|µ⌫sig
b + ⌫

bkg
b ) , (4)

where nb is the data histogram and Ncomb is a combinatorial factor that can be neglected
since it is constant. Similarly, denote the data histogram is nb.

1.2 Generalizations and Use-Cases

Based on the discussion above, we want to generalize the model in the following ways:

• Ability to include multiple signal and background samples

• Ability to include unconstrained scaling of the normalization of any sample (as was
done with µ)

• Ability to parametrize variation in the normalization of any sample due to some sys-
tematic e↵ect

• Ability to parameterize variations in the shape of any sample due to some systematic
e↵ect

• Ability to include bin-by-bin statistical uncertainty on the normalization of any sample

• Ability to incorporate an arbitrary contribution where each bin’s content is parametrized
individually

• Ability to combine multiple channels (regions of the data defined by disjoint event
selections) and correlate the parameters across the various channels

• Ability to use the combination infrastructure to incorporate control samples for data-
driven background estimation techniques

• Ability to reparametrize the model

Constrained Unconstrained
Normalization Variation OverallSys (⌘cs) NormFactor (�p)
Coherent Shape Variation HistoSys �csb –
Bin-by-bin variation ShapeSys& StatError �cb ShapeFactor �csb

Table 1: Conceptual building blocks for constructing more complicated PDFs: parameters.
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where be is the index of the bin containing xe and �be is the width of that same bins. Note,
because the f (x) are normalized to unity we have S =

P
b ! sig

b

and B =
P

b ! bkg

b

.

Formally one can either write the probabili ty model in terms of a product over Poisson
distributions for each bin of the histogram, or one can also continue to use the unbinned
expression above recognizing that the shapes f (x) look like histograms (ie. they are discon-
tinuous at the bin boundaries and constant between them). Technically, the HistFactory

makes a model that looks more like the unbinned expression with a single RooAbsPdf that
is ÒextendedÓwith a discontinuous shape in x . Nevertheless, i t can be more convenient to
express the model in terms of the individual bins. Then we have

P(nb|µ) = Pois(n
tot

|µS + B )

"
Y

b2bins

µ! sig

b + ! bkg

b

µS + B

#
= N

comb

Y

b2bins
Pois(nb|µ! sig

b + ! bkg

b ) , (4)

where nb is the data histogram and N
comb

is a combinatorial factor that can be neglected
since it is constant . Similarly, denote the data histogram is nb .

1.2 Generalizations and Use-Cases

Based on the discussion above, we want to generalize the model in the following ways:

• Abili ty to include multiple signal and background samples

• Abili ty to include unconstrained scaling of the normalization of any sample (as was
done with µ)

• Abili ty to parametrize variation in the normalization of any sample due to some sys-
tematic e↵ect

• Abili ty to parameterize variations in the shape of any sample due to some systematic
e↵ect

• Abili ty to include bin-by-bin statist ical uncertainty on the normalization of any sample

• Abili ty to incorporatean arbitrary contribution whereeach binÕs content is parametrized
individually

• Abili ty to combine multiple channels (regions of the data deÞned by disjoint event
selections) and correlate the parameters across the various channels

• Abili ty to use the combination infrastructure to incorporate control samples for data-
driven background est imation techniques

• Abili ty to reparametrize the model

Constrained Unconstrained
Normalization Variation OverallSys (" cs) NormFactor (#p)
Coherent Shape Variation HistoSys $csb –
Bin-by-bin variation ShapeSys & StatError %cb ShapeFactor %csb

Table 1: Conceptual building blocks for constructing more complicated PDFs: parameters.
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Normalization Variation OverallSys (⌘cs) NormFactor (�p)
Coherent Shape Variation HistoSys �csb –
Bin-by-bin variation ShapeSys& StatError �cb ShapeFactor �csb

Table 1: Conceptual building blocks for constructing more complicated PDFs: parameters.

2 The Likelihood Template

2.1 Index Convention

In what follows we use the term channel as a region of the data defined by the corresponding
event selection, as opposed to a particular scattering process. The channels are required to
have disjoint event selection requirements. We use the term sample for a set of scattering
processes that can be added together incoherently; thus scattering processes that interfere
quantum mechanically must be considered in the same sample.

We will use the following mnemonic index conventions:

• e2 events

• b2 bins

• c 2 channels

• s 2 samples

• p 2 parameters

We define the following subsets of parameters:

• N = {�p} the unconstrained normalization factors (ie. NormFactor),

• S = {↵p} the parameters associated to systematic that have external constraints (ie.
OverallSys and HistoSys ),

• ! = {�csb} (the bin-by-bin uncertainties with constraints (statistical errors, ShapeSys
but not those associated to an unconstrained ShapeFactor).

We also use greek symbols for parameters of the model and roman symbols for observable
quantities with a frequentist notion of probability.

2.2 The Template

The parametrized probability density function constructed by the HistFactory is of a con-
crete form, but su! ciently flexible to describe many analyses based on template histograms.
In general, the HistFactory produces probability density functions of the form

P(nc, xe, ap |�cs,↵p, �csb) =
!

c! channels

"

Pois(nc|⌫c)
nc!

e=1

f c(xe|! )

#

· G(L 0|�, " L) ·
!

p! S+ !

f p(ap|↵p) (5)

4

1 Introduction

It is often said that the language of science is mathematics. It could well be said that the language of
experimental science is statistics. It is through statistical concepts that we quantify the correspondence
between theoretical predictions and experimental observations. While the statistical analysis of the data
is often treated as a final subsidiary step to an experimental physics result, a more direct approach would
be quite the opposite. In fact, thinking through the requirements for a robust statistical statement is an
excellent way to organize an analysis strategy.

In these lecture notes1 I will devote significant attention to the strategies used in high-energy
physics for developing a statistical model of the data. This modeling stage is where you inject your
understanding of the physics. I like to think of the modeling stage in terms of a conversation. When
your colleague asks you over lunch to explain your analysis, you tell a story. It is a story about the signal
and the backgrounds – are they estimated using Monte Carlo simulations, a side-band, or some data-
driven technique? Is the analysis based on counting events or do you use some discriminating variable,
like an invariant mass or perhaps the output of a multivariate discriminant? What are the dominant
uncertainties in the rate of signal and background events and how do you estimate them? What are the
dominant uncertainties in the shape of the distributions and how do you estimate them? The answer to
these questions forms a scientiÞc narrative; the more convincing this narrative is the more convincing
your analysis strategy is. The statistical model is the mathematical representation of this narrative and
you should strive for it to be as faithful a representation as possible.

Once you have constructed a statistical model of the data, the actual statistical procedures should
be relatively straight forward. In particular, the statistical tests can be written for a generic statistical
model without knowledge of the physics behind the model. The goal of the RooStats project was
precisely to provide statistical tools based on an arbitrary statistical model implemented with the RooFit
modeling language. While the formalism for the statistical procedures can be somewhat involved, the
logical justification for the procedures is based on a number of abstract properties for the statistical
procedures. One can follow the logical argument without worrying about the detailed mathematical
proofs that the procedures have the required properties. Within the last five years there has been a
significant advance in the field’s understanding of certain statistical procedures, which has led to to some
commonalities in the statistical recommendations by the major LHC experiments. I will review some of
the most common statistical procedures and their logical justification.

2 Conceptual building blocks for modeling

2.1 Probability densities and the likelihood function

This section specifies my notations and conventions, which I have chosen with some care.2 Our statistical
claims will be based on the outcome of an experiment. When discussing frequentist probabilities, one
must consider ensembles of experiments, which may either be real, based on computer simulations, or
mathematical abstraction.

Figure 1 establishes a hierarchy that is fairly general for the context of high-energy physics. Imag-
ine the search for the Higgs boson, in which the search is composed of several “channels” indexed by c.
Here a channel is defined by its associated event selection criteria, not an underlying physical process.
In addition to the number of selected events, nc, each channel may make use of some other measured
quantity, xc, such as the invariant mass of the candidate Higgs boson. The quantities will be called “ob-
servables” and will be written in roman letters e.g. xc. The notation is chosen to make manifest that the
observable x is frequentist in nature. Replication of the experiment many times will result in different

1These notes borrow significantly from other documents that I am writing contemporaneously; specifically Ref. [1], docu-
mentation for HistFactory [2] and the ATLAS Higgs combination.

2As in the case of relativity, notational conventions can make some properties of expressions manifest and help identify
mistakes. For example, g

µ⌫

xµy⌫ is manifestly Lorentz invariant and xµ + y
⌫

is manifestly wrong.
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2 The Likelihood Template

2.1 Index Convention

In w hat fo llo w s w e u s e t he t er mchannel as a r egio n o f t he dat a deÞn ed by t he co r r es p o n din g
ev en t s elect io n , as o p p o s ed t o a p ar t icu lar s cat t er in g p r o ces s . Thechannels ar e r eq u ir ed t o
hav e dis jo in t ev en t s elect io n r eq u ir emen t s . We u s e t he t er msample fo r a s et o f s cat t er in g
p r o ces s es t hat can be added t o get her in co her en t ly ; t hu s s cat t er in g p r o ces s es t hat in t er fer e
q u an t u m mechan ically mu s t be co n s ider ed in t he s ame s amp le.

We w ill u s e t he fo llo w in g mn emo n ic in dex co n v en t io n s :

¥ e ! ev en t s

¥ b ! bin s

¥ c ! chan n els

¥ s ! s amp les

¥ p ! p ar amet er s

We deÞn e t he fo llo w in g s u bs et s o f p ar amet er sN = { ! p} t he u n co n s t r ain ed n o r maliz at io n
fact o r s (ie.NormFactor), S = { " p} t he p ar amet er s as s o ciat ed t o s y s t emat ic t hat hav e ex -
t er n al co n s t r ain t s (ie.OverallSys an dHistoSys ), ! = { #csb} (t he bin -by -bin u n cer t ain t ies
w it h co n s t r ain t s (s t at is t ical er r o r s ,ShapeSysbu tnot t ho s e as s o ciat ed t o an u n co n s t r ain ed
ShapeFactor). We als o u s e gr eek s y mbo ls fo r p ar amet er s o f t he mo del an d r o man s y mbo ls
fo r o bs er v able q u an t it ies w it h a fr eq u en t is t n o t io n o f p r o babilit y .

2.2 The Template

The p ar amet r iz ed p r o babilit y den s it y fu n ct io n co n s t r u ct ed by t heHistFactory is o f a co n -
cr et e fo r m, bu t s u! cien t ly ßex ible t o des cr ibe man y an aly s es bas ed o n t emp lat e his t o gr ams .
In gen er al, t heHistFactory p r o du ces p r o babilit y den s it y fu n ct io n s o f t he fo r m

P(nc, xe, ap | ! p, " p, #b) =
!

c! channels

"

Po is (nc|$c)
nc!

e=1

f c(xe|! )

#

áG(L 0|%, " L ) á
!

p! S+ !

f p(ap|" p) (5)

w her ef p(ap|" p) is a co n s t r ain t t er m des cr ibin g an au x iliar y meas u r emen tap t hat co n s t r ain s
t he n u is an ce p ar amet er" p (s ee Sect io n 4.2). Den o t e t he bin co n t ain in gxe as be. We hav e
t he fo llo w in g ex p r es s io n fo r t he ex p ect ed (mean ) n u mber o f ev en t s in a giv en bin

$cb(! p, " p, #b) = %cs #cb ! cs(! ) &cs(! ) ' csb(! ) , (6)

w her e t he mean in g o f t he v ar io u s t er ms is des cr ibed belo w an d t he s p eciÞc in t er p o lat io n
algo r it hms ar e des cr ibed in Sect io n 4.1. The mean n u mber o f ev en t s in each bin imp lies t he
fo llo w in g p r o babilit y den s it y

f c(xe|! p, " p, #b) =
$cbe

$c
w it h $c =

$

b! bins of channel c

$cb (7)

It is p er hap s mo r e co n v en ien t t o t hin k o f t he likeliho o d as a p r o du ct o v er bin s

P(ncb, ap | ! p, " p, #b) =
!

c! channels

!

b! bins

Po is (ncb|$cb) áG(L 0|%, " L ) á
!

p! S+ !

f p(ap|" p)
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Constrained Unconstrained
Normalization Variation OverallSys (! cs) NormFactor (" p)
Coherent Shape Variation HistoSys #csb Ð
Bin-by-bin variation ShapeSys& StatError $cb ShapeFactor $csb

Table 1: Conceptual building blocks for constructing more complicated PDFs: parameters.

2 The Likelihood Template

2.1 Index Convention

In what follows we use the termchannel as a region of the data deÞned by the corresponding
event selection, as opposed to a particular scattering process. Thechannels are required to
have disjoint event selection requirements. We use the termsample for a set of scattering
processes that can be added together incoherently; thus scattering processes that interfere
quantum mechanically must be considered in the same sample.

We will use the following mnemonic index conventions:

¥ e ! events

¥ b ! bins

¥ c ! channels

¥ s ! samples

¥ p ! parameters

We deÞne the following subsets of parameters:

¥ N = { " p} the unconstrained normalization factors (ie. NormFactor),

¥ S = { %p} the parameters associated to systematic that have external constraints (ie.
OverallSys and HistoSys ),

¥ ! = { $csb} (the bin-by-bin uncertainties with constraints (statistical errors, ShapeSys
but not those associated to an unconstrainedShapeFactor).

We also use greek symbols for parameters of the model and roman symbols for observable
quantities with a frequentist notion of probability.

2.2 The Template

The parametrized probability density function constructed by the HistFactory is of a con-
crete form, but su�ciently ßexible to describe many analyses based on template histograms.
In general, the HistFactory produces probability density functions of the form

P(nc, xe, ap | " cs, %p, $csb) =
!

c2channels

"

Pois(nc|&c)
nc!

e=1

f c(xe|! )

#

áG(L
0

|' ,�L ) á
!

p2S+!

f p(ap|%p) (5)
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where f p(ap|! p) is a constraint term describing an auxiliary measurementap that constrains
the nuisance parameter! p (see Section 4.2). Denote the bin containingxe as be. We have
the following expression for the expected (mean) number of events in a given bin

" cb(#cs, ! p, $csb) = %cs $csb#cs(! ) &cs(! ) ' csb(! ) , (6)

where the meaning of the various terms is described below and the speciÞc interpolation
algorithms are described in Section 4.1. The mean number of events in each bin implies the
following probability density

f c(xe|#cs, ! p, $csb) =
" cbe

" c
with " c =

!

b! bins of channel c

" cb (7)

It is perhaps more convenient to think of the likelihood as a product over bins

P(ncb, ap | #cs, ! p, $csb) =
"

c! channels

"

b! bins

Pois(ncb|" cb) áG(L 0|%,�L ) á
"

p! S+ !

f p(ap|! p)

¥ %cs - luminosity parameter for a given channel and sample. Within a given channel
this parameter is a common luminosity parameter for all the samples that include
luminosity uncertainty (i.e.. NormalizeByTheory="True" ). For all the samples with
NormalizeByTheory="False" it is Þxed to the nominal luminosity %cs = L 0.

¥ $csbe - Bin-by-bin scale factor used for statistical uncertainties, bin-by-bin shape system-
atics (ShapeSys), and data-driven shape extrapolations (ShapeFactor). For statistical
errors, the $csbe is shared for all the samples in the channel (ie. subscripts can be
omitted). For samples that do not have any bin-by-bin scale factors$csbe = 1.

¥ #cs - Product of unconstrained normalization factors for a given sample within a given
channel. These typically include the parameter of interest, eg. the signal cross-section
or branching ratio.

#cs =
"

p! Nc

#p (8)

¥ &cs(! ) - The parametrized normalization uncertainties (ie. OverallSys ) for a given
sample within a given channel (a factor around 1).

¥ ' csbe - The parametrized histogram (ie. the nominal histogram and theHistoSys ) for
a given sample within a given channel.

2.2.1 Incorporating Monte Carlo statistical uncertainty on the histogram templates

The histogram based approach described above are based Monte Carlo simulations of full
detector simulation. These simulations are very computationally intensive and often the
histograms are sparsely populated. In this case the histograms are not good descriptions
of the underlying distribution, but are estimates of that distribution with some statistical
uncertainty. Barlow and Beeston outlined a treatment of this situation in which each bin of
each sample is given a nuisance parameter for the true rate, which is then Þt using both the
data measurement and the Monte Carlo estimate [?]. This approach would lead to several
hundred nuisance parameters in the current analysis. Instead, theHistFactory employs a
lighter weight version in which there is only one nuisance parameter per bin associated with

5

w her ef p(ap|! p) is a co n s t r ain t t er m des cr ibin g an au x iliar y meas u r emen tap t hat co n s t r ain s
t he n u is an ce p ar amet er! p (s ee Sect io n 4.2). Den o t e t he bin co n t ain in gxe as be. We hav e
t he fo llo w in g ex p r es s io n fo r t he ex p ect ed (mean ) n u mber o f ev en t s in a giv en bin

" cb(#cs, ! p, $csb) = %cs $csb#cs(! ) &cs(! ) ' csb(! ) , (6)

w her e t he mean in g o f t he v ar io u s t er ms is des cr ibed belo w an d t he s p eciÞc in t er p o lat io n
algo r it hms ar e des cr ibed in Sect io n 4.1. The mean n u mber o f ev en t s in each bin imp lies t he
fo llo w in g p r o babilit y den s it y

f c(xe|#cs, ! p, $csb) =
" cbe

" c
w it h " c =

!

b! bins of channel c

" cb (7)

It is p er hap s mo r e co n v en ien t t o t hin k o f t he likeliho o d as a p r o du ct o v er bin s

P(ncb, ap | #cs, ! p, $csb) =
"

c! channels

"

b! bins

Po is (ncb|" cb) áG(L 0|%, �L ) á
"

p! S+ !

f p(ap|! p)

¥ %cs - lu min o s it y p ar amet er fo r a giv en chan n el an d s amp le. Wit hin a giv en chan n el
t his p ar amet er is a co mmo n lu min o s it y p ar amet er fo r all t he s amp les t hat in clu de
lu min o s it y u n cer t ain t y (i.e..NormalizeByTheory="True" ). Fo r all t he s amp les w it h
NormalizeByTheory="False" it is Þx ed t o t he n o min al lu min o s it y%cs = L 0.

¥ $csbe - Bin -by -bin s cale fact o r u s ed fo r s t at is t ical u n cer t ain t ies , bin -by -bin s hap e s y s t em-
at ics (ShapeSys), an d dat a-dr iv en s hap e ex t r ap o lat io n s (ShapeFactor). Fo r s t at is t ical
er r o r s , t he$csbe is s har ed fo r all t he s amp les in t he chan n el (ie. s u bs cr ip ts can be
o mit t ed). Fo r s amp les t hat do n o t hav e an y bin -by -bin s cale fact o r s$csbe = 1.

¥ #cs - Pr o du ct o f u n co n s t r ain ed n o r maliz at io n fact o r s fo r a giv en s amp le w it hin a giv en
chan n el. Thes e t y p ically in clu de t he p ar amet er o f in t er es t , eg. t he s ign al cr o s s -s ect io n
o r br an chin g r at io .

#cs =
"

p! Nc

#p (8)

¥ &cs(! ) - The p ar amet r iz ed n o r maliz at io n u n cer t ain t ies (ie.OverallSys ) fo r a giv en
s amp le w it hin a giv en chan n el (a fact o r ar o u n d 1).

¥ ' csbe - The p ar amet r iz ed his t o gr am (ie. t he n o min al his t o gr am an d t heHistoSys ) fo r
a giv en s amp le w it hin a giv en chan n el.

2.2.1 Incorporating Monte Carlo statistical uncertainty on the histogram templates

The his t o gr am bas ed ap p r o ach des cr ibed abo v e ar e bas ed Mo n t e Car lo s imu lat io n s o f fu ll
det ect o r s imu lat io n . Thes e s imu lat io n s ar e v er y co mp u t at io n ally in t en s iv e an d o ft en t he
his t o gr ams ar e s p ar s ely p o p u lat ed. In t his cas e t he his t o gr ams ar e n o t go o d des cr ip t io n s
o f t he u n der ly in g dis t r ibu t io n , bu t ar e es t imat es o f t hat dis t r ibu t io n w it h s o me s t at is t ical
u n cer t ain t y . Bar lo w an d Bees t o n o u t lin ed a t r eat men t o f t his s it u at io n in w hich each bin o f
each s amp le is giv en a n u is an ce p ar amet er fo r t he t r u e r at e, w hich is t hen Þt u s in g bo t h t he
dat a meas u r emen t an d t he Mo n t e Car lo es t imat e [?]. This ap p r o ach w o u ld lead t o s ev er al
hu n dr ed n u is an ce p ar amet er s in t he cu r r en t an aly s is . In s t ead, t heHistFactory emp lo y s a
light er w eight v er s io n in w hich t her e is o n ly o n e n u is an ce p ar amet er p er bin as s o ciat ed w it h
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where f p(ap|! p) is a constraint term describing an auxiliary measurement ap that constrains
the nuisance parameter ! p (see Section 4.2). Denote the bin containing xe as be. We have
the following expression for the expected (mean) number of events in a given bin

" cb(#cs, ! p, $csb) = %cs $csb#cs(! )&cs(! ) ' csb(! ) , (6)

where the meaning of the various terms is described below and the specific interpolation
algorithms are described in Section 4.1. The mean number of events in each bin implies the
following probability density

f c(xe|#cs, ! p, $csb) =
" cbe

" c
with " c =

!

b! bins of channel c

" cb (7)

It is perhaps more convenient to think of the likelihood as a product over bins

P(ncb, ap | #cs, ! p, $csb) =
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b! bins

Pois(ncb|" cb) áG(L
0

|%, ! L ) á
"

p! S+�

f p(ap|! p)

¥ %cs - luminosity parameter for a given channel and sample. Within a given channel
this parameter is a common luminosity parameter for all the samples that include
luminosity uncertainty (i.e.. NormalizeByTheory="True" ). For all the samples with
NormalizeByTheory="False" it is fixed to the nominal luminosity %cs = L

0

.

¥ $csbe - Bin-by-bin scale factor used for statistical uncertainties, bin-by-bin shape system-
atics (ShapeSys), and data-driven shape extrapolations (ShapeFactor). For statistical
errors, the $csbe is shared for all the samples in the channel (ie. subscript s can be
omitted). For samples that do not have any bin-by-bin scale factors $csbe = 1.

¥ #cs - Product of unconstrained normalization factors for a given sample within a given
channel. These typically include the parameter of interest, eg. the signal cross-section
or branching ratio.

#cs =
"

p! Nc

#p (8)

¥ &cs(! ) - The parametrized normalization uncertainties (ie. OverallSys ) for a given
sample within a given channel (a factor around 1).

¥ ' csbe - The parametrized histogram (ie. the nominal histogram and the HistoSys ) for
a given sample within a given channel.

2.2.1 Incorporating Monte Carlo statistical uncertainty on the histogram templates

The histogram based approach described above are based Monte Carlo simulations of full
detector simulation. These simulations are very computationally intensive and often the
histograms are sparsely populated. In this case the histograms are not good descriptions
of the underlying distribution, but are estimates of that distribution with some statistical
uncertainty. Barlow and Beeston outlined a treatment of this situation in which each bin of
each sample is given a nuisance parameter for the true rate, which is then fit using both the
data measurement and the Monte Carlo estimate [?]. This approach would lead to several
hundred nuisance parameters in the current analysis. Instead, the HistFactory employs a
lighter weight version in which there is only one nuisance parameter per bin associated with
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2 The Likelihood Template

2.1 Index Convention

In w hat fo llo w s w e u s e t he t er mchannel as a r egio n o f t he dat a deÞn ed by t he co r r es p o n din g
ev en t s elect io n , as o p p o s ed t o a p ar t icu lar s cat t er in g p r o ces s . Thechannels ar e r eq u ir ed t o
hav e dis jo in t ev en t s elect io n r eq u ir emen t s . We u s e t he t er msample fo r a s et o f s cat t er in g
p r o ces s es t hat can be added t o get her in co her en t ly ; t hu s s cat t er in g p r o ces s es t hat in t er fer e
q u an t u m mechan ically mu s t be co n s ider ed in t he s ame s amp le.

We w ill u s e t he fo llo w in g mn emo n ic in dex co n v en t io n s :

¥ e ! ev en t s

¥ b ! bin s

¥ c ! chan n els

¥ s ! s amp les

¥ p ! p ar amet er s

We deÞn e t he fo llo w in g s u bs et s o f p ar amet er sN = { ! p} t he u n co n s t r ain ed n o r maliz at io n
fact o r s (ie.NormFactor), S = { " p} t he p ar amet er s as s o ciat ed t o s y s t emat ic t hat hav e ex -
t er n al co n s t r ain t s (ie.OverallSys an dHistoSys ), ! = { #csb} (t he bin -by -bin u n cer t ain t ies
w it h co n s t r ain t s (s t at is t ical er r o r s ,ShapeSysbu tnot t ho s e as s o ciat ed t o an u n co n s t r ain ed
ShapeFactor). We als o u s e gr eek s y mbo ls fo r p ar amet er s o f t he mo del an d r o man s y mbo ls
fo r o bs er v able q u an t it ies w it h a fr eq u en t is t n o t io n o f p r o babilit y .

2.2 The Template

The p ar amet r iz ed p r o babilit y den s it y fu n ct io n co n s t r u ct ed by t heHistFactory is o f a co n -
cr et e fo r m, bu t s u! cien t ly ßex ible t o des cr ibe man y an aly s es bas ed o n t emp lat e his t o gr ams .
In gen er al, t heHistFactory p r o du ces p r o babilit y den s it y fu n ct io n s o f t he fo r m

P(nc, xe, ap | ! p, " p, #b) =
!

c! channels

"

Po is (nc|$c)
nc!

e=1

f c(xe|! )

#

áG(L 0|%, " L ) á
!

p! S+ !

f p(ap|" p) (5)

w her ef p(ap|" p) is a co n s t r ain t t er m des cr ibin g an au x iliar y meas u r emen tap t hat co n s t r ain s
t he n u is an ce p ar amet er" p (s ee Sect io n 4.2). Den o t e t he bin co n t ain in gxe as be. We hav e
t he fo llo w in g ex p r es s io n fo r t he ex p ect ed (mean ) n u mber o f ev en t s in a giv en bin

$cb(! p, " p, #b) = %cs #cb ! cs(! ) &cs(! ) ' csb(! ) , (6)

w her e t he mean in g o f t he v ar io u s t er ms is des cr ibed belo w an d t he s p eciÞc in t er p o lat io n
algo r it hms ar e des cr ibed in Sect io n 4.1. The mean n u mber o f ev en t s in each bin imp lies t he
fo llo w in g p r o babilit y den s it y

f c(xe|! p, " p, #b) =
$cbe

$c
w it h $c =

$

b! bins of channel c

$cb (7)

It is p er hap s mo r e co n v en ien t t o t hin k o f t he likeliho o d as a p r o du ct o v er bin s

P(ncb, ap | ! p, " p, #b) =
!

c! channels

!

b! bins

Po is (ncb|$cb) áG(L 0|%, " L ) á
!

p! S+ !

f p(ap|" p)
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where f p(ap|! p) is a constraint term describing an auxiliary measurement ap that constrains
the nuisance parameter ! p (see Section 4.2). Denote the bin containing xe as be. We have
the following expression for the expected (mean) number of events in a given bin

" cb(#cs, ! p, $csb) = %cs $csb#cs(! )&cs(! ) ' csb(! ) , (6)

where the meaning of the various terms is described below and the specific interpolation
algorithms are described in Section 4.1. The mean number of events in each bin implies the
following probability density

f c(xe|#cs, ! p, $csb) =
" cbe

" c
with " c =

!

b! bins of channel c

" cb (7)

It is perhaps more convenient to think of the likelihood as a product over bins

P(ncb, ap | #cs, ! p, $csb) =
"

c! channels

"

b! bins

Pois(ncb|" cb) áG(L
0

|%, ! L ) á
"

p! S+�

f p(ap|! p)

¥ %cs - luminosity parameter for a given channel and sample. Within a given channel
this parameter is a common luminosity parameter for all the samples that include
luminosity uncertainty (i.e.. NormalizeByTheory="True" ). For all the samples with
NormalizeByTheory="False" it is fixed to the nominal luminosity %cs = L

0

.

¥ $csbe - Bin-by-bin scale factor used for statistical uncertainties, bin-by-bin shape system-
atics (ShapeSys), and data-driven shape extrapolations (ShapeFactor). For statistical
errors, the $csbe is shared for all the samples in the channel (ie. subscript s can be
omitted). For samples that do not have any bin-by-bin scale factors $csbe = 1.

¥ #cs - Product of unconstrained normalization factors for a given sample within a given
channel. These typically include the parameter of interest, eg. the signal cross-section
or branching ratio.

#cs =
"

p! Nc

#p (8)

¥ &cs(! ) - The parametrized normalization uncertainties (ie. OverallSys ) for a given
sample within a given channel (a factor around 1).

¥ ' csbe - The parametrized histogram (ie. the nominal histogram and the HistoSys ) for
a given sample within a given channel.

2.2.1 Incorporating Monte Carlo statistical uncertainty on the histogram templates

The histogram based approach described above are based Monte Carlo simulations of full
detector simulation. These simulations are very computationally intensive and often the
histograms are sparsely populated. In this case the histograms are not good descriptions
of the underlying distribution, but are estimates of that distribution with some statistical
uncertainty. Barlow and Beeston outlined a treatment of this situation in which each bin of
each sample is given a nuisance parameter for the true rate, which is then fit using both the
data measurement and the Monte Carlo estimate [?]. This approach would lead to several
hundred nuisance parameters in the current analysis. Instead, the HistFactory employs a
lighter weight version in which there is only one nuisance parameter per bin associated with

5

where f p(ap|! p) is a constraint term describing an auxiliary measurementap that constrains
the nuisance parameter! p (see Section 4.2). Denote the bin containingxe as be. We have
the following expression for the expected (mean) number of events in a given bin

" cb(#cs, ! p, $csb) = %cs $csb#cs(! ) &cs(! ) ' csb(! ) , (6)

where the meaning of the various terms is described below and the speciÞc interpolation
algorithms are described in Section 4.1. The mean number of events in each bin implies the
following probability density

f c(xe|#cs, ! p, $csb) =
" cbe

" c
with " c =

!

b! bins of channel c

" cb (7)

It is perhaps more convenient to think of the likelihood as a product over bins

P(ncb, ap | #cs, ! p, $csb) =
"

c! channels

"

b! bins

Pois(ncb|" cb) áG(L
0

|%, ! L ) á
"

p! S+!

f p(ap|! p)

¥ %cs - luminosity parameter for a given channel and sample. Within a given channel
this parameter is a common luminosity parameter for all the samples that include
luminosity uncertainty (i.e.. NormalizeByTheory="True" ). For all the samples with
NormalizeByTheory="False" it is Þxed to the nominal luminosity %cs = L

0

.

¥ $csbe - Bin-by-bin scale factor used for statistical uncertainties, bin-by-bin shape system-
atics (ShapeSys), and data-driven shape extrapolations (ShapeFactor). For statistical
errors, the $csbe is shared for all the samples in the channel (ie. subscripts can be
omitted). For samples that do not have any bin-by-bin scale factors$csbe = 1.

¥ #cs - Product of unconstrained normalization factors for a given sample within a given
channel. These typically include the parameter of interest, eg. the signal cross-section
or branching ratio.

#cs =
"

p! Nc

#p (8)

¥ &cs(! ) - The parametrized normalization uncertainties (ie. OverallSys ) for a given
sample within a given channel (a factor around 1).

¥ ' csbe - The parametrized histogram (ie. the nominal histogram and theHistoSys ) for
a given sample within a given channel.

2.2.1 Incorporating Monte Carlo statistical uncertainty on the histogram templates

The histogram based approach described above are based Monte Carlo simulations of full
detector simulation. These simulations are very computationally intensive and often the
histograms are sparsely populated. In this case the histograms are not good descriptions
of the underlying distribution, but are estimates of that distribution with some statistical
uncertainty. Barlow and Beeston outlined a treatment of this situation in which each bin of
each sample is given a nuisance parameter for the true rate, which is then Þt using both the
data measurement and the Monte Carlo estimate [?]. This approach would lead to several
hundred nuisance parameters in the current analysis. Instead, theHistFactory employs a
lighter weight version in which there is only one nuisance parameter per bin associated with

5

2 The Likelihood Template

2.1 Index Convention

In w hat fo llo w s w e u s e t he t er mchannel as a r egio n o f t he dat a deÞn ed by t he co r r es p o n din g
ev en t s elect io n , as o p p o s ed t o a p ar t icu lar s cat t er in g p r o ces s . Thechannels ar e r eq u ir ed t o
hav e dis jo in t ev en t s elect io n r eq u ir emen t s . We u s e t he t er msample fo r a s et o f s cat t er in g
p r o ces s es t hat can be added t o get her in co her en t ly ; t hu s s cat t er in g p r o ces s es t hat in t er fer e
q u an t u m mechan ically mu s t be co n s ider ed in t he s ame s amp le.

We w ill u s e t he fo llo w in g mn emo n ic in dex co n v en t io n s :

¥ e ! ev en t s

¥ b ! bin s

¥ c ! chan n els

¥ s ! s amp les

¥ p ! p ar amet er s

We deÞn e t he fo llo w in g s u bs et s o f p ar amet er sN = { ! p} t he u n co n s t r ain ed n o r maliz at io n
fact o r s (ie.NormFactor), S = { " p} t he p ar amet er s as s o ciat ed t o s y s t emat ic t hat hav e ex -
t er n al co n s t r ain t s (ie.OverallSys an dHistoSys ), ! = { #csb} (t he bin -by -bin u n cer t ain t ies
w it h co n s t r ain t s (s t at is t ical er r o r s ,ShapeSysbu tnot t ho s e as s o ciat ed t o an u n co n s t r ain ed
ShapeFactor). We als o u s e gr eek s y mbo ls fo r p ar amet er s o f t he mo del an d r o man s y mbo ls
fo r o bs er v able q u an t it ies w it h a fr eq u en t is t n o t io n o f p r o babilit y .

2.2 The Template

The p ar amet r iz ed p r o babilit y den s it y fu n ct io n co n s t r u ct ed by t heHistFactory is o f a co n -
cr et e fo r m, bu t s u! cien t ly ßex ible t o des cr ibe man y an aly s es bas ed o n t emp lat e his t o gr ams .
In gen er al, t heHistFactory p r o du ces p r o babilit y den s it y fu n ct io n s o f t he fo r m

P(nc, xe, ap | ! p, " p, #b) =
!

c! channels

"

Po is (nc|$c)
nc!

e=1

f c(xe|! )

#

áG(L 0|%, " L ) á
!

p! S+ !

f p(ap|" p) (5)

w her ef p(ap|" p) is a co n s t r ain t t er m des cr ibin g an au x iliar y meas u r emen tap t hat co n s t r ain s
t he n u is an ce p ar amet er" p (s ee Sect io n 4.2). Den o t e t he bin co n t ain in gxe as be. We hav e
t he fo llo w in g ex p r es s io n fo r t he ex p ect ed (mean ) n u mber o f ev en t s in a giv en bin

$cb(! p, " p, #b) = %cs #cb ! cs(! ) &cs(! ) ' csb(! ) , (6)

w her e t he mean in g o f t he v ar io u s t er ms is des cr ibed belo w an d t he s p eciÞc in t er p o lat io n
algo r it hms ar e des cr ibed in Sect io n 4.1. The mean n u mber o f ev en t s in each bin imp lies t he
fo llo w in g p r o babilit y den s it y

f c(xe|! p, " p, #b) =
$cbe

$c
w it h $c =

$

b! bins of channel c

$cb (7)

It is p er hap s mo r e co n v en ien t t o t hin k o f t he likeliho o d as a p r o du ct o v er bin s

P(ncb, ap | ! p, " p, #b) =
!

c! channels

!

b! bins

Po is (ncb|$cb) áG(L 0|%, " L ) á
!

p! S+ !

f p(ap|" p)

4



Kyle Cranmer (NYU)

Center for 
Cosmology and 
Particle Physics

Likelihood Workshop,Jan 22, 2013

bin-by-bin statistical uncertainty

22

the total Monte Carlo estimate and the total statistical uncertainty in that bin. If we focus
on an individual bin with index b the contribution to the full statistical model is the factor

Pois(nb|! b(! ) + " b! MC
b (! )) Pois(mb|" b#b) , (9)

where nb is the number of events observed in the bin, ! b(! ) is the number of events expected
in the bin where Monte Carlo statistical uncertainties need not be included (either because the
estimate is data driven or because the Monte Carlo sample is su! ciently large), ! MC

b (! ) is the
number of events estimated using Monte Carlo techniques where the statistical uncertainty
needs to be taken into account. Both expectations include the dependence on the parameters
! . The factor " b is the nuisance parameter reflecting that the true rate may di" er from the
Monte Carlo estimate ! MC

b (! ) by some amount. If the total statistical uncertainty is $b, then
the relative statistical uncertainty is given by ! MC

b /$b. This corresponds to a total Monte
Carlo sample in that bin of size mb = ($b/! MC

b )2. Treating the Monte Carlo estimate as
an auxiliary measurement, we arrive at a Poisson constraint term Pois(mb|" b#b), where mb

would fluctuate about " b#b if we generated a new Monte Carlo sample. Since we have scaled
" to be a factor about 1, then we also have #b = (! MC

b /$b)2; however, #b is treated as a fixed
constant and does not fluctuate when generating ensembles of pseudo-experiments.

It is worth noting that the conditional maximum likelihood estimate ˆ̂" b(! ) can be solved
analytically with a simple quadratic expression.

ˆ̂" b(! ) =
�B +

p
B

2 � 4AC

2A
, (10)

with
A = ! MC

b (! )2 + #b! MC
b (! ) (11)

B = ! b(! )# + ! b(! )! MC
b (! )� nb! MC

b (! )�mb! MC
b (! ) (12)

C = �mb! b(! ) . (13)

In a Bayesian technique with a flat prior on " b, the posterior distribution is a gamma
distribution. Similarly, the distribution of "̂ b will take on a skew distribution with an envelope
similar to the gamma distribution, but with features reflecting the discrete values of mb.
Because the maximum likelihood estimate of " b will also depend on nb and !̂ , the features
from the discrete values of mb will be smeared. This e" ect will be more noticeable for large
statistical uncertainties where #b is small and the distribution of "̂ b will have several small
peaks. For smaller statistical uncertainties where #b is large the distribution of "̂ b will be
approximately Gaussian.

6

MC Statistics: Barlow-Beeston method

• to treat bin statistical uncertainties, Barlow and 
Beeston suggested* introducing a nuisance 
parameter βi for each source i in each bin

• implemented Newton-type iterative method to 
solve simultaneous nonlinear equations for βi which 
maximize likelihood

• each bin is independent, so this can be done inside 
our MINUIT fit for profile likelihood

• problem: MINUIT fails due to small jumps in βi as 
expected number in source changes 

 *Comp. Phys Comm. 77 (1993) 219

β1

β2

β3

β4

10

MC Statistics: Barlow-Beeston “lite”

• only one overall B-B parameter β is needed per bin 
since the source uncertainties are independent!

• constrain β to 1 within total statistical uncertainty 
in bin (add in quadrature)

• can solve analytically for βi in bin i:

• this does represent fairly the effect of the overall 
statistical uncertainty in each bin

• works for non-MC sources

• method works well!  MINUIT is stable!

β

! lnLi

⇤�i
= 0 " �2

i + (µi⇥
2
i ! 1)�i ! ni⇥

2
i = 0

11
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4 Interpolation & Constraints

The treatment of systematic uncertainties is subtle, particularly when one wishes to take
into account the correlated e! ect of multiple sources of systematic uncertainty across many
signal and background samples. The most important conceptual issue is that we separate
the source of the uncertainty (for instance the uncertainty in the calorimeter’s response to
jets) from its e! ect on an individual signal or background sample (eg. the change in the
acceptance and shape of a W+jets background). In particular, the same source of
uncertainty has a di! erent e! ect on the various signal and background samples 1. The e! ect
of these “±1�” variations about the nominal predictions ⌘0s = 1 and �

0

sb is quantified by
dedicated studies that provide ⌘

±
sp and �

±
spb. The result of these studies can be arranged in

tables like those below. The main purpose of the HistFactory XML schema is to represent
these tables.

Syst Sample 1 . . . Sample N
Nominal Value ⌘

0

s=1

= 1 . . . ⌘

0

s=N = 1
p=OverallSys 1 ⌘

+

p=1,s=1

, ⌘

�
p=1,s=1

. . . ⌘

+

p=1,s=N , ⌘

�
p=1,s=N

...
...

. . .
...

p=OverallSys M ⌘

+

p=M,s=1

, ⌘�p=M,s=1

. . . ⌘

+

p=M,s=N , ⌘�p=M,s=N

Net E! ect ⌘s=1

(↵) . . . ⌘s=N (↵)

Table 2: Tabular representation of sources of uncertainties that produce a correlated e! ect
in the normalization individual samples (eg. OverallSys). The ⌘

+

ps represent histogram when
↵s = 1 and are inserted into the High attribute of the OverallSys XML element. Similarly,
the ⌘

�
ps represent histogram when ↵s = �1 and are inserted into the Low attribute of the

OverallSys XML element. Note, this does not imply that ⌘

+

> ⌘

�, the ± superscript
correspond to the variation in the source of the systematic, not the resulting e! ect.

Syst Sample 1 . . . Sample N
Nominal Value �

0

s=1,b . . . �

0

s=N,b

p=HistoSys 1 �

+

p=1,s=1,b, �
�
p=1,s=1,b . . . �

+

p=1,s=N,b, �
�
p=1,s=N,b

...
...

. . .
...

p=HistoSys M �

+

p=M,s=1,b, �

�
p=M,s=1,b . . . �

+

p=M,s=N,b, �

�
p=M,s=N,b

Net E! ect �s=1,b(↵) . . . �s=N,b(↵)

Table 3: Tabular representation of sources of uncertainties that produce a correlated e! ect
in the normalization and shape individual samples (eg. HistoSys ). The �

+

psb represent
histogram when ↵s = 1 and are inserted into the HighHist attribute of the HistoSys XML
element. Similarly, the �

�
psb represent histogram when ↵s = �1 and are inserted into the

LowHist attribute of the HistoSys XML element.

Once one has tabulated the e! ects of the individual sources of systematic uncertainty as
above, one must address two related issues to form a likelihood parametrized with
continuous nuisance parameters. First, one must provide an interpolation algorithm to
interpolate to define ⌘s(↵) and �sb(↵). Secondly, one must incorporate constraint terms on
the ↵p to reflect that the uncertain parameter has been estimated with some uncertainty by
an auxiliary measurement. A strength of the histogram template based approach
(compared to parametrized analytic functions) is that the e! ect of individual systematics

1Here we suppress the channel index c on ! cs and " cab
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Figure 3: Comparison of the three interpolation options for di↵erent ⌘

± . (a) ⌘

! = 0.8,
⌘

+ = 1.2, (b) ⌘! = 1.1, ⌘+ = 1.5, (c) ⌘! = 0.2, ⌘+ = 1.8, and (d) ⌘! = 0.95, ⌘+ = 1.5

4.2 Constraint Terms (+ global observables and nuisance parameter priors)

4.2.1 Consistent Bayesian and Frequentist modeling

The variational estimates ⌘± and �

± correspond to so called “± 1� variations” in the source
of the uncertainty. Here we are focusing on the source of the uncertainty, not its a↵ect on
rates and shapes. For instance, we might say that the jet energy scale has a 10%
uncertainty. 2 This is common jargon, but what does it mean? The most common
interpretation of this statement is that the uncertain parameter ↵p (eg. the jet energy
scale) has a Gaussian distribution. However, this way of thinking is manifestly bayesian. If
the parameter was estimated from an auxiliary measurement, then it is the PDF for that
measurement that we wish to include into our probability model. In the frequentist way of
thinking, the jet energy scale has an unknown true value and upon repeating the
experiment many times the auxiliary measurements estimating the jet energy scale would
fluctuate randomly about this true value. To aid in this subtle distinction, we use greek
letters for the parameters (eg. ↵p) and roman letters for the auxiliary measurements ap.

2Without loss of generality, we choose to parametrize ↵p such that ↵p = 0 is the nominal value of this
parameter, ↵p = ±1 are the Ò±1� variationsÓ.
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extrapolation can reverse the trend. For example, Fig 3(d) shows an example for! ! = 0 .95
and ! + = 1 .5 where for " ! 1.5 we have the reversal! (" ) > 1. Third, the interpolation
factor can extrapolate to negative values. For instance, if! ! = 0 .5 then we have! (" ) < 0
when " < �2 (see Fig 3(c)).

Note that one could have considered the simultaneous variation of" p and " p! in a
multiplicative way (see for example, Fig 4). The multiplicative accumulation is not an
option currently.

Polynomial Interpolation and Exponential Extrapolation (InterpCode=4)

The strategy of this interpolation option is to use the piecewise exponential extrapolation as
above with a polynomial interpolation that matches ! (" = ±" 0), d! /d " |! = ±! 0 , and
d2! /d " 2|! = ±! 0 and the boundary ±" 0 is deÞned by the user (with default" 0 = 1).

! s(! ) =
!

p" Syst

I poly |exp.(" p; 1, ! +
sp, ! !

sp, " 0) (24)

with

I poly |exp.(" ; I 0, I + , I ! , " 0) =

"
#$

#%

(I + /I 0)! " � " 0

1 +
& 6

i =1 ai " i |" | < " 0

(I ! /I 0)! ! "  �" 0

(25)

and the ai are Þxed by the boundary conditions described above.

Pros: This approach avoids the kink (discontinuous Þrst and second derivatives) at" = 0
(see Fig 3(b-d)), which can cause some di! culties for numerical minimization packages such
as Minuit. This approach ensures that! (" ) � 0 (see Fig 3(c)).

Note : This option is not available in ROOT 5.32.00, but is available for normalization
uncertainties (OverallSys) in the subsequent patch releases. In future releases, this may
become the default.

4.1.1 Defaults in ROOT 5.32

The default strategy for normalization uncertainties ! s(! ) (ie. OverallSys ) is the
piecewise exponential option and it is the standard convention for normalization
uncertainties in the LHC Higgs Combination Group.

The default convention for #sb(! ) (ie. HistoSys ) is the piecewise linear option.

The code for ! s(! ) can be found here:
http://root.cern.ch/root/html532/src/RooStats__HistFactory__FlexibleInterpVar.cxx.html

The code for#sb(! ) can be found here:
http://root.cern.ch/root/html532/src/PiecewiseInterpolation.cxx.html
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Figure 4: The upper-most curve corresponds to ! = (! +

1

)! 1 (! +

2

)! 2 (as in the exponential
interpolation option). The middle surface corresponds to ! = 1 + ! +

1

"
1

+ ! +

2

"
2

(as in the
linear interpolation option). The lowest surface corresponds to ! = 1+ ! +

1

"
1

· ! +

2

"
2

(currently
not an opiton). The left frame has limits correspond to "

1,2 2 [0, 3] and ! ("
1

, "
2

) 2 [0, 5]
and ! +

1

= ! +

2

= 1.1 (eg. a 10% relative uncertainty). The right frame has limits correspond
to "

1,2 2 [0, 3] and ! ("
1

, "
2

) 2 [0, 5] and ! +

1

= ! +

2

= 1.5 (eg. a 50% relative uncertainty).

Furthermore, we interpret the “±1#” variation in the frequentist sense, which leads to the
constraint term G(ap|" p, 1). Then, we can pair the resulting likelihood with some prior on
" p to form a bayesian posterior if we wish.

It is worth mentioning here that the constraint terms are idealized versions of the auxiliary
measurements. In reality, the measurements that were used to estimate the uncertainty in a
quantity such as the jet energy scale are actually quite complex. Ideally, one would include
the full likelihood function for those auxiliary measurements into the probability model, but
that is often impractical. To the extent that the likelihood resulting from the auxiliary
measurement is in the Gaussian regime, then this idealization is not a bad approximation.

It is often advocated that a “log-normal” or “gamma” distribution for " p is more
appropriate. Here we must take some care to build a probability model that can maintain a
consistent interpretation in bayesian a frequentist settings. This will be discussed in the
subsections below. Table 4 summarizes a few consistent treatments of the frequentist pdf,
the likelihood function, a prior, and the resulting posterior.

Finally, it is worth mentioning that the uncertainty on some parameters is not the result of
an auxiliary measurement – so the constraint term idealization, it is not just a convenience,
but a real conceptual leap. This is particularly true for theoretical uncertainties from
higher-order corrections or renormalizaiton and factorization scale dependence. In these
cases a formal frequentist analysis would not include a constraint term for these parameters,
and the result would simply depend on their assumed values. As this is not the norm, we
can think of reading Table 4 from right-to-left with a subjective Bayesian prior $(" ) being
interpreted as coming from a fictional auxiliary measurement.

4.2.2 Options for Constraint Terms

Gaussian Constraint

The Gaussian constraint for " p corresponds to the familiar situation. It is a good
approximation of the auxiliary measurement when the likelihood function for " p from that
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// Print to the screen a text representation of the model
// just for minor debugging
meas.PrintTree ();

// Finally , run the measurement.
// This is the same thing that happens when
// one runs ’hist2workspace ’ on an xml files
MakeModelAndMeasurementFast( meas );

}

#!/usr/bin/env python

#
# A pyROOT script demonstrating
# an example of writing a HistFactory
# model using python
#
# This example was written to match
# the example.xml analysis in
# $ROOTSYS/tutorials/histfactory/
#
# Written by George Lewis
#

def main():

try:
import ROOT

except:
print "It seems that pyROOT isn’t properly configured"
return

"""
Create a HistFactory measurement from python
"""

InputFile = "./data/example.root"

# Create the measurement
meas = ROOT.RooStats.HistFactory.Measurement("meas", "meas")

meas.SetOutputFilePrefix( "./ results/example_UsingPy" )
meas.SetPOI( "SigXsecOverSM" )
meas.AddConstantParam("Lumi")
meas.AddConstantParam("alpha_syst1")

meas.SetLumi( 1.0 )
meas.SetLumiRelErr( 0.10 )
meas.SetExportOnly( False )

# Create a channel

chan = ROOT.RooStats.HistFactory.Channel( "channel1" )
chan.SetData( "data", InputFile )
chan.SetStatErrorConfig( 0.05, "Poisson" )

# Now , create some samples

# Create the signal sample
signal = ROOT.RooStats.HistFactory.Sample( "signal", "signal", InputFile )
signal.AddOverallSys( "syst1", 0.95, 1.05 )
signal.AddNormFactor( "SigXsecOverSM", 1, 0, 3 )
chan.AddSample( signal )

# Background 1

29

Low CDATA #REQUIRED
>

<!-- Systematics for which the variat ion is provided by simple overal l scal ing -->
<! ELEMENTShapeSys EMPTY>
<! ATTLIST ShapeSys

Name CDATA #REQUIRED
HistoName CDATA #REQUIRED
HistoPath CDATA #IMPLIED
InputFi le CDATA #IMPLIED
ConstraintType CDATA #IMPLIED

>

<!-- Scal ing factor , which may be the parameter of interest for cross sect ion  -
measurements-->

<! ELEMENTNormFactor EMPTY>
<! ATTLIST NormFactor

Name CDATA #REQUIRED
Val CDATA #REQUIRED
High CDATA #REQUIRED
Low CDATA #REQUIRED
Const CDATA #IMPLIED

>

<!-- Systematics for which the variat ion is provided by simple overal l scal ing -->
<! ELEMENTShapeFactor EMPTY>
<! ATTLIST ShapeFactor

Name CDATA #REQUIRED
>

One can convert this Gaussian constraints into a Poisson/Gamma systematic by adding
lines like

<ConstraintTerm Type=" Gamma" Relat iveUncertainty =" 0.1 " >JES</ ConstraintTerm >

to the Measurementelement.

7 C++ and Python

#include " RooStats / HistFactory / Measurement. h"

void MakeSimpleModel () {

// Create a simple 1- channel model
// using c ++ and ROOT

// Create the measurement object
// This is the top node of the structure
// We do some minor conf igurat ion as well
RooStats :: HistFactory :: Measurement meas ( " my_measurement" , " my measurement" ) ;

// Set the pref ix that wil l appear before
// all output for this measurement
// We Set ExportOnly to false , meaning
// we wil l f i t the measurement and make
// plots in addit ion to saving the workspace
meas . SetOutputPref ix ( " results / my_measurement" ) ;
meas . SetExportOnly ( False ) ;

// Set the name of the parameter of interest
// Note that this parameter hasnÕt yet been

27

// created , we are ant ic ipat ing it
meas . SetPOI ( " SigXsecOverSM" ) ;

// Set the luminosity
// There are a few convent ions for this .
// Here , we assume that all histograms have
// already been scaled by luminosity
// We also set a 10% uncertainty
meas . SetLumi ( 1.0 ) ;
meas . SetLumiRelErr ( 0.10 ) ;

// Okay, now that weÕve conf igured the measurement,
// weÕll start bui lding the tree .
// We begin by creat ing the first channel
RooStats :: HistFactory :: Channel chan ( " channel " ) ;

// First , we set the Õdata Õ for this channel
// The data is a histogram represet ing the
// measured distr ibut ion . It can have 1 or many bins .
// In this example , we assume that the data histogram
// is already made and saved in a ROOTfile .
// So, to Õset the data Õ, we give this channel the
// path to that ROOTfile and the name of the data
// histogram in that root f i le
// The arguments are : SetData ( HistogramName, HistogramFi le )
chan . SetData ( " data " , " data / example. root " ) ;

// Now that we have a channel and have attached
// data to it , we wil l start creat ing our Samples
// These describe the various processes that we
// use to model the data .
// Here , they just consist of a signal process
// and a single background process .
RooStats :: HistFactory :: Sample signal ( " signal " , " signal " , " data / example. root " ) ;

// Having created this sample , we configure it
// First , we add the cross - sect ion scal ing
// parameter that we call SigXsecOverSM
// Then, we add a systematic with a 5% uncertainty
// Finally , we add it to our channel
signal . AddNormFactor ( " SigXsecOverSM" , 1, 0, 3 ) ;
signal . AddOveral lSys ( " syst1 " , 0.95 , 1.05 ) ;
chan . AddSample ( signal ) ;

// We do a similar thing for our background
RooStats :: HistFactory :: Sample background1 ( " background1 " , " background1 " , " data / ! !

example. root " ) ;
background1 . Act ivateStatError ( " background1_statUncert " , InputFi le ) ;
background1 . AddOveral lSys ( " syst2 " , 0.95 , 1.05 ) ;
chan . AddSample ( background1 );

// And we create a second background for good measure
Sample background2 ( " background2 " , " background2 " , " data / example. root " ) ;
background2 . Act ivateStatError () ;
background2 . AddOveral lSys ( " syst3 " , 0.95 , 1.05 ) ;
chan . AddSample ( background2 );

// Now that we have ful ly conf igured our channel ,
// we add it to the main measurement
meas . AddChannel ( chan ) ;

// At this point , we have only given our channel
// and measurement the input histograms as str ings
// We must now have the measurement open the files ,
// col lect the histograms , copy and store them.
// This step involves I / O
meas . Col lectHistograms () ;
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To XML or not to XML

In principle the XML schema is technology independent
! you could use this XML and implement in Mathematica

Originally XML used exclusively as input format
! some people don’t like XML
! most people wrote scripts to write XML 

Now, we have C++ classes mirror of the Measurement, Channel, 
Sample, HistoSys, .... building blocks

! factory uses these objects
! classes have python bindings
! building blocks can be filled via XML parser, C++, or python
! object structure can be stored in ROOT file (self-documenting)
! can write itself out to XML (human readable, easy to edit)
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! A = 1 · µ + ! MC
A + " C " B ! D (45)

! B = #B µ + ! MC
B + " B ! D

! C = #Cµ + ! MC
C + " C ! D

! D = #D µ + ! MC
D + 1 · ! D

ATLAS statistics forum
Draft 0.0, January 25, 2012

ABCD method in searches

1 Introduction

The ABCD method [1] allows the data-driven estimation of a background rate when events
are selected by a pair of cuts in a plane of two uncorrelated variables such that both of
the cuts enhance the signal to background ratio, as illustrated in Fig. 1. The basic idea is
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Figure 1: Illustration of di ! erent regions in the ABCD method in the plane of two variables
x, y. The points are simulated events from a background distribution with no correlation in
the x ! y plane and the color density illustrates a bivariate gaussian distribution of hypothet-
ical signal in the search region (A) with some leakage into the background sideband regions
B, C and D.

that there are su" cient background statistics in sideband (or control) regions B, C and D
to estimate the small background rate in the signal region A:µA = µB µC /µ D . This formula
makes several assumptions:

1. There are enough events in regions B, C and D to propagate the statistical uncertainty
linearly to A (and for convenience the uncertainty onµA is propagated to a measurement
or search as if it is sampled from a Gaussian probability distribution).

2. There is no signal leakage to regions B, C, and D.
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Fig. 9: An example of ABCD (from Alex Read) in the x � y plane of two observables x and y (left). A more
complex example with several regions in the MW

T � Emiss
T plane [20].

4.3 Effective Model Narrative

In the simulation narrative the model of discriminating variable distributions f (x|! ) is derived from
discrete samples of simulated events {x1, . . . , xN }. We discussed above how one can use histograms or
kernel estimation to approximate the underlying distribution and interpolation strategies to incorporate
systematic effects. Another approach is to assume some parametric form for the distribution to serve as an
effective model. For example, in the H ! $$ analysis shown in Fig. 8 a simple exponential distribution
was used to model the background. The state-of-the-art theoretical predictions for the continuum $$
background process do not predict exactly an exponentially falling distribution, and the analysis must
(and does) incorporate the systematic associated to the effective model. Similarly, it is common to use
a polynomial in some limited sideband region to estimate backgrounds under a peak. These effective
models can range from very ad hoc 20 to more motivated. For instance, one might use knowledge of
kinematics and phase space and/or detector resolution to construct an effective model that captures the
relevant physics. The advantage of a well motivated effective model is that few nuisance parameters
may describe well the relevant family of probability densities, which is the challenge for generic (and
relatively unsophisticated) interpolation strategies usually employed in the simulation narrative.

4.4 The Matrix Element Method

Ideally, one would not use a single discriminating variable to distinguish the process of interest from
the other background processes, but instead would use as much discriminating power as possible. This
implies forming a probability model over a multi-dimensional discriminating variable (ie. a multivariate
analysis technique). In principle, both the histogram-based and kernel-based approach generalize to
distributions of multi-dimensional discriminating variables; however, in practice, they are limited to only
a few dimensions. In the case of histograms this is particularly severe unless one employs clever binning

20For instance, the modeling of H ! ZZ(! ) ! 4l described in [21] (see Eq. 2 of the corresponding section)
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that there are su" cient background statistics in sideband (or control) regions B, C and D
to estimate the small background rate in the signal region A:µA = µB µC /µ D . This formula
makes several assumptions:

1. There are enough events in regions B, C and D to propagate the statistical uncertainty
linearly to A (and for convenience the uncertainty onµA is propagated to a measurement
or search as if it is sampled from a Gaussian probability distribution).

2. There is no signal leakage to regions B, C, and D.
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4.3 Effective Model Narrative

In the simulation narrative the model of discriminating variable distributionsf (x|! ) is derived from
discrete samples of simulated events{ x1, . . . , xN } . We discussed above how one can use histograms or
kernel estimation to approximate the underlying distribution and interpolation strategies to incorporate
systematic effects. Another approach is to assume some parametric form for the distribution to serve as an
effective model. For example, in theH " $$ analysis shown in Fig. 8 a simple exponential distribution
was used to model the background. The state-of-the-art theoretical predictions for the continuum$$
background process do not predict exactly an exponentially falling distribution, and the analysis must
(and does) incorporate the systematic associated to the effective model. Similarly, it is common to use
a polynomial in some limited sideband region to estimate backgrounds under a peak. These effective
models can range from very ad hoc20 to more motivated. For instance, one might use knowledge of
kinematics and phase space and/or detector resolution to construct an effective model that captures the
relevant physics. The advantage of a well motivated effective model is that few nuisance parameters
may describe well the relevant family of probability densities, which is the challenge for generic (and
relatively unsophisticated) interpolation strategies usually employed in the simulation narrative.

4.4 The Matrix Element Method

Ideally, one would not use a single discriminating variable to distinguish the process of interest from
the other background processes, but instead would use as much discriminating power as possible. This
implies forming a probability model over a multi-dimensional discriminating variable (ie. a multivariate
analysis technique). In principle, both the histogram-based and kernel-based approach generalize to
distributions of multi-dimensional discriminating variables; however, in practice, they are limited to only
a few dimensions. In the case of histograms this is particularly severe unless one employs clever binning

20For instance, the modeling ofH ! ZZ ( ! ) ! 4l described in [21] (see Eq. 2 of the corresponding section)
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in Fig 8 [18, 19] the modeling of the distribution signal and background distributions is not based on
histograms from simulation, but instead a continuous function is used as an effective model. I will dis-
cuss this effective modeling narrative below, but point out that here this is another example of a hybrid
narrative.
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Fig. 8: Distribution of diphoton invariant mass distributions in the ATLASH ! !! search. The left plot shows a
Þt of a an effective model to the data and the right plot shows an estimate of the!! , ! +jet, and diet contributions.

The Þnal example to consider is an extension of the Ôon/offÕ model, often referred to as the ÔABCDÕ
method. Let us start with the Ôon/offÕ model:Pois(nSR|" S + " B) áPois(nCR |#"B). As mentioned
above, this requires that one estimate# either from simulation or through some assumptions. The ABCD
method aims to estimate introduce two new control regions that can be used to measure#. To see this,
let us imagine that the signal and control regions correspond to requiring some continuous variablex
being greater than or less than some threshold valuexc. If we could introduce a second discriminating
variabley such that the distribution for background factorizesf B(x, y) = f B(x)f B(y), then we have a
handle to measure the factor#. Typically, one introduces a thresholdyc so that the signal contribution
is small below this threshold19. Figure 9 shows an example wherexc = yc = 5 . With this we these
two thresholds we have four regions that we can schematically refer to as A, B, C, and D. In the case of
simply counting events in these regions we can write the total expectation as

" A = 1 áµ + " MC
A + 1 á" A (44)

" B = $Bµ + " MC
B + #B" A

" C = $Cµ + " MC
C + #C" A

" D = $Dµ + " MC
D + #B#C" A

whereµ is the signal rate in region A,$i is the ratio of the signal in the regions B, C, D with respect to the
signal in region A," MC

i is the rate of background in each of the regions being estimated from simulation,
" i is the rate of the background being estimated with the data driven technique in the signal region, and#i

are the ratios of the background rates in the regions B, C, and D with respect to the background in region
A. The key is that we have used the factorizationf B(x, y) = f B(x)f B(y) to write#D = #B#C . The right
panel of Fig. 9 shows a more complicated extension of the ABCD method from a recent ATLAS SUSY
analysis [20].

d

An alternative parametrization, which can be more numerically stable is

19The relative sign of the cut is not important, but has been chosen for consistency with Fig 9.
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5.2 ABCD

<! DOCTYPECombinat ion SYSTEMÕHistFactorySchema . dtd Õ>

<Combinat ion OutputFi lePref ix =" ./ results / ABCD" >

<Input >./ config / A. xml </ Input >
<Input >./ config / B. xml </ Input >
<Input >./ config / C. xml </ Input >
<Input >./ config / D. xml </ Input >

<Measurement Name=" ABCD" Lumi=" 1. " LumiRelErr =" 0.1 " ExportOnly =" True " >
<POI>mu</ POI>
<ParamSett ing Const =" True " >Lumi b_acceptance c_acceptance d_acceptance mu_K_A mu_K_B mu_K_Cmu_K_D</ ! !

ParamSett ing >
</ Measurement>

</ Combinat ion >

<! DOCTYPEChannel SYSTEMÕHistFactorySchema . dtd Õ>

<Channel Name=" A" InputFi le =" ./ data / ABCD. root " >
<Data HistoName=" A_data " HistoPath =" " / >

<!- - This is the signal ( eg. mu) -- >
<Sample Name=" A_signal " HistoPath =" " HistoName=" uni t_histogram " >

<!-- now mu is number of events -- >
<NormFactor Name=" mu" Val =" 1" Low=" 0" High =" 200" / >
<Overal lSys Name=" syst1 " High =" 1.01 " Low=" 0.99 " / >

</ Sample>

<!-- This bkg is est imated from MC ( eg. mu_Â K) -- >
<Sample Name=" A_backgroundMC" HistoPath =" " Normal izeByTheory =" True " HistoName=" uni t_histogram " >

<NormFactor Name=" mu_K_A" Val =" 100" Low=" 0" High =" 200" / >
</ Sample>

<!-- Background 2 is completely Data - Driven -- >
<Sample Name=" A_backgroundDD" HistoPath =" " Normal izeByTheory =" False " HistoName=" uni t_histogram " >

<NormFactor Name=" mu_D_U" Val =" 100" Low=" 24500" High =" 26000" / >
<NormFactor Name=" etaB " Val =" 1" Low=" 0. " High =" 0.02 " Const =" False " / >
<NormFactor Name=" etaC " Val =" 1" Low=" 0. " High =" 0.3 " Const =" False " / >
<!- - NormFactor and ShapeFactor same for a 1- bin histogram . But we can name NormFactor - - >

</ Sample>

</ Channel >

<! DOCTYPEChannel SYSTEMÕHistFactorySchema . dtd Õ>

<Channel Name=" B" InputFi le =" ./ data / ABCD. root " >
<Data HistoName=" B_data " HistoPath =" " / >

<!- - This is the signal contaminat ion in B ( eg. b* mu) -- >
<Sample Name=" B_signal " HistoPath =" " HistoName=" uni t_histogram " >

<NormFactor Name=" mu" Val =" 1" Low=" .2 " High =" 1.5 " / >
<NormFactor Name=" b_acceptance " Val =" 0.1 " Low=" 0. " High =" 1.5 " Const =" True " / >

</ Sample>

<!-- This bkg is est imated from MC ( eg. mu_B̂ K) -- >
<Sample Name=" B_backgroundMC" HistoPath =" " Normal izeByTheory =" True " HistoName=" uni t_histogram " >

<NormFactor Name=" mu_K_B" Val =" 100" Low=" 0" High =" 200" / >
</ Sample>

<!-- Background 2 is completely Data - Driven -- >
<Sample Name=" B_backgroundDD" HistoPath =" " Normal izeByTheory =" False " HistoName=" uni t_histogram " >

<!-- Note , need some reasonable guess for the range of tauB -- >
<NormFactor Name=" etaB " Val =" 10" Low=" 5" High =" 15" Const =" False " / >
<NormFactor Name=" mu_D_U" Val =" 100" Low=" 0" High =" 200" / >

</ Sample>

</ Channel >

<! DOCTYPEChannel SYSTEMÕHistFactorySchema . dtd Õ>

<Channel Name=" C" InputFi le =" ./ data / ABCD. root " >
<Data HistoName=" C_data" HistoPath =" " / >

<!- - This is the signal contaminat ion in C ( eg. c * mu) -- >
<Sample Name=" C_signal " HistoPath =" " HistoName=" uni t_histogram " >

<NormFactor Name=" mu" Val =" 1" Low=" .2 " High =" 1.5 " / >
<NormFactor Name=" c_acceptance " Val =" 0.1 " Low=" 0. " High =" 1.5 " Const =" True " / >

</ Sample>

<!-- This bkg is est imated from MC ( eg. mu_Ĉ K) -- >
<Sample Name=" C_backgroundMC" HistoPath =" " Normal izeByTheory =" True " HistoName=" uni t_histogram " >

<NormFactor Name=" mu_K_C" Val =" 100" Low=" 0" High =" 200" / >
</ Sample>
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The ABCD method [1] allows the data-driven estimation of a background rate when events
are selected by a pair of cuts in a plane of two uncorrelated variables such that both of
the cuts enhance the signal to background ratio, as illustrated in Fig. 1. The basic idea is
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x, y. The points are simulated events from a background distribution with no correlation in
the x ! y plane and the color density illustrates a bivariate gaussian distribution of hypothet-
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that there are su" cient background statistics in sideband (or control) regions B, C and D
to estimate the small background rate in the signal region A:µA = µB µC /µ D . This formula
makes several assumptions:

1. There are enough events in regions B, C and D to propagate the statistical uncertainty
linearly to A (and for convenience the uncertainty onµA is propagated to a measurement
or search as if it is sampled from a Gaussian probability distribution).

2. There is no signal leakage to regions B, C, and D.
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Fig. 9: An example of ABCD (from Alex Read) in thex ! y plane of two observablesx andy (left). A more
complex example with several regions in theM W

T ! E miss
T plane [20].

4.3 Effective Model Narrative

In the simulation narrative the model of discriminating variable distributionsf (x|! ) is derived from
discrete samples of simulated events{ x1, . . . , xN } . We discussed above how one can use histograms or
kernel estimation to approximate the underlying distribution and interpolation strategies to incorporate
systematic effects. Another approach is to assume some parametric form for the distribution to serve as an
effective model. For example, in theH " $$ analysis shown in Fig. 8 a simple exponential distribution
was used to model the background. The state-of-the-art theoretical predictions for the continuum$$
background process do not predict exactly an exponentially falling distribution, and the analysis must
(and does) incorporate the systematic associated to the effective model. Similarly, it is common to use
a polynomial in some limited sideband region to estimate backgrounds under a peak. These effective
models can range from very ad hoc20 to more motivated. For instance, one might use knowledge of
kinematics and phase space and/or detector resolution to construct an effective model that captures the
relevant physics. The advantage of a well motivated effective model is that few nuisance parameters
may describe well the relevant family of probability densities, which is the challenge for generic (and
relatively unsophisticated) interpolation strategies usually employed in the simulation narrative.

4.4 The Matrix Element Method

Ideally, one would not use a single discriminating variable to distinguish the process of interest from
the other background processes, but instead would use as much discriminating power as possible. This
implies forming a probability model over a multi-dimensional discriminating variable (ie. a multivariate
analysis technique). In principle, both the histogram-based and kernel-based approach generalize to
distributions of multi-dimensional discriminating variables; however, in practice, they are limited to only
a few dimensions. In the case of histograms this is particularly severe unless one employs clever binning

20For instance, the modeling ofH ! ZZ ( ! ) ! 4l described in [21] (see Eq. 2 of the corresponding section)
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in Fig 8 [18, 19] the modeling of the distribution signal and background distributions is not based on
histograms from simulation, but instead a continuous function is used as an effective model. I will dis-
cuss this effective modeling narrative below, but point out that here this is another example of a hybrid
narrative.
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Fig. 8: Distribution of diphoton invariant mass distributions in the ATLASH ! !! search. The left plot shows a
Þt of a an effective model to the data and the right plot shows an estimate of the!! , ! +jet, and diet contributions.

The Þnal example to consider is an extension of the Ôon/offÕ model, often referred to as the ÔABCDÕ
method. Let us start with the Ôon/offÕ model:Pois(nSR|" S + " B) áPois(nCR |#"B). As mentioned
above, this requires that one estimate# either from simulation or through some assumptions. The ABCD
method aims to estimate introduce two new control regions that can be used to measure#. To see this,
let us imagine that the signal and control regions correspond to requiring some continuous variablex
being greater than or less than some threshold valuexc. If we could introduce a second discriminating
variabley such that the distribution for background factorizesf B(x, y) = f B(x)f B(y), then we have a
handle to measure the factor#. Typically, one introduces a thresholdyc so that the signal contribution
is small below this threshold19. Figure 9 shows an example wherexc = yc = 5 . With this we these
two thresholds we have four regions that we can schematically refer to as A, B, C, and D. In the case of
simply counting events in these regions we can write the total expectation as

" A = 1 áµ + " MC
A + 1 á" A (44)

" B = $Bµ + " MC
B + #B" A

" C = $Cµ + " MC
C + #C" A

" D = $Dµ + " MC
D + #B#C" A

whereµ is the signal rate in region A,$i is the ratio of the signal in the regions B, C, D with respect to the
signal in region A," MC

i is the rate of background in each of the regions being estimated from simulation,
" i is the rate of the background being estimated with the data driven technique in the signal region, and#i

are the ratios of the background rates in the regions B, C, and D with respect to the background in region
A. The key is that we have used the factorizationf B(x, y) = f B(x)f B(y) to write#D = #B#C . The right
panel of Fig. 9 shows a more complicated extension of the ABCD method from a recent ATLAS SUSY
analysis [20].

d

An alternative parametrization, which can be more numerically stable is

19The relative sign of the cut is not important, but has been chosen for consistency with Fig 9.
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Similar XML for B,C, & D
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! EXT PARAMETER ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !INTERNAL ! ! !INTERNAL !
! NO. ! NAME ! ! !VALUE ! ! ! ! ! !ERROR ! ! ! STEP SIZE ! ! ! VALUE !!
! !1 !mu ! ! ! ! ! 3.70473e+01 ! 1.28389e+01 ! 3.33448e-03 !-2.62043e-01
! !2 !mu_U ! ! ! ! 2.39585e+01 ! 2.00790e+00 ! 1.41048e-04 !-8.63952e-01
! !3 !tauB ! ! ! ! 1.01982e+01 ! 2.19716e-01 ! 8.15785e-05 ! 1.98219e-02
! !4 !tauC ! ! ! ! 1.03037e+02 ! 8.33015e+00 ! 3.14904e-04 !-7.71110e-01
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !ERR DEF= 0.5
!PARAMETER !CORRELATION COEFFICIENTS !
! ! ! !NO. !GLOBAL ! ! !1 ! ! !2 ! ! !3 ! ! !4
! ! ! ! 1 !0.22727 ! 1.000 -0.227 !0.064 !0.218
! ! ! ! 2 !0.99742 !-0.227 !1.000 -0.274 -0.969
! ! ! ! 3 !0.95638 ! 0.064 -0.274 !1.000 !0.040
! ! ! ! 4 !0.99721 ! 0.218 -0.969 !0.040 !1.000
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! EXT PARAMETER ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !INTERNAL ! ! !INTERNAL !
! NO. ! NAME ! ! !VALUE ! ! ! ! ! !ERROR ! ! ! STEP SIZE ! ! ! VALUE !!
! !1 !etaB ! ! ! ! 9.70593e-03 ! 7.51905e-04 ! 9.33872e-04 !-2.94109e-02
! !2 !etaC ! ! ! ! 9.80454e-02 ! 2.10984e-03 ! 1.81809e-04 !-3.53692e-01
! !3 !mu ! ! ! ! ! 3.70311e+01 ! 1.28124e+01 ! 3.33759e-03 !-2.62378e-01
! !4 !mu_D_U ! ! ! 2.51751e+04 ! 1.57788e+02 ! 2.57984e-03 !-1.00036e-01
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !ERR DEF= 0.5
!PARAMETER !CORRELATION COEFFICIENTS !
! ! ! !NO. !GLOBAL ! ! !1 ! ! !2 ! ! !3 ! ! !4
! ! ! ! 1 !0.22382 ! 1.000 !0.031 -0.209 -0.081
! ! ! ! 2 !0.29963 ! 0.031 !1.000 -0.062 -0.293
! ! ! ! 3 !0.21848 !-0.209 -0.062 !1.000 !0.004
! ! ! ! 4 !0.30338 !-0.081 -0.293 !0.004 !1.000
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Channel
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Histogram Interpolation

Several interpolation algorithms exist: eg. Alex Read’s “horizontal” 
histogram interpolation algorithm (RooIntegralMorph in RooFit)

! take several PDFs, construct interpolated PDF with additional 
nuisance parameter  !

! Now in RooFit

34

Simple “vertical” 
interpolation bin-by-bin.

Alternative “horizontal” 
interpolation algorithm by 
Max Baak called 
“RooMomentMorph” in 
RooFit  (faster and 
numerically more stable)
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Constraint terms for our example model

For each systematic effect, we associated a nuisance parameter "
‣ for instance electron efficiency, JES, luminosity, etc.
‣ the background rates, signal acceptance, etc. are parametrized in 

terms of these nuisance parameters
These systematics are usually known (“constrained”) within ± 1σ.  
‣ but here we must be careful about Bayesian vs. frequentist
‣ Why is it constrained? Usually b/c we have an auxiliary 

measurement  a and a relationship like:

# Saying that "  has a Gaussian distribution is Bayesian.  
• has form “Probability of parameter”

# The frequentist way is to say that a fluctuates about "
While a is a measured quantity (or “observable”), there is only one 
measurement of a per experiment.  Call it a “Global observable ”
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G(a|α,σ)
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Common Constraints Terms
Many uncertainties have no clear statistical description or it is impractical to provide

Traditionally, we use Gaussians, but for large uncertainties it is clearly a bad choice
! quickly falling tail, bad behavior near physical boundary, optimistic p-values, ...

For systematics constrained from control samples and dominated by statistical uncertainty, 
a Gamma distribution is a more natural choice [PDF is Poisson for the control sample]

! longer tail, good behavior near boundary, natural choice if auxiliary is based on counting

For “factor of 2” notions of uncertainty log-normal is a good choice
! can have a very long tail for large uncertainties

None of them are as good as an actual model for the auxiliary measurement, if available
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Truncated Gaussian
Gamma
Log-normal

PDF(y| β) Prior(β) Posterior(β|y)
Gaussian uniform Gaussian
Poisson uniform Gamma
Log-normal 1/β Log-Normal

To consistently switch between frequentist, 
Bayesian, and hybrid procedures, need to 
be clear about prior vs. likelihood function


