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Beyond exponential momentum distributions

Boltzmann-Gibbs Fits to AuAu - h X at s = (200 GeV)2
I'=100+20MeV,v=05+0.1

pT=2 GeV _0
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Rescaling: formal logarithms

Tsallis Fits to AuAu - h X ats = (200 GeV)2
T=51+10MeV, g=1.062 +7.65x1073, v=0.5 +0.1

pT=2 GeV pT=5 GeV F0
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Scales: composition and formal logarithm

pT=2 GeV pT=5 GeV _0
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Similar hadron spectra in HEP:
p-p, 0.2-7 TeV

Au-Au, 200 GeV
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Beyond Tsallis distribution
LEP (DESY) (ee®), pion and kaon energy distributions
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The distribution

Exponential-power (Tsallis-Pareto):
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Microcanonical ideal gas

Uniform distribution on a 3N dimensional sphere:
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— several other microcanonical distributions
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Theory: canonical
Maximum entropy principle with modified entropy:

1
S T(f ): E f (f ; i ) Havrda-Charvat, et al (?)
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Physical origin?

micro — finite size effect?
independent — correlated



Theory: composition rules

Composition = there are subsystems

X12(X1’ Xz) 1 2

Tsallis-like pseudoadditivity
512 = 51 +52+C15152 @amm s expansion (a=1-q)

Formal logarithm:
1+aS , = 1+aS +aS +a’S S, = (1+asS_)(1+as,)
In(1+aS,,)=In(1+aS,)+In(1+aSs,)

:>L<ST):%1H(1+GST>:SR additive Vo
Rényi entropy (1963)



Why to use the Tsallis / Rényi
entropy formulas?

It generalizes the Boltzmann-Gibbs-Shannon

formula

t treats correlations — statistical entanglement —

Detween su

t claims to

bsystem and reservoir

be universal (applicable for whatever

material quality of the reservoir)

It has a cut power-law energy distribution in the
canonical treatment



Why not to use the Tsallis /
Rényi entropy formulas?

They lack 200 years of classical thermodynamic
foundation (high T.  is hot?)

Tsallis

Tsallis is not additive, Rényi is not linear
There is an extra parameter g (mysterious?)

How do different g systems equilibrate? (see M. Horvdth)

W ny this and not any other (Landsberg-Vedral, Kaniadakis, etc..)?

It looks pretty much formal...



Zeroth law and formal logarithms

Zeroth law: transitivity and factorizability:

175N

512(51 s 52) )

Composition and zeroth law === there is formal logarithm
L(S;;)=L(S,)+L(S,)

Transitivity: further important conditions
Nonadditive entropy and energy together,
Equilibrium of different non-additive and additive systems, etc...

PRE, 83, 061147 (2011)
J.Phys, Conf. Ser, 394, 012002 (2012)



Canonical and microcanonical?
1) K(S(El))+K(S(E—E1))=maX. E>E, microcanonical
2) K(S(El))—BElzmax. canonical

Let us find a suitable formal logarithm: E-E

Bl::K'<S(E1))S'<E1):K'(S(E—E1))S’(E—El) E]

=K'(S(E))S'(E)-[K"''(S(E))S'(E)’+K'(S(E))S""(E)]E,+O(Ej?)

Biro, Barnafoldi and VP, arXiv: 1208.2533



From additive to nonadditive

The solution is: K(S) 4 easa_ 1 (K=L")
This generates: R
K(_ln(Pi»:E(pi _1>:STsallis<pi)

Zeroth law: an additive entropy is necessary.

S Renyi= L(STsallis):L<z D L_l(_ln (p1)>])

i
The canonical maximum entropy principle becomes:
1 oa
—IDZ P _BZ piEi—a Z pi=max.
\a \lf N/ I i

(a=1-q)

Rényi



Temperatures galore

Temperatures: spectral, classical entropic, Lagrange-multipliers,...
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Biro T.S.: Is there.a temperature? Springer 2010
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Expressed by the physical parameters of the reservoir.

BG limit: 1 _E
feq S e fit
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Apparent temperature and reservoir temperature
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infinite heat capacity limit



Application:

MIT bag model:

E=V(ocT*+B), p=oT‘/3-B,

dE
C= ==40VT *+(0T*+B) ==

dv
dr
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statistical / lattice

S=40VT’/3
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Summary

Zeroth law and composition rules: formal logarithm

Universal Thermostat Independence: entropy factory
BG entropy based canonical treatment:

— exponential (Gaussian) distribution

— approximation by independent
Tsallis-Rényi entropy based canonical treatment:

— Tsallis-Pareto distribution

— approximation by correlated (microcanonical ideal)

Temperatures: QGP T=175MeV V=const. fitT =125 MeV



Conclusion

Why Tsallis / Rényi entropy ?
Whatis g ?
Whatis T ?
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Thank you for the attention!

PRE, 83, 061147 (2011)
J.Phys, Conf. Ser, 394, 012002 (2012)
ArXiv: 1208.2533
ArXiv: 1211.5284
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Tsallis quark matter + transverse flow +
quark coalescence fits to hadron spectra
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Tsallis quark matter + transverse flow +
quark coalescence fits to hadron spectra
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Blast wave fits and quark coalescence
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Meson g-1 = quark (q-1)/2;
Baryon -1 = quark (qg-1)/3;
Mini BH g-1 = 2/m?
T.S.Bir6, K.Urmdssy, JPhysG 36, 064044, 2009 (SQM 2008, Beij



Non-additive, but composable

Extensive composition:

lim h ...h%nBX XH*%& XMoo Him XD
N - oo ON NONH NHN [N-= N
N

N h(h(x,y),z) = h(x, h(y, z))
associative and h(X’ y) = h(y9 X)

symmetric




Abstract Composition Rules

X, ®X,=X,,(X, X,)

and

zeroth law of thermodynamics

Abe S., Physica A 269 403 (1999)/300 417 (2001)/368 430 (2006)
Johal R.S., PLA 318 48 (2003)/332 345 (2004)
Scarfone, AM., PLA 374 2701 (2010)



Additivity + second law mmm) zeroth law

It is the last... Maxwell (1871), Fowler (1931): 2

4 >

Additive, conserved energy:

By (ENE D=)E 4Py and  dE_(E ,E,)=dE, +dE,=0

12
S_(E,E,)=S(E )+ (E,)

as., = B gE + dS2 dE By S E,=0 [ —(E)—d—S
dE, HdE, dE, dE

Additive, maximal entropy

Every monotonous f(T) is a good empirical temperature...



Composition = there are subsystems

X (X, X,) 2
Composition rules:
0E 0E
EMENE,) and dE,, = a—;dEl + aT”dE2 =0
1 2

Additive, maximal entropy:

S_(E,E)=S(E)+S,(E,) and

ds,=Bigp + Be gy 0 Prug o 9y S,'HIE, =0
dE, dE, 0E, ° OE,

OE ' 0E |
O—Ef(Ep Ez)sz (Ez) = a?lj(ElﬁEZ)Sl (El)

factorizable for subsystems?



%y (k) 2 = Eu (g gy B0
OF, dE, OE, dE,

A\(E,)B,(E,)C(Ey E,)S'(E,))=A,(E,)B,(E,)C(E, E,) S'(E,)

B,(E,) _ By(E,)
Ay(E,) A (E)

S'(E,) S'(E,)

- o A A
E,(E,E,)= 0 2dE +[-2dE
12(1 2) %[Bl 1 -[B2 2

Formal logarithm:
L(E12) S Ll(E1)+ LZ (EZ)

Transitivity: Further important conditions.
Nonadditive entropy and energy together +...

Biré-Van: PRE, 83, 061147 (2011)



Example 1:Tsallis-like pseudoadditivity
572 = 51+52+GS752 @mmm series expansion (a=1-g)

Formal logarithm:

1
1+aS = 1+aS +aS,+a’S S = (1+aS )(1+as,) U L(S)= Eln(1+ aS)

(Rényi)
Example 2: heterogeneous systems
— 1 ap /a4 a;p/a,
512 ——((1+61151) (1+61252) _1) ]- 2
a;,
a,=a =a, - homogeneous (a=7-q) =) S =S__ i

—body and interaction



Associativity — generalized additivity
h(h(x, ), z) = h(x, h(y, 2))
) (1:h,(x,y)=L"(L(x)+L(y))

(L — formal logarithm
(unique up to a constant mulitplier)

Construction: -

L(x) :J':£ (Z,O)% dz

0 L~

E.g. Tsallis rule is associative:

h(S,,S,) =S, +5, +as;S, 1
mm) [(S,)=-In(1+aS;)=S,
da

... and this is Rényi entropy.

1
1+az

L(x) =j[ dz = l1n(1+ ax)
) a



Canonical energy distribution:

%lnz p}_a—ﬁz p%ln(1+aEi)—ocZ p;=max.

! PR
eq _ 1 yy = S e %
Pi —E(1+aﬁgln(1+aEi)) R
where f= p i e
1-a(1+8(L)) A
1 SN
pfqzz— (1+apE,)“ nonadditive S, additive E
\ -5
a

pfqzzi(1+aEi) nonadditive E, additive S

E
finite maximal/limiting temperature (a>0)!




T'sallis universality:

— additivity, T-pseudoadditivity and hiperT-pseudoadditivity

1)
2)

3)

h(x,y) =th, +cx+c y+

h(0,0) =0
h(x,0) = x

axy + alx2 + a2y2 +

bxy” +bx’y +b,y’x’|+...

h,(x,y)=x+y

additiv

+ axy Tsallis-additiv

X+y+axy

hiperTsallis-additiv

h.(x ) =

1——x
2)’




