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Content

eNon-extensivity & kinetic equations
e Motivations

eToy-model (colliding point-particles)
> Details of kinetics
>  Detailed balance no-go
> Numerical results about long-time evolution

Goal:
Long-time behaviour of two-component modified kinetic equations:

| > NESS (Non-equilibrium steady state)
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Non-Extensivity

* Why can NOT we just sum up micro-/mesoscopic quantities?

[ > INTERACTION

* Pair-interaction in general:

E 1 1
N = v 2Bty 2V
7 17

*in TDL:
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Non-Extensivity

* Why can NOT we just sum up micro-/mesoscopic quantities?

[ > INTERACTION

* Pair-interaction in general:
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N =N
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small: weak interaction (few pairs)
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Non-Extensivity

* Why can NOT we just sum up micro-/mesoscopic quantities?

[ > INTERACTION

* Pair-interaction in general:

E 1
N =N

*in TDL:

small: weak interaction (few pairs)

~ N°~! | big: strong interaction (a lot of pairs)
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Non-Extensivity

- [

2

no interaction interaction

Trick to use additive quantities
(if h is associative):

hE,E") =K = L(FE) + L(E’) L(K) = const.

/62 60
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Kinetic equations

o — Z / / Wi A

* symmetries: 1234 < 3412, 1234 < 2134
af + Ba

* constraints: 2-p. (quasi-)energy, 2-p. total momentum

Witas = witsy0(h(E1, By) — h(Es, E4))6®) (p1 + p2 — ps — pa)
* conserving quantities:

total momentum, number of particles
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Kinetic equations

o — Z / / Wi A

* symmetries: 1234 < 3412, 1234 < 2134
af + Ba

o constraints:lZ—p. (quasi—)energy,f—p. total momentt‘m
(3) )

af
W1234 — Wjo3

5(h(E1, Ey) — h(Es3, Es){"” (p1+ P2 — P3 — P4

* conserving quantities:

total momentum, number of particles
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Kinetic equations

o — Z / / Wi A

* symmetries: 1234 <+ 3412, 1234 < 2134
af < P

o constraints:lZ—p. (quasi—)energy,f—p. total momentt‘m
(3) )
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W1234 — Wjo3
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* conserving quantities:
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Kinetic equations & entropy growth

s=-3 [ sims

* H-theorem: S is increasing monotonically

* approaches its maximum in detailed balance (if exists):

fO(EN) [P (Bs) = [*(E3)f°(Eq)
L°P(Ey) + L*P(Ey) = LY (E3) + L*P(E,)
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Motivations

 power law tails in spectra

* not independent collisions

. —>
in dense plasma
* modified dispersion
relation
P1 —p— P3
P2 —p» —p— P4
—>
:’-
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Motivations

 power law tails in spectra

* not independent collisions

. *—>
in dense plasma

 modified dispersion ??

relation
P1 @—>p— D3

P2 —p —p— P4
-

o »

?+
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A toy-model — construction

» particles {E;, Py i}

* interaction via binary collisions

- dispersion relation: B = clp|”
» collisional invariants: h(E1, Es) = h(Es, Ey)
Ela P1, & }pg, °
E17 P1, /8 E4’ P4, 5
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A toy-model — construction

» particles {E;, Py i}

* interaction via binary collisions

« dispersion relation: E = c|p|"
. . . . P1 + P2 = P3 1+ P4
collisional invariants: g g | e8p g —
= B3+ E4 +a*PE3E,
E17 P1, & }piﬁ QY
E17 P1, /8 E47 P4, 6
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A toy-model — kinetic equation

continuum limit: (N — oo, A(E,E',¢) — 0)

o = Z /] Wi - )

(Boltzmann type) kinetic equation
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A toy-model — kinetic equation

continuum limit: (N — oo, A(E,E',¢) — 0)

fr= ] i sl - o)
3 234
(Boltzmann-type) kinetic equation

W?Q%zl = p*P (B3, By, K)5(ﬁa5(E1, Ez)J—haﬁ(E& E4))5(3)(P1 + p2 — P3 — P4,

K

K

A
o) =% / 4 / de (f() /P (K & &) — f(B)f*(E')) p*°
B0

-
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A toy-model — kinetic equation

continuum limit: (N — oo, A(E,E',¢) — 0)

o — 253 / / Wi - )

(Boltzmann-type) kinetic equation

W1a2634 = p° (E37E47 K)o aﬁ(Ela E») —haﬁ(@))é(S)(pl + P2 — P3s — P4,
K

modified , ~>

A
/ aE’ / (O (K &) — () f*(E)) p*
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A toy-model — simulation

Numerical implementation:

- ensemble described by {(p;, £; =c|p|"),i=1... N}
* collision-by-collision evolution, NOT in real time
* random sampling on the constrained phase space

* random variables:

> 1 outgoing energy
> angle between incoming & outgoing planes
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A toy-model — simulation

onstrained surfaces
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A toy-model — simulation

Constrained surfaces
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A toy-model — detailed balance

=% /] W?ﬁdf?%ﬁ 11D

F(EL) P (B2) = f(Es) f°(E4)
h*P(Ey, Ey) = h*P(Es, Ey)
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A toy-model — detailed balance

\

=% /] W?ﬁdf?%ﬁ e tf)

F(EL) P (B2) = f(Es) f°(E4)
L8 (Ey) + L*P(Ey) = L% (E3) 4+ L*P(E,)

n+n(n-1)/2 independent equations
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A toy-model — detailed balance

for a = f () f(Ba) = £ (Es) f*(Ea)
Lo (Ey) + LO(By) = L*® (Es) + L°*(Ey)

> ol
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A toy-model — detailed balance

for a = f () f(Ba) = £ (Es) f*(Ea)
Lo (Ey) + LO(By) = L*® (Es) + L°*(Ey)

s N

fO(B) [P (Br) = fa(Es)fB(EzL)C@

f}/ozozLaa (El) + VBBLﬁﬁ (EQ) — fYozozLaa(ES) + ’YﬁBLB@ (E4)
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A toy-model — detailed balance

for a = f () f(Ba) = £ (Es) f*(Ea)
Lo (Ey) + LO(By) = L*® (Es) + L°*(Ey)

s N

fO(B) [P (Br) = fa(ES)fﬁ(EzL)C@

Yaa L™ (El) T 7551—’55 (EQ) — ’YaaLaa(ES) T ’YBBLBB (E4)

AND for a # (3

L% (Ey) + L*P(Ey) = L*P(E3) + L*P(E,)
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A toy-model

d=3, n=2: closed curves

—‘I i
5
| 10
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A toy-model

Lot of constraints...
LY(Ey) + L*F(Ey) = L*P(E3) + L**(Ey) a.8=1...n

cannot be fulfilled for every pairs

: > detailed balance does not exist

| > no global conservations

Long time behaviour?
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A toy-model — numerical results

e collisional invariants:

By = Byt Byt e BB
Ly + B2 A 1t = fu3 + By s Fy
(E)" <{3>”
» scaling distributions (NESS): fY(E) = ®¢(E/<E>)

¢(x) ~ (1 + Az)~"

04.12.2012. M. Horvath: Non-extensive Boltzmann equation & thermalization 28



A toy-model — numerical results

e collisional invariants:

Bt Bt BB BBt S

1+ B2 H 1l = E3 + By A bsEy
(E)"™ <{3>”

» scaling distributions (NESS): fY(E) = EME/(E})

04.12.2012.

b(x) ~ (14@) ®

determined by initial values
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A toy-model — numerical results

* scaling distributions:

<E=>f(Ef<E=>)

04.12.2012.
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A toy-model — numerical results

- scaling distributions: (E)f%(F) = ¢(E/(FE))
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A toy-model — numerical results

- scaling distributions: (E)f%(F) = ¢(E/(FE))

log({<E=f(E/<E=))
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A toy-model—a ~ 1/<E>

d A
T =X [ apfme =By

af
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A toy- model —a~ 1/<E>

=% [ ani e = 2 )

<E> scaled out: no time dependence ' > (E)~ e
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A tov-model —a~ 1/<E>

=% [ ani e = 2 )

. T
<E> scaled out: no time dependence ' > <E> ~ e’
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A toy-model—a ~ 1/<E>

A
Sen = — Z/O dEfY(F)In f*(F) = const. + In((F))
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A toy-model—a ~ 1/<E>
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Conclusions & summary

eSimple kinetic toy-model with non-additive coll.
Invariants:
e two (or more) component: frustration isspeears continuousiy
(balance states will be different for each component)
® no detailed balance, but NESS in long time
e thermal description: heating system (driving)
e stable equation of states

® Motivation for energetically non-extensive models:
edense plasmas,
edealing with >2-part. collisions in a mean-field way

04.12.2012. M. Horvath: Non-extensive Boltzmann equation & thermalization 38



Acknowledgement

e Antal JAKOVAC (E6tvos University)
e Péter VAN (Wigner RCP)

e Karoly URMOSSY (Wigner RCP)

04.12.2012. M. Horvath: Non-extensive Boltzmann equation & thermalization

39



Thank you for your attention!

Questions?
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