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1. Near-extremal D3-branes
The near-extremal D3-brane metric describes N = 4 gauge theory at finite temper-
ature [Gubser et al. 1996] (also unpublished work of Strominger):

ds2 = H−1/2 (
−hdt2 + d!x2) + H1/2

(
dr2

h
+ r2dΩ2

5

)

H = 1 +
L4

r4 h = 1− r4
0

r4 .

(1)

In the now-familiar strong coupling limit of AdS/CFT [Maldacena 1998; Gubser
et al. 1998a; Witten 1998]

L8

G10
=

2N 2

π4 " 1
L4

α′2
= λ ≡ g2

Y MN " 1 (2)

One finds free energy density [Gubser et al. 1998b]

f (λ) =
F

V
=

(
3

4
+

15ζ(3)

8λ3/2 + . . .

)
ffree (3)

where ffree = −π2

6 (N 2 − 1)T 4 for SU(N) super-Yang-Mills.
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At weak coupling [Fotopoulos and Taylor 1999; Vazquez-Mozo 1999; Kim and Rey
2000; Nieto and Tytgat 1999],

f (λ) =

(
1− 3

2π2λ +

√
2 + 3

π3 λ3/2 + . . .

)
ffree (4)

The most modern treatment I know of is by [Blaizot et al. 2006]: (3) and (4) uniquely
fix a (4,4) Padé estimate,

f

ffree
=

1 + αλ1/2 + βλ + γλ3/2

1 + ᾱλ1/2 + β̄λ + γ̄λ3/2
(5)
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Figure 2: Weak and strong coupling results for the entropy density of N = 4 SYM theory together
with the NLA results obtained in analogy to QCD (cp. Fig. 1), but as a function of λ, which here is
a free parameter. The dashed and full heavy gray lines represent the Padé approximants R[1,1] and
R[4,4] which interpolate between weak and strong coupling results to leading and next-to-leading
orders, respectively.

uniquely all the coefficients in the R[4,4] approximant

R[4,4] =
1 + αλ1/2 + βλ + γλ3/2 + δλ2

1 + ᾱλ1/2 + β̄λ + γ̄λ3/2 + δ̄λ2
. (3.1)

The fact that the weak coupling result has no term of order λ1/2, while the strong-

coupling result approaches 3/4 at large couplings, where it has no terms of order λ−1/2 or

λ−1, completely constrains the coefficients in the denominator of (3.1) in terms of those in

the numerator:

ᾱ = α, β̄ =
4

3
β, γ̄ =

4

3
γ, δ̄ =

4

3
δ. (3.2)

The remaining four independent coefficients are then uniquely fixed by the results quoted

above for the weak-coupling expansion to order λ3/2 and, respectively, the strong-coupling

expansion to order λ−3/2, together with the expectation that the subsequent term in the

latter should be suppressed by at least a factor of λ−1. One thus finds

α =
2(9 + 3

√
2 + γπ3)

9π
, β =

9

2π2
,

γ =
2

15ζ(3)
, δ =

2

15ζ(3)
α . (3.3)

Gratifyingly, the resulting rational function has no pole at positive values of λ and it

interpolates monotonically between zero and infinite coupling, as commonly expected [3]. In

Fig. 2, the Padé approximant (3.1) to the weak- and strong-coupling results is represented

by the heavy gray line marked “Padé”. In order to get an idea of the convergence of

successive Padé approximants, the simpler Padé approximant R[1,1] which only reproduces

– 8 –

Comparison with a hard thermal loop
calculation of s/sfree (roughly, two-loop
perturbation theory supplemented by a
self-consistent gap equation for thermal
masses) does pretty well out to λ ∼
4.

HTL (green) calculations of entropy in N = 4

[Blaizot et al. 2006].
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2. Shear viscosity
Neglecting loop and stringy corrections to two-derivative gravity, a broad set of
black branes have [Policastro et al. 2001; Buchel and Liu 2004; Kovtun et al. 2005]

η

s
=

1

4π
; (6)

and D3-branes in particular have [Buchel et al. 2005]

η

s
=

1

4π

(
1 +

135ζ(3)

8λ3/2 + . . .

)
. (7)

Loop corrections may lead to violations [Kats and Petrov 2007; Brigante et al. 2008]
of the conjectured bound η/s ≥ 1/4π.

η is a key input for relativistic hydrodynamics:

T µν = (ε + p)uµuν + pgµν − P µαP νβ

[
η

(
∇αuβ +∇βuα −

2

3
gαβ∇λu

λ

)

+ ζgαβ∇λu
λ

]
where P µν = gµν + uµuν .

(8)
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Lattice simulations of pure glue [Meyer 2007] indicate
[η

s

]

best
= 0.134 ≈ 5/3

4π

η

s
<∼ 1 @ 90% CL (9)

This is hard work for the lattice because viscosities arise from real-time correlators:

η

(
δikδjl + δilδjk −

2

3
δijδkl

)
+ ζδijδkl = − lim

ω→0

1

ω
Im GR

ij,kl(ω)

GR
ij,kl(ω) ≡ −i

∫
d3x dt eiωtθ(t)〈[Tij(t, !x), Tkl(0, 0)]〉 ,

(10)

whereas lattice provides direct access only to Euclidean correlators:

GE(ωn) =

∫ β

0
dτ

∫
d3x eiωnτ

〈
TE

{
O(τ, !x)O(0)

}〉
ωn =

2πn

β

= −GR(iωn) =

∫ ∞

−∞
dω

ρ(ω)

ω − iωn
for n > 0.

(11)

To get GR(ω) for real ω starting from lattice data, some assumptions about spectral
density ρ(ω) have to be made.
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Elliptic flow in heavy ion collisions puts bounds on η. Here’s the relevant geometry:

x2R/!

b
2R = 14 fm

Au

Au

z

Side view of an off-center gold-gold collision.
The reaction plane is the plane of the page b as
a vector is approximately determined for each
event.

γ ≈ 100 at RHIC, 2800 at LHC.

y

x

Mark D. Baker

Elliptic Flow: A collective effect

dN/d(! "#R ) = N0 (1 + 2V1cos (!"#R) + 2V2cos (2(!"#R)) + ... )

Elliptic flow

Beam’s eye view of a

non-central collision:

Particles prefer to be “in plane”:

!

$

!

Cartoon of elliptic flow. From [Baker 2001]. Uneven pressure gradients lead to anisotropic ex-
pansion.
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Experimental measure of elliptic flow is d-wave coefficient in an expansion of az-
imuthal distribution of particles (here y = tanh−1 pz/E is rapidity):

dN

pTdpTdydφ
=

dN

pTdpTdy
[1 + 2v2 cos 2φ + . . .] (12)
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FIG. 3: Elliptic flow v2 as a function of pT for different values of Γs/τo. The data points are four

particle cummulant data from the STAR collaboration [3]. Only statistical errors are shown. The

difference between the ideal and viscous curves is linearly proportional to Γs/τo.
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as a function of transverse momentum KT . The solid symbols are from the STAR collaboration

[11] and the open symbols are from the PHENIX collaboration [12]. For clarity, the experimental

points have been slightly shifted horizontally.

14

Effect of shear viscosity on predictions of
v2(pT ). From [Teaney 2003]. Data points
are pions, from STAR [Adler et al. 2002].

Viscosity dependence of v2 was studied e.g. in
[Teaney 2003] in terms of Γs/τo, where

Γs =
4

3T

η

s
sound attenuation length

τoT ≈ 1 characteristic expansion

Γs

τ0
= 0.1 ←→ η

s
≈ 1

4π

(13)

But... Ideal hydro, Γs = 0, was “designed” to
agree with data in this study.

Upshot: data favors the range

0 ≤ η

s
<∼ 0.2 ≈ 5/2

4π
. (14)
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3. Equation of state and bulk viscosity
QCD is significantly non-conformal near Tc, and confinement is a smooth cross-
over, not a phase transition.

RHIC RESULTS 39
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Figure 1: Figure of ε(T )/T 4, P (T )/T 4, and s(T )/T 3 for three light flavors of
quarks on the lattice.

Table 1: Table of RHIC Performance.
Run Species Particle Energy Total Delivered Average Store

[GeV/n] Luminosity Polarization
Run-1 2000 Au + Au 27.9 < 0.001µb−1 -

Au + Au 65.2 20 µb−1 -
Run-2 2001-2 Au + Au 100.0 258 µb−1 -

Au + Au 9.8 0.4 µb−1 -
pol. p + p 100.0 1.4 µb−1 14%

Run-3 2002-3 d + Au 100.0 1.4 pb−1 -
pol. p + p 100.0 5.5 pb−1 34%

Run-4 2003-4 Au + Au 100.0 3740 µb−1 -
Au + Au 31.2 67 µb−1 -
pol. p + p 100.0 7.1 pb−1 45%

Run-5 2004-5 Cu + Cu 100.0 42.1 nb−1 -
Cu + Cu 31.2 67 µb−1 -
Cu + Cu 11.2 0.02 nb−1 -
pol. p + p 100.0 29.5 pb−1 46%
pol. p + p 204.9 0.1 pb−1 30%

Lattice results for the equa-
tion of state of QCD. From
[Karsch 2002]. εSB is
the energy density for free
quarks and gluons. The 20%

deficit in ε/εSB is suggestive
of strong coupling.

• Tc ≈ 170 MeV.

• RHIC operates at
T ≈ 280 MeV.

• LHC will operate at
T ≈≈ 600 MeV.
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In a bottom-up approach [Gubser and Nellore 2008], we can reproduce the lattice
eos using

L =
1

2κ2
5

[
R− 1

2
(∂φ)2 − V (φ)

]
. (15)

V (φ) can be adjusted to match dependence of

speed of sound: c2
s ≡

dp

dε
(16)

on T . Then adjust κ2
5 to get desired ε/T 4 at some high scale (say 3 GeV). Here’s a

quasi-realistic choice:

V (φ) =
−12 cosh γφ + bφ2

L2 γ = 0.606 , b = 2.057 . (17)

Authors of [Gursoy and Kiritsis 2008; Gursoy et al. 2008ab] took same starting
point (15) further: an appropriate V (φ), with V ∼ −φ2e

√
2
3φ, gives a Hawking-

Page transition to confinement, logarithmic RG in UV, and glueball with m2 ∼ n,
as in linear confinement.
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Once conformal invariance is broken, we can investigate bulk viscosity [Gubser et al.
2008cb], following a number of earlier works, e.g. [Parnachev and Starinets 2005;
Buchel 2005 2007]:

ζ =
1

9
lim
ω→0

1

ω
Im

∫
d3x dt eiωtθ(t)〈[T µ

µ(t, !x), T ν
ν(0, 0)]〉 . (18)

H

12h

p
absorb

! " 12 # " p
absorb

ii / $

R
3,1

iih / $

horizon

t,x

z

z = z

Shear viscosity relates to
absorption probability for
an h12 graviton. Bulk vis-
cosity relates to absorption
of a mixture of the hii gravi-
ton and the scalar φ.

ds2 = e2A(r) (−h(r)dt2 + d!x2) + e2B(r) dr2

h(r)
φ = φ(r) . (19)

In a gauge where δφ = 0, let’s set h11 = e−2Aδg11 = e−2Aδg22 = e−2Aδg33. Then

h′′11 =

(
− 1

3A′ − 4A′ + 3B′ − h′

h

)
h′11 +

(
−e−2A+2B

h2 ω2 +
h′

6hA′ −
h′B′

h

)
h11

(20)
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• Type I: smooth cross-
over, like (17).

• Type II: nearly second
order, c2

s → 0 at Tc.

• Type III: No BH below
Tc, like [Gursoy et al.
2008b].

• Sharper behavior of c2
s gives

sharper ζ/s.

• Large ζ at Tc is hard to ar-
range with a reasonably re-
alistic EOS.

• Poses a challenge for “soft
statistical hadronization”
proposal of [Karsch et al.
2007].
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Is bulk viscosity experimentally relevant?

Interesting proposal of Kharzeev and collaborators [Kharzeev and Tuchin 2007;
Karsch et al. 2007]: bulk viscosity is a strong correction to hydro at T = Tc leading
to last-instant entropy production accompanying freezeout:

expansion

If ζ is large, much entropy / many soft particles are produced as thermal
medium expands. This depiction is in imitation of a figure in [Kharzeev].

Bottom-up calculations in AdS suggest that it’s hard to get ζ/s > 0.1 with quasi-
realistic eos. If that’s right, then expansion-induced entropy is probably not so sig-
nificant.
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4. The trailing string
A heavy external quark moving at speed v experiences a drag force [Herzog et al.
2006; Gubser 2006a] (see also [Casalderrey-Solana and Teaney 2006]):

dp

dt
= −π

√
λ

2
T 2 v√

1− v2
. (21)

(21) arises in a simple way: a fundamental string trails out behind the quark into
AdS5-Schwarzschild, pulling back upon it.

drag

3,1

AdS
5
!Schwarzschild

qq r

horizon

R3,1

AdS
5
!Schwarzschild

!(y)

x

y

q
v

horizon
fundamental

string momentum flow

static

R

Static force versus drag force. In both cases, the classical shape of the string is
known analytically.
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Mass is formally infinite, but if we use instead a finite heavy quark mass M , find

dp

dt
= − p

τQ
where τQ =

2

π
√

λ

M

T 2 , (22)

So characteristic stopping length / time is τQ.

To get a numerical value for τQ, I favor comparing N = 4 SYM to QCD at fixed
energy density rather than temperature. SU(3) SYM has about 3× the number of
degrees of freedom as QCD, and I expect τQ to decrease with number of dof’s.

To fix λ, I favor [Gubser 2006c] using the following effective measure of αs:

αqq̄(r, T ) ≡ 3

4
r2∂Fqq̄

∂r
Fqq̄ is excess free energy from heavy q-q̄ pair. (23)

massless exchange

3,1

AdS
5
!Schwarzschild

R3,1

AdS
5
!Schwarzschild

q qr r
x

y

q

horizonstring

q

horizon
fundamental

R

Two string theory configurations contributing to Fqq̄. Only U-shape is fully under-
stood. But see [Bak et al. 2007] for recent work on exchange diagram.
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Simplest approximation to U-curve contribution is zero temperature result:

αSYM(T =0) ≡ 3

4
r2∂Vqq̄

∂r
=
√

λ
3π2

Γ(1/4)4 . (24)

To fix λ ≈ 5.5, compare to lattice at largest r where U-shape dominates.
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Α

0.1 0.25 0.5 1

-0.2
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b! TSYM " 250 MeVStatic quark force forN = 4 SYM (yellow
band) versus Nf = 2 lattice results from
[Kaczmarek and Zantow 2005].

• εSYM = εQCD means
TSYM = TQCD/31/4. I took
TQCD ≈ 250 MeV here.

• An alternative perspective can be
found in [Sin and Zahed 2007].

The match is conspicuously imperfect! At least we fix λ from a leading-order effect.
Matching Debye length in large r tail gives even smaller λ [Bak et al. 2007].

A sensible alternative is TQCD = TSYM with λ ≈ 6π from setting g2
YM

4π
= αs ≈ 0.5.

Always, N = 3.
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Using my preferred comparison scheme, τc ≈ 2 fm/c for charm at RHIC; also
τb/τc = mb/mc. So charm equilibrates, and b does so only partially. 5

partN
0 50 100 150 200 250 300 350

A
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R
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1.4  = 200 GeV
NN
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 : p±e
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T

 : p±e
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T

 : p0!

FIG. 2: RAA of heavy-flavor electrons with pT above 0.3 and
3 GeV/c and of π0 with prmT > (4 GeV/c as function of
centrality given by Npart. Error bars (brackets) depict sta-
tistical (point-by-point systematic) uncertainties. The right
(left) box at RAA = 1 shows the relative uncertainty from the
p+p reference common to all points for prmT > 0.3(3) GeV/c.

measurement is added for minimum bias events.

Figure 1 shows the invariant pT spectra of electrons
from heavy-flavor decay for minimum bias events and in
five centrality classes. The curves overlayed are the fit
to the corresponding data from p+p collisions [18] with
the spectral shape taken from a FONLL calculation [17]
and scaled by the nuclear overlap integral 〈TAA〉 for each
centrality class [6]. The insert in Fig. 1 shows the ratio
of electrons from heavy-flavor decays to background. It
increases rapidly with prmT , reaching one for prmT ≈
1.5 GeV/c, reflecting the small amount of material in the
detector acceptance. It is this large signal to background
ratio which makes the accurate measurement of heavy-
flavor electron spectra and vHF

2 possible.

For all centralities, the Au+Au spectra agree well with
the p+p reference at low pT but a suppression with
respect to p+p develops towards high prmT . This is
quantified by the nuclear modification factor RAA =
dNAu+Au/(〈TAA〉dσp+p), where dNAu+Au is the differ-
ential yield in Au+Au and dσp+p is the differential cross
section in p+p in a given pT bin. For prmT < 1.6 GeV/c,
dσp+p, is taken bin-by-bin from [18], whereas a fit to
the same data (curves in Fig. 1) is used at higher prmT ,
taking the normalization uncertainty into account. Sys-
tematic uncertainties in dσp+p and TAA are included.

Figure 2 shows RAA for electrons from heavy-flavor
decays for two different pT ranges as a function of the
number of participant nucleons, Npart. For prmT >
0.3 GeV/c, which contains more than half of the heavy-
flavor decay electrons [18], RAA is close to unity for
all Npart in accordance with the binary scaling of the
total heavy-flavor yield [19]. For prmT > 3 GeV/c,
the heavy flavor electron RAA decreases systematically
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FIG. 3: (a) RAA of heavy-flavor electrons in 0-10% central
collisions compared with π0 data [6] and model calculations
(curves I [30], II [31], and III [32]). The box at RAA = 1 shows
the uncertainty in TAA. (b) vHF

2 of heavy-flavor electrons in
minimum bias collisions compared with π0 data [29] and the
same models. Errors are shown as in Fig. 2.

with centrality, and it is larger than RAA of π0 with
prmT > 4 GeV/c [6]. Since above 3 GeV/c electrons
from charm decays originate mainly from D mesons with
pT above 4 GeV/c this comparison indicates a slightly
smaller high pT suppression of heavy-flavor mesons than
observed for light mesons.

Figure 3 shows the measured RAA and vHF
2 of heavy-

flavor electrons in 0-10% central and minimum bias col-
lisions, and our corresponding π0 data [6, 29]. The latter
are restricted to pT ranges where RAA and v2 of π0 do
not depend strongly on pT such that a comparison of
heavy-flavor electrons and π0 is not obscured by decay
kinematics. The data indicate strong coupling of heavy
quarks to the medium. The suppression is large and sim-
ilar to that of π0 for prmT > 4 GeV/c where a significant
contribution from bottom decays is expected. The large
vHF
2 shows that the charm relaxation time is compara-

ble to the short time scale of flow development in the
produced medium.

More quantitative statements require theoretical guid-
ance. Figure 3 compares the RAA and v2 of heavy-flavor
electrons with models calculating both quantities simul-
taneously. A perturbative QCD calculation with radia-
tive energy loss (curves I) [30] can describe the measured
RAA reasonably well using a large transport coefficient
q̂ = 14 GeV2/fm, which leads to a consistent descrip-
tion of light hadron suppression as well. This value of q̂

RAA and v2 for heavy quarks. pT is for
a non-photonic electron. From [Adare
et al. 2006].

• Crudely, RAA(pT ) is the % of
charm quarks escaping at a given
transverse momentum.

• But pT shown is for e± decay
product, so roughly double it to
get pT of c.

• Smaller RAA and bigger v2 go
together.

• van Hees curves have τc ≈ 4.5 fm.

Upshot: Data favors larger τc, but not much larger, than string theory analysis.
For an alternative viewpoint, see e.g. [Teaney 2008]; also, beware b contribution.
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Tagging b’s and c’s should be possible after detector upgrades at RHIC, and at LHC.

A distinctive difference [Horowitz and Gyulassy 2007] between pQCD and AdS/CFT
predictions from RHIC to LHC energies may come from

Rcb
AA ≡

Rb
AA

Rc
AA

∼






tbottom

tcharm
≈ mcharm

mbottom
for AdS/CFT

1− pcb/pT for pQCD, pcb ∝ q̂L2
(25)

3

case of a geometric path average over a static, finite, uni-
form plasma of thickness L; then

RQ
AA(pT ) =

1− enQµQL

nQµQL
≈ 1

nQµQL
, (2)

where the pT dependence is carried entirely by the spec-
tral index nQ(pT ). RAA can be interpreted for L# !Q ≡
1/(nQµQ) as the fraction !Q/L of the Q jets that escape
unstopped from the strongly coupled plasma within the
AdS/CFT approximation.

FIG. 2: The double ratio of Rc
AA(pT ) to Rb

AA(pT ) predictions
for LHC using Eq. (1) for AdS/CFT and WHDG [25] for
pQCD with a wide range of input parameters. The generic
difference between the pQCD results tending to unity con-
trasted to the much smaller and nearly pT -independent results
from AdS/CFT can be easily distinguished at LHC.

Two implementations of pQCD energy loss are used in
this paper. The first is the full WHDG model convolving
fluctuating elastic and inelastic loss with fluctuating path
geometry [25]. The second restricts WHDG to include
only radiative loss in order to facilitate comparison to
[30]. Note that when realistic nuclear geometries with
Bjorken expansion are used, the “fragility” of RAA for
large q̂ reported in [36] is absent in both implementations
of WHDG.

Unlike the AdS/CFT dynamics, pQCD predicts
[23, 24, 25] that the average energy loss fraction
in a static uniform plasma is approximately ε̄ ≈
κL2q̂ log(pT /MQ)/pT , with κ a proportionality constant
and q̂ = µ2

D/λg. The most important feature in pQCD
relative to AdS/CFT is that ε̄pQCD → 0 asymptotically
at high-pT while ε̄AdS remains constant. nQ(pT ) is a
slowly increasing function of momentum; thus RpQCD

AA
increases with pT whereas RAdS

AA decreases. This generic
difference can be observed in Fig. 1, which shows repre-
sentative predictions from the full numerical calculations
of charm and bottom RAA(pT ) at LHC.

Double Ratio of charm to bottom RQ
AA A disadvantage

of the RQ
AA(pT ) observable alone is that its normaliza-

tion and slow pT dependence can be fit with different
model assumptions compensated by using very different

medium parameters. In particular, high value extrapola-
tions of the q̂ parameter proposed in [26] could simulate
the flat pT independent prediction from AdS/CFT.

We propose to use the double ratio of charm to bot-
tom RAA to amplify the observable difference between
the mass and pT dependencies of the AdS/CFT drag
and pQCD-inspired energy loss models. One can see in
Fig. 2 that not only are most overall normalization dif-
ferences canceled, but also that the curves remarkably
bunch to either AdS/CFT-like or pQCD-like generic re-
sults regardless of the input parameters used.

The numerical value of Rcb shown in Fig. 2 for
AdS/CFT can be roughly understood analytically from
Eq. (2) as,

Rcb
AdS ≈

Mc

Mb

nb(pT )
nc(pT )

≈ Mc

Mb
≈ 0.26, (3)

where in this approximation all λ, T ∗, L, and nc(pT ) ≈
nb(pT ) dependences drop out.

The pQCD trend in Fig. 2 can be understood qualita-
tively from the expected behavior of ε̄pQCD noted above
giving (with nc ≈ nb = n)

Rcb
pQCD ≈ 1− pcb

pT
, (4)

where pcb = κn(pT )L2 log(Mb/Mc)q̂ sets the relevant mo-
mentum scale. Thus Rcb → 1 more slowly for higher
opacity. One can see this behavior reflected in the full
numerical results shown in Fig. 2 for moderate suppres-
sion, but that the extreme opacity q̂ = 100 case deviates
from Eq. (4).

The maximum momentum for which string theoretic
predictions for Rcb can be trusted is not well understood.
Eq. (1) was derived assuming a constant heavy quark
velocity. Supposing this is maintained by the presence
of an electromagnetic field, the Born-Infeld action gives
a “speed limit” of γc = M2/λ(T ∗)2 [37]. The work of
[19] relaxed the assumptions of infinite quark mass and
constant velocity; nevertheless Eq. (1) well approximates
the full results. Requiring a time-like endpoint on the
probe brane for a constant velocity string representing a
finite mass quark leads to [21] a parametrically similar
cutoff,

γc =
(

1 +
2M√
λT ∗

)2

≈ 4M2

λ(T ∗)2
. (5)

There is no known limit yet for the dynamic velocity
case. To get a sense of the pT scale where the AdS/CFT
approximation may break down, we plot the momentum
cutoffs from Eq. (5) for the given SYM input parameters
corresponding to T ∗(τ0) and T ∗

c . These are depicted by
“O” and “|” in the figures, respectively.

Conclusions Possible strong coupling deviations from
pQCD in nuclear collisions were studied based on a recent

pQCD predictions for
Rcb

AA separate cleanly
from AdS/CFT because
assumptions about initial
conditions cancel out. But
beware uncertainty on
the limits of validity of
AdS/CFT.

Related studies by Brasoveanu and d’Enterria are in progress.
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4.1. Stochastic forces on heavy quarks

Drag force is not the whole story: in a Langevin description [Casalderrey-Solana
and Teaney 2006; Gubser 2006b; Casalderrey-Solana and Teaney 2007]

d!p

dt
= −η!p + !F (t) η =

π
√

λT 2

2m
(26)

where !F is a stochastic force: if !p is in the 1̂ direction, then

〈F1(t1)F1(t2)〉 ≈ κLδ(t1 − t2) , κL = π
√

λ
T 3

(1− v2)5/4

〈Fi(t1)Fj(t2)〉 ≈ κTδijδ(t1 − t2) , κT = π
√

λ
T 3

4
√

1− v2

(27)

String theory value for κL exceeds Einstein relation except near v = 0:

κL =
1

(1− v2)3/42TEη , (28)

hinting that Langevin description doesn’t capture all the physics.

Also: correlation time in !F (t) diverges as 1/ 4
√

1− v2.
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R3,1

yv

AdS
5
!Schwarzschild

signals go

this way

x

y

horizon
spacelike

timelike

q
v

The horizon on the worldsheet is at y = yv.

Stochastic fluctuations are controlled
by causal horizon on the worldsheet.

AdS5-Schwarzschild geometry is

ds2
5 =

L2π2T 2

y2

[
−(1− y4)dt2 + d!x2 +

1

π2T 2

dy2

1− y4

]
. (29)

Consider observers who stay at fixed y while holding onto the trailing string:

• dτ 2 > 0 if y > yv ≡ 4
√

1− v2: “outside” the worldsheet black hole.

• dτ 2 < 0 if y < yv: “inside” the worldsheet black hole. The observer can’t stay
at fixed y, but slides down the string.

Something roughly like Hawking radiation must emanate from the worldsheet hori-
zon, leading to stochastic !F (t). Actual computations directly access 〈Fi(t1)Fj(t2)〉.
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5. Jet-splitting?
look for the jet on the other side

STAR PRL 90, 082302 (2003)

Central Au + Au

Peripheral Au + Au

Medium is opaque!

_ high density

     large !interaction

A hard process occurring near the edge of the medium
produces a near-side “trigger” jet (red). The away-side
parton interacts strongly with the medium. From [Jacak
2006].

Jet reconstruction is impractical, so make histograms
of azimuthal separation between two energetic hadrons.

2 Jiangyong Jia for the PHENIX Collaboration

malization factor that is fixed by the experimentally measured RAA, which varies
with energy loss models. But single hadron yield can’t constrain the shape of
P ′(∆E) =

∫
dφd−→r P (∆E, φ,−→r ), hence the dynamics of energy loss models, very

well (the fragility [ 5]).
To regain sensitivity to the energy loss mechanisms, one inevitably need to

study the distribution of the energy lost by the partons via two- or multi-particle
correlations. For intermediate pT charged hadron pairs, the away-side jet was ob-
served to peak at ∆φ ∼ π ± 1.1 [ 6, 7], suggesting that the energy lost by high
pT partons is transported to lower pT hadrons at angles away from ∆φ ∼ π. The
proposed mechanisms for such energy transport include medium deflection of hard [
8] or shower partons [ 9], large-angle gluon radiation [ 10, 11], Cherenkov gluon
radiation [ 12], and “Mach Shock” medium excitations [ 13].

In this proceeding, we discuss some aspects of the di-hadron correlation results
from PHENIX, with an eye to constrain the possible energy loss mechanism as well
the response of the partonic matter to the energy loss.

2. Away-side pT scan: Medium-induced component and Punch-
through component

0
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 0.4-1 GeV/c!3-4 

Au-Au 0-20%

p - p

 1-2 GeV/c!3-4 

 1.5!
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0

0.01

0.02

 3-4 GeV/c!3-4 

 2.5!

 (rad)"#
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"
#

d
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1
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Fig. 1. Per-trigger yield vs. ∆φ for various trigger and partner pT (pA
T ⊗pB

T ) in p+p
and 0-20% Au+Au collisions. The Data in some panels are scaled as indicated. Solid
lines (shaded bands) indicate elliptic flow (ZYAM method) uncertainties. Arrows
in Fig. 1c depict the “Head Region” (H) and the “Shoulder Region” (S).

Fig.1 shows the per-trigger yield distributions for p + p and central Au+Au

With appropriate pT cuts, ob-
serve a double-hump structure
on away-side: “jet-splitting.”
From [Jia 2007].

More inclusive cuts fill in
the region around ∆φ = π:
“jet-broadening” [Adams et al.
2005].
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A string theory calculation has been done for heavy quarks: [Gubser et al. 2007;
Chesler and Yaffe 2007] and refs therein.

5

R3,1

AdS  !Schwarzschild

v
q

fundamental str
ing

T
mn

mnh

horizon

A heavy quark trails a string
behind it. The string cou-
ples to gravitons dual to
〈Tmn〉 in the gauge theory.

Calculate hmn using lin-
earized Einstein equations.

One big calculation gives
〈T 0m〉 over a broad range
of scales; high k asymptotics pioneered in [Yarom 2007] turn out to be especially
interesting.

Render all quantities dimensionless:

!X = πT!x Si( !X) ≡
√

1− v2

(πT )4
√

λ

〈
T 0i(0, !x)− T 0i

Coulomb(0, !x)
〉

. (30)
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Rescaled, subtracted Poynting vector generated by a quark in an infinite, static medium. Green
shows the Mach angle, and blue shows the parabolic boundary of the diffusion wake. For T ≈
318 MeV, | !X| = 5 is a distance 1 fm from the quark. From [Gubser et al. 2007].
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A phenomenological comparison
[Betz et al. 2008] including Cooper-
Frye hadronization shows that
AdS/CFT does lead to jet-splitting
at pT ≈ 5 GeV.

But the reason is unexpected: it’s not
the hydro region that does it, it’s the
“neck” region with |x| <∼ 1 fm.

Puzzles / problems remain:

• Pseudo-Mach angle is smaller than
data, and gets smaller as v → 1.

• This was for heavy quarks!

• Cooper-Frye isn’t perfect.

• Interpretation of experimental phe-
nomenon isn’t universally agreed
upon.
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6. Jet quenching
According to pQCD (e.g. [Baier et al. 1997; Zakharov 1997; Wiedemann 2000]),
radiative energy loss by light quarks and gluons is

∆E =
1

4
αsCRq̂(∆x)2 , (31)

where the jet-quenching parameter describes how fast momentum broadens as a
function of path length ∆x:

q̂ =
〈p2
⊥〉

∆x
. (32)

!

C

t

x

z

L

x

Authors including [Kovner and Wiedemann 2003;
Liu et al. 2006] prefer a definition in terms of a par-
tially light-like Wilson loop with L3 ∆x:

〈W adjoint(C)〉 ≈ exp

[
−1

4
q̂L2∆x

]
. (33)

A gauge-string calculation of 〈W fundamental〉 leads to

q̂ =
π3/2Γ(3/4)

Γ(5/4)

√
λ T 3 . (34)
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A correction factor
√

sQCD/sSYM is advocated in [Liu et al. 2007] to correct for
fewer degrees of freedom. Including this factor and using λ = 6π, as they prefer, I
calculate

q̂ ≈ 2.3
GeV2

fm
at T = 280 MeV, (35)

significantly above pQCD’s q̂ ≈ 0.77 GeV2/fm and almost big enough to agree
with experiment (more later).

But some puzzles remain:

• Argyres and collaborators criticize the choice of saddle point [Argyres et al.
2007 2008] and find log〈W A(C)〉 ∼ L not L2.

• q̂ as defined through Wilson loop may not be directly related to energy loss or
momentum diffusion in strongly coupled gauge theories.

• Independent calculations of q̂T ≡ 〈p2
⊥〉/∆x for heavy quarks [Herzog et al.

2006; Casalderrey-Solana and Teaney 2006 2007; Gubser 2006b] lead to larger
values than (34): larger by∼ √γ as v → 1.
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q    7

q    2.3

q    28

q    13.2

From [Adare et al. 2008],
with minor additions. Pre-
dictions of PQM model
[Dainese et al. 2005] versus
PHENIX data. All values of
q̂ are in GeV2/fm.

Best fit curve (red) has
q̂ = 13.2 GeV2/fm.

3σ range is
7 < q̂ < 28 GeV2/fm.

Parton Quenching Model
is based on many soft
momentum transfers between medium and hard partons. Other formalisms exist (see
e.g. [Gyulassy et al. 2001; Arnold et al. 2002; Wang 2004]) for connecting pQCD to
data.
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7. Falling strings
Can we calculate ab initio the energy loss of a gluon in strongly coupled N = 4?

We propose [Gubser et al. 2008a] to regard an off-shell gluon as a doubled string
with both ends passing through the horizon.

D3

T=0 T=0

on!shell gluon

D3’s

energetic

off!shell

gluon

?

At zero temperature, results of [Alday and Maldacena 2007] show that gluon scat-
tering produces approximately this type of string configuration.

At finite temperature, something funny happens: where the string crosses the hori-
zon, it can’t move! (Infinite red-shifting wrt Killing time t.)
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R
3,1

t=0
t=1

v(y)

AdS!Schwarzschild

horizon

x

y

1

y=1

y=0

5

x!

y=y
UV

A doubled string starts at
t = 0 with some total
energy and virtuality, then
falls into the horizon over a
distance ∆x.

• Given initial E, what is ∆x?

• Answer must depend on virtuality↔ yUV, so what is maximum ∆x?

• How do we roughly convert the answer to q̂?

We made estimates based on assuming the shape of the falling string quickly ap-
proaches a segment of the trailing string; confirmed numerically in [Chesler et al.
2008].

For E " T , we found ∆x̂ ≈ Ê1/3 (see also [Hatta et al. 2008]), where

x̂ = πTx Ê =
1√

g2
Y MN

E

T
. (36)
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This is not too different from pQCD prediction ∆x ∝
√

E/q̂. So let’s convert to a
rough prediction of q̂:

q̂rough ≡
4E

3αs(∆x)2 . (37)

!
! ! ! ! ! ! ! ! ! !

" " " " " " " " " " "
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PHENIX 3    range!

pQCD
scaled LRW

Estimates of the jet-quenching parameter, from (37), comparing at fixed energy density, with
λ = 5.5. Different symbols correspond to varying assumptions about shape of falling string. From
[Gubser et al. 2008a]. LRW is from [Liu et al. 2006] at 280 MeV, for SYM; scaled LRW is for
QCD at 280 MeV, including the

√
sQCD/sSYM factor from [Liu et al. 2007].
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The overall picture on jet-quenching is, in my view, somewhat muddled at present:

• Good that we’re within 3σ range, or close.

• Good that we can accommodate gluons that start off significantly virtual.

• Questionable to compare q̂ from falling strings to a value in PQM model, where
underlying assumptions are different.

• Bad that we don’t understand relation among jet-quenching calculations, plus
heavy quark drag / diffusion.

• Interesting to consider including fluctuations or graviton response, starting either
from [Liu et al. 2006] or [Gubser et al. 2008a].

• Maybe good that numerical study [Chesler et al. 2008] shows larger ∆x (so
smaller q̂) for falling strings; or was that due to initial conditions?
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8. Total multiplicity

Charged tracks measured by STAR in a gold-gold col-
lision [STA]. For multiplicitly estimates, see e.g. PHO-
BOS’s [Back et al. 2005].

Central RHIC collision:

Npart ≈ 2× 197 = 394 nucleons in
Nch ≈ 5000 charged particles out.

A reasonable estimate of the en-
tropy produced is

S ≈ 7.5Ncharged ≈ 38000 , (38)

(E.g. consider a gas of free hadrons
at Tc and compute S/Ncharged

starting from partition function.)

How well can we estimate S from the gauge-string duality?

Strategy of [Gubser et al. 2008d]:

• Replace QCD by a conformal theory with ε/T 4 = 11, as lattice predicts for
QCD for T >∼ 1.2Tc. (Remarkably slow rise thereafter.)
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• Replace a heavy ion with a boosted “conformal soliton,” dual to a point-sourced
gravitational shock wave in AdS5: if x− = x0 − x3, then

〈T−−〉 =
2EL

π [(x1)2 + (x2)2 + L2]3
δ(x−) , (39)

(Power law tails are not a good thing, but at least they’re a big power: 1/x6
⊥.)

1

3 H3

z=L

3

C

S S2

H

R
3,1 x

x1,2 z

Trapped surface is typically on past light-like trajectory
of shocks; shown here is projection to t = 0.

A standard but non-rigorous
lower bound is

S ≥ Strapped

≡ Atrapped/4G5 .

Earlier related work is
reviewed in [Nastase 2008].
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The final result is

Strapped ≈ π

(
L3

G5

)1/3

(2EL)2/3 ≈ 35000

( √
sNN

200 GeV

)2/3

. (40)

• I set L = 4.3 fm to match the rms transverse radius of a gold nucleus.

• E ≈ 19.7 GeV is beam energy;
√

sNN = 200 GeV is cm energy of a pair of
nucleons (NN ).

discard this region

discard this region

confinement

pQCD

3,1
R

E2/3 scaling is faster than Landau
(E1/2) [Landau 1953] and faster than
data (≈ Landau).

I think it’s because strong-coupling
conformal window covers only a
range of scales. A crude solution
[Gubser et al.]:

Assume that most entropy is generated within this range, above confinement and
below pQCD.
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UV cutoff changes scaling from Strapped ∼ E2/3 to E1/3 at large E. So anticipate
Ncharged ∼ E1/3. Maybe even for protons?

Roll-over from Landau’s E1/2 to slower growth might just be starting at top RHIC
energies:Landau Hydrodynamics & RHIC Phenomenology 3
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Fig. 1. Charged particle multiplicities for A+A, p+p (with leading particle effect
removed) and e+e−. Theoretical curves are pQCD (dotted line) [ 12], baryon-free
Landau (solid line) [ 6], and Landau including the baryochemical potential effect
(dot-dashed) [ 19].

region of phase space) in all collisions involving nuclei, from p + A to Au + Au
collisions [ 13, 14].

3. Thermal Phenomenology and Hadrochemistry

In the Landau scenario, freezeout is not expected to occur immediately, as Fermi
assumed, but rather when the temperature reaches the limit of the pion Compton
wavelength T = mπ. This was based on a suggestion by Pomeranchuk [ 15] to avoid
Fermi’s prediction that nucleons would outnumber pions by virtue of their larger
statistical weight. This assumption leads to predictions for the relative population
of various particle states similar to those made in the Hagedorn approach [ 16, 17].

A+A collisions clearly deviate from the Fermi-Landau formula at low energies.
An obvious suspect is the phenomenon of baryon stopping, which is absent in p+p
collisions but is substantial in A+A [ 18]. If one puts back the −µBNB term into the
first law of thermodynamics, we immediately see how the presence of a conserved
quantity associated with a substantial mass (i.e. the proton mass) will naturally
suppress the total entropy: S = (E + pV − µBNB)/T . Using an existing thermal
model code, Cleymans and Stankiewicz [ 19] calculated the entropy density as a
function of

√
s. It rises to limiting value where µB → 0 and T → T0, the Hagedorn

temperature. If we then assume that the total multiplicity scales linearly with the

Total multiplicity per participant as a function of energy. From [Steinberg 2005].
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9. Outlook
• Gauge-string / Heavy-ion connection is the closest interface we have between

modern string theory and modern experiment.

• Many comparisons are successful at a semi-quantitative level. (Many more than
I have summarized here...)

• Comparisons are invariably plagued by the difficulty of translating from AdS
calculations to real-world QCD.

• We may often be measuring our successes against prevailing interpretations of
data rather than data itself.

• At the least, gauge-string calculations show what happens in a truly strongly
coupled thermal plasma.

• Insights from AdS/CFT complement pQCD intuitions and may sometimes be
closer to capturing the true dynamics.
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