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1 Introduction
In field theories obeying a gauge symmetry the number of fields exceeds the number of

physical degrees of freedom. To get rid of unphysical degrees of freedom in a manifestly
Lorentz covariant way, one introduces the fictitious fields known as Faddeev-Popov ghosts
which play a crucial role in nonAbelian field theories where unphysical degrees of free-
dom interact with physical ones. Here we show how to introduce ghosts into the Keldysh-
Schwinger formalism and find forms of free ghosts Green’s functions. We consider a system
of quarks and gluons which is, in general, out of equilibrium but the system is assumed to
be translationally invariant. It is thus homogeneous (in coordinate space) but the momentum
distribution is arbitrary. In particular, the system can be strongly anisotropic. The transla-
tional invariance greatly simplifies our analysis, as each two-point function depends on its
two arguments only through their difference.

The complete analysis of the problem is presented in [1].

2 Keldysh-Schwinger formalism
The main object of the Keldysh-Schwinger approach is the contour-ordered Green’s func-

tion
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where the time arguments are located on the Keldysh contour
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The contour Green’s function carries information about microscopic interactions in the
system under consideration and its statistical properties. It involves four Green’s functions
with real time arguments Dc, Da, D>, D<.
• Dc describes a particle disturbance propagating forward in time, and an antiparticle dis-

turbance propagating backward in time,

• Da describes a particle disturbance propagating backward in time, and an antiparticle
disturbance propagating forward in time,

• D<> play a role of the phase-space densities of (quasi-)particles, so they can be treated as
quantum analogs of the classical distribution functions.

The free Green’s functions D can be found solving the equation of motion and in the Feyn-
man gauge the functions read(
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where ng(p) is a distribution function of gluons which are assumed to be unpolarized with
respect to spin and color degrees of freedom.

The free Green’s functions of a fermion field can be derived in a similar way by solving
the appropriate equations of motion. One could also find the Green’s functions of ghost
fields solving the equations of motion but it is fairly unclear what is the distribution function
of ghosts.

3 Generating functional & Slavnov identities
The problem of ghosts in statistical systems is to be solved through the path integral for-

mulation in which a generating functional is the starting point. The generating functional of
Keldysh-Schwinger formalism is given as

W [J, χ, χ∗] = N

∫
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where A′(x), A′′(x), c′(x), c′′(x), c∗′(x), c∗′′(x) are boundary fields and ρ is a density matrix
which describes the system of fields at t = −∞. W0[J, χ, χ∗] is the analog of the generating
functional of the vacuum QCD and is of the form
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where the time integral is along the Keldysh contour and the effective Lagrangian is
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Contrary to the vacuum field theory, the generating functional of the Keldysh-Schwinger
formalism cannot be expressed in a closed explicit form even for a free theory because of
the unspecified density operator. Nevertheless, the generating functional provides various
relations among the Green’s functions, in particular, the Slavnov-Taylor identities.

The general Slavnov-Taylor identity results from the invariance of the generating func-
tional with respect to the infinitesimal gauge transformations Aa

µ → Aa
µ+ fabcωbAc

µ− 1
g∂µω

a

where |ω| � 1. We assume that the gauge transformation does not work at t = −∞, that is
ω(t = −∞,x) = 0, and consequently the density matrix ρ remains unchanged. Requiring
invariance of the generating functional with respect to the gauge transformation we get the
general Slavnov-Taylor identity{
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which holds in the Feynman gauge; M−1 is essentially the ghost Green’s function. Dif-
ferentiating the general relation with respect to Jνe (y) and putting χ = χ∗ = J = 0, we
obtain

∂µ(z)D
ab
µν(z, y) = ∂(y)

ν ∆ab(y, z),

which relates to each other the contour Green’s functions of interacting gluons and free
ghosts. Locating the time arguments y0 and z0 on the upper or lower branch of the Keldysh
contour, we get the relations for the Green’s functions of real arguments. Since the system
under study is translationally invariant, the Fourier transformed identity is

−pµDabµν(p) = pν∆ab(−p),

which relates the longitudinal part of the gluon Green’s function to the free ghost func-
tion. The relation also expresses the well-known fact that the longitudinal part of the gluon
Green’s function is not modified by interaction and consequently the polarization tensor is
purely transversal.

With the explicit expressions of the gluon functions (D>, D<, D
ca), the specific Slavnov-

Taylor relation provides the Green’s functions of free ghosts
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As seen, the gluon distribution function ng(p), which describes the physical gluons, enters
the Green’s functions of unphysical ghosts.

4 Gluon polarization tensor
As an application of the Green’s functions of the free ghosts we compute the retarded po-

larization tensor of a quark-gluon plasma. Our computation is performed within the hard
loop approach applicable to anisotropic systems. The retarded polarization tensor is an im-
portant characteristic of a plasma system, as it carries information about its chromodynamic
properties like collective excitations or screening lengths. The polarization tensor of QCD
is obtained by summing up four contributions corresponding to the graphs

After subtracting the vacuum effect, the polarization tensor equals

Πµν
ab (k) = g2δab
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where f (p) ≡ nq(p) + n̄q(p) + 2Ncng(p). As seen, the tensor is symmetric with respect
to Lorentz indices Πµν

ab (k) = Πνµ
ab (k) and transverse kµΠµν

ab (k) = 0, as required by the gauge
invariance.

5 Conclusions
The transversality of the polarization tensor, which is not assumed but appears automati-

cally, clearly shows that the derived Green’s functions of ghosts work properly. This opens
a possibility to perform other real-time calculations in the Feynman gauge which are usually
much simpler than those in physical gauges like the Coulomb one.

[1] A. Czajka and St. Mrówczyński, Phys. Rev. D 89, 085035 (2014).

* This work was partially supported by the Polish National Science Centre under Grant No. 2011/03/B/ST2/00110.


