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Noise in relativistic
hydrodynamics

The fluctuation-dissipation relation

Gsymm.(ω) = −2T

ω
ImGretarded(ω)

relates the viscosity of a fluid to thermal fluctuations in the
energy-momentum tensor. The dissipation in the non-conformal
Israel-Stewart equations of relativistic hydrodynamics has therefore always
implied the existence of noise whose dynamics are determined by

∂µδT
µν = 0 where

δT µν = δT µν
ideal + δW µν + Ξµν,

δT µν
ideal = δp

[
−gµν + (1 + (∂e∂p))uµuν

]
+ (e + p)(δuµuν + uµδuν),

(u · δW µν) = − 1

τπ

(
δW µν − η(∂〈µ − u〈µ(u · ∂))δuν〉 − Ξµν

)
,

and finally Ξµν, in the rest frame of the fluid, has the autocorrelation〈
Ξij(x)Ξkl(x ′)

〉
= 2ηT [δikδjl + δilδjk − 2δijδkl/3]δ4(x − x ′).

The importance of the the noise is scale-dependent: Ξij
cell = 1

∆V

∫
dVΞij has a

variance ∝ 1
∆V which suggests that the noise is important at sufficiently short

distance scales.

Numerical calculation in
heavy-ion collisions

The fluid formed in heavy ion collisions is small and ultrarelativistic and
therefore noisy . Because it is relativistic, the fluctuations in density and
momentum on small scales are large. A single event is noisy even though this
is not always apparent when examining observables averaged over a large
event class.
Calculating the evolution of thermal noise in a heavy-ion collision determines
when and where thermal noise is significant:
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δp/p in a central Pb+Pb collision at LHC energies. Note the
relatively large fluctuations where c2

s = (∂p∂e ) is small.

Event-by-event variances in the
LHC’s 10-20% centrality class
of Pb+Pb collisions

Thermally fluctuating hydrodynamics gives results identical to calculations
without noise in some circumstances. For example, because 〈δT µν〉 = 0, the
single π+ spectrum is unaffected by noise:

 0

 2000

 4000

 6000

 8000

 10000

 12000

 14000

 16000

 18000

 0  0.5  1  1.5  2  2.5  3

dN
/d

p T
 o

f 
+

p [GeV/c]

LHC 10-20%, /s=0.08, including noise
LHC 10-20%, /s=0.08, no noise

 10

 100

 1000

 10000

 100000

 0  0.5  1  1.5  2  2.5  3

dN
/d

p T
 o

f 
+

p [GeV/c]

LHC 10-20%, /s=0.08, including noise
LHC 10-20%, /s=0.08, no noise

dN/dpT for charged pions in the 10-20% centrality class

However, two-particle correlation functions and quantities dependent on the
definition of an event plane are affected by thermal noise. The momentum
eccentricity εp =

√
〈T xx − T yy〉2 + 〈T xy〉2/〈T xx + T yy〉 now fluctuates

across events:
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Left: the evolution of εp in proper time in a hydrodynamical
simulation without noise, with its evolution in two fluctuating events.
Right: the distribution of εp of an ensemble of themally fluctuating
events in the 10-20% centrality class. The red impulse shows εp at
the end of a hydrodynamical calculation without noise.

The effect of thermal noise on
the ultra-central 0-0.2%
centrality class

Thermal noise also makes variances in
event classes where they might
otherwise be small. This provides the
best hope for an independent
measurement of shear viscosity. This
figure shows the distribution of εp at
τ = 12.2 fm/c for an ensemble of
heavy-ion events at an impact
parameter of 0 fm:
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