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Introduction

• Second order conformal hydrodynamics (where ε = 3p and bulk scalar Π = 0) contains

many terms in the equations of motion for the temperature T , flow velocity uµ, and shear

stress tensor πµν.

•We have derived the first analytical (and semi-analytical) solutions of 2nd order confor-

mal hydro equations [1,2].

•These solutions are found by mapping a nontrivial flow in flat spacetime to a trivial

(static) flow in curved spacetime [3] via a Weyl transformation: gµν → Λ2ĝµν.

2nd Order Conformal Hydrodynamics
Energy-momentum conservation ∇µT

µν = 0 (∇µ is the space-time covariant derivative):

Dǫ + (ǫ + p)ϑ + πµνσµν = 0 (ǫ + p)Duµ +∆µα∇αp +∆µ
ν∇απ

αν = 0 , (1)

where we defined the comoving derivative D ≡ uµ∇µ and fluid expansion rate ϑ ≡ ∇µu
µ,

while

σµν ≡ ∇〈µuν〉 ≡

(

1

2
(∆µα∆νβ + ∆µβ∆να)−

1

3
∆µν∆αβ

)

∇αuβ , (2)

is the shear tensor. We employ the result of Denicol et al. [4] and generalize it to curved

spacetimes [1,2] taking into account the constraints from conformal symmetry [5] to find

the most general equation for πµν

πµν = −2ησµν − τπ

(

∆µ
α∆

ν
βDπαβ +

4

3
πµνϑ

)

+ λ2π
〈µ
λΩ

ν〉λ

+λ1π
〈µ
λπ

ν〉λ + λ3Ω
〈µ
λΩ

ν〉λ − τππσ
〈µ
λπ

ν〉λ − η̃3σ
〈µ
λσ

ν〉λ − η̃4σ
〈µ
λΩ

ν〉λ

+τσ

(

∆µ
α∆

ν
βDσαβ +

1

3
σµνϑ

)

+ κ
(

R〈µν〉 − 2uαR
α〈µν〉βuβ

)

(3)

where Ωµν ≡ 1
2∆

µα∆νβ(∇αuβ − ∇βuα) is the vorticity tensor and η is the shear viscosity

that appears in the first-order (Navier-Stokes) theory.

Gubser flow in Israel-Stewart theory
Gubser generalized Bjorken’s solution by including a nontrivial x⊥-dependence while re-

taining boost invariance [3] by performing the Weyl transformation of the metric

dŝ2 ≡
ds2

τ 2
=

−dτ 2 + dx2⊥ + x2⊥dφ
2

τ 2
+ dη2 = −d̺2 + cosh2 ̺(dΘ2 + sin2Θdφ2) + dη2 , (4)

where

sinh ̺ = −
L2 − τ 2 + x2⊥

2Lτ
, tanΘ =

2Lx⊥
L2 + τ 2 − x2⊥

. (5)

Eq. (4) shows that Minkowski space is conformal to dS3 × R (dS3 is the 3-dimensional

de Sitter space) up to a Weyl rescaling factor Λ2 = τ 2. The parameter L has dimension

of length and is identified with the ‘radius’ of dS3. The flow velocity of the static fluid

in dS3 × R is simply û̺ = (−1, 0, 0, 0). The flow 4-vector in Minkowski space (Milne

coordinates) is (with uη = uφ = 0)

uτ = − cosh

[

tanh−1 2τx⊥
L2 + τ 2 + x2⊥

]

, u⊥ = sinh

[

tanh−1 2τx⊥
L2 + τ 2 + x2⊥

]

. (6)

Comparing semi-analytical solution to MUSIC (η/s = 0.2)
We take the simplest conformal theory in which only η and τπ = 5(η/s)/T are nonzero.

The equations drastically simplify in dS3 × R and we have

1

T̂

dT̂

dρ
+
2

3
tanh ρ =

1

3
π̄η
η(ρ) tanh ρ

5

T̂

η

s

[

dπ̄η
η

dρ
+
4

3

(

π̄η
η

)2
tanh ρ

]

+ π̄η
η =

4

3

η

sT̂
tanh ρ , (7)

where π̄η
η ≡ π̂η

η/(T̂ ŝ). These equations can then be solved numerically. An analytical

solution to these equations valid at low temperatures can be found in [1].

First full analytical solution of 2nd order hydrodynamics
In [2], several solutions of the 2nd order hydro equations were found using the same idea:

nontrivial flow in flat spacetime is taken, via a Weyl transformation, to a trivial flow in

curved spacetime. The transformation is

dŝ2 ≡
ds2

x2⊥
=

−dt2 + dz2 + dx2⊥
x2⊥

+ dφ2

= − cosh2 ρ dT 2 + dρ2 + sinh2 ρdΘ̄2 + dφ2 . (8)

where

tanT =
L2 + r2 − t2

2Lt
, cosh ρ =

1

2Lx⊥

√

(L2 + (r + t)2)(L2 + (r − t)2) . (9)

The metric in Eq. (8) is that of AdS3 × S1 where AdS3 is 3-dimensional Anti-de Sitter

space. In this space the 4-flow is again trivial but in Minkowski space

ut = −
L2 + r2 + t2

√

(L2 + (r + t)2)(L2 + (r − t)2)
, ~u =

2t~r
√

(L2 + (r + t)2)(L2 + (r − t)2)
.

(10)

An interesting property of this flow is that σ̂µν = Ω̂µν = 0 and ϑ̂ = 0. Therefore, the full

equation for the shear stress tensor π̂µν simplifies to

π̂µν =
λ1

ǫ̂
π̂
〈µ
λπ̂

ν〉λ . (11)

Note that this equation has a trivial solution (π̂µν = 0) but there are other nontrivial solu-

tions as well. Assuming π̂µν is diagonal, we find the non-perturbative solutions in λ1

(π̂ρρ, sinh2 ρ π̂ΘΘ, π̂φφ)=
ǫ̂

λ1
×















(−1,−1, 2) ,

(−1, 2,−1) ,

(2,−1,−1) .

(12)

The corresponding energy density in Minkowski space reads [2]

ǫ ∝































1
(L2+(t+r)2)2(L2+(t−r)2)2

(

4L2x2⊥
(L2+(t+r)2)(L2+(t−r)2)

)
9

2(λ1−3)

,

1
(L2+(t+r)2)2(L2+(t−r)2)2

(

1−
4L2x2⊥

(L2+(t+r)2)(L2+(t−r)2)

)
9

2(λ1−3)

,

1
(L2+(t+r)2)2(L2+(t−r)2)2

(

4L2x2⊥

(

(L2+(t+r)2)(L2+(t−r)2)−4L2x2⊥

)

(L2+(t+r)2)2(L2+(t−r)2)2

)− 9
2(λ1+6)

.

(13)

Note that ǫ is even under time reversal t → −t even though πµν is nonzero !!!

Conclusions and Outlook

•These analytical (and semi-analytical) solutions of 2nd order viscous conformal hydro-

dynamics can be readily used to check the precision of existing numerical codes that

solve the (2+1) and (3+1) relativistic hydrodynamic equations.

•The MUSIC code from the McGill group has been shown to reproduce these analytical

(and semi-analytical) solutions to a good approximation in the case of Gubser flow.

•Full analytical solutions of the 2nd order conformal hydrodynamic equations, which in-

clude nonzero vorticity, can be found using the method shown here (for details see [2]).

•Due to non-linear structure of the equation of motion for πµν (particulary, the term
λ1

ǫ̂ π̂
〈µ
λπ̂

ν〉λ), one can see that there are solutions in 2nd order hydrodynamics in which

πµν 6= 0 but time reversal invariance is not broken.

• It would be interesting to see how these solutions may appear in other approaches such

as kinetic theory and the fluid/gravity correspondence.
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