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II. Eular-Heisenberg Lagrangian 
for QCD+QED

We derive the Eular-Heisenberg Lagrangian for QCD + QED:

III. finite temperature part (preliminary)

where        and       are the YM part and quark part, respectively 
and expliciet forms are given as
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QCD effective potential with strong electromagnetic  
fields at zero and finite temperatures

 IV.  Summary and outlook
We analyze the QCD vacuum with strong electromagnetic 
fields at zero and finite temperatures in one-loop level.

Non-perturbative analysis with FRG is ongoing.
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 ♠ Weiss potential of  SU(2) QCD 
with vanishing fields
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 II. Zero temperature part
Here, we concentrate on the pure chromomangnetic fields 

with U(1)em magnetic fields. In this case, we can perform the  
proper time integral analytically,  and the effective potential at 
zero temperature reads
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  ♠ Gluonic magnetic catalysis 

in chromomagnetic condensate
I. QCD vacuum in strong magnetic fields

from lattice QCD

  We restrict ourselves to color SU(2) case for simplicity. The 
Polyakov loop is defined as
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The chromomagnetic condensate increases with an increasing B-field.

This result supports the recent observed gluonic magnetic catalysis at zero 
temperature in lattice QCD.

1 12

Ec = Hc = E = B = 0
A0 �= 0

The magnetic field enhances the explicite breaking of  the center symmetry.

On the other hand, the electric field suppresses the explicite symmetry 
breaking.

wa, vh are color 
e igenvalues of 
quark and gluon.

Quark loop explicitly breaks 
the center symmetry.

αs = 1 at µ = 1 GeV2
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Figure 1. The change in the gluonic contribution to the interaction measure, eq. (2.5), at zero

temperature (left, including the continuum limit from four lattice spacings) and the correspond-

ing light quark contribution mud∆ψ̄udψud (five lattice spacings and the continuum limit), in the

same units.

averaging over space-time regions in a spherically symmetric way. For the mild averaging

that we employ, however, these regions do not overlap strongly and, thus, the correlators

defined above still contain the information about anisotropies in the topological charge.

3 Results I: gluonic and fermionic observables

Our measurements have been performed on the same configurations as used in our previous

studies of magnetic fields in QCD. The configurations at zero and nonzero temperature have

been generated with the tree-level improved Symanzik gauge action and Nf = 1 + 1 + 1

stout smeared staggered fermions, at physical quark masses, for details see [12, 13, 19].

The light quark masses are set equal, mu = md ≡ mud, whereas the strange quark mass is

ms = 28.15 ·mud. The quark masses are tuned as a function of β along the line of constant

physics (LCP) [31], which ensures that for all lattice spacings, the hadron masses are at

their physical values. The quark charges are −qu/2 = qd = qs = −e/3.

3.1 Interaction measure

We start the analysis by considering the change of the renormalized gluonic action, i.e., of

the gluonic contribution to the interaction measure−∆I imp
g of eq. (2.5) at zero temperature.

We use four different lattice spacings with magnetic fields eB up to about 1 GeV
2
, and

perform a combined spline interpolation and continuum extrapolation to obtain the a → 0

limit. The results, together with the continuum limit, are shown in the left panel of figure 1.

Clearly, −∆I imp
g is enhanced by the magnetic field, which we interpret as magnetic catalysis

for gluons. For large magnetic fields, the initial quadratic dependence seems to turn linear,

just like for the quark condensate in the same system. Note that the fermionic counterpart

of −∆I imp
g is −∆I imp

f =
�

f mf∆ψ̄fψf , see the discussion in appendix B. Therefore, for

comparison, in the right panel of figure 1, we also display the change in the average light

condensates, mud∆ψ̄udψud = mud

�
∆ψ̄uψu +∆ψ̄dψd

�
/2, taken from ref. [13], and plotted

in the same units as the gluonic observable in the left panel. Note that the relative errors
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Figure 3. The components T/V
��

n trB2
i (n)

�
and T/V

��
n tr E2

i (n)
�
in lattice units a−4, as

measured on a 243 × 6 lattice at a temperature T = 189 MeV. The anisotropies induced by the
temperature and by the magnetic field are indicated by the arrows.

Figure 4. Anisotropies in the squared field strengths, eq. (2.10), (left panel) and in the fermionic
action eq. (2.12) (right panel) at zero temperature.

spacing. In order to carry out a proper continuum extrapolation, one has to subtract

terms ∼ (eB)2 log a that arise from charge renormalization (see appendix A). We will

revisit this issue in section 4.

First, we demonstrate the hierarchy of the gluonic components at T > Tc and B > 0,

where effects from both the temperature and the magnetic field are present. In figure 3,

we plot the expectation values of the densities of the individual components eq. (2.9), as

determined on our Nt = 6 lattices. In the absence of the magnetic field, the anisotropy

is induced solely by the temperature, separating the chromo-magnetic and chromo-electric

components. For B > 0, in addition the parallel and perpendicular components split,

due to the spatial anisotropy induced by the magnetic field.2 The generated hierarchy is�
trB2

�
�
>

�
trB2

⊥
�
>

�
tr E2

⊥
�
>

�
tr E2

�
�
, similar to what was observed in the SU(2) theory

in ref. [14].

2Note that the data in figure 3 contains an additive divergence ∼ a−4. The anisotropies induced by T

and B (indicated by the arrows in the figure) are, however, ultraviolet finite.
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Figure 6. Left panel: the temperature- and magnetic flux-dependence of the renormalized
Polyakov loop in the continuum limit. The solid lines represent curves of constant magnetic field
(eB ∼ NbT 2 values as in the right panel). Right panel: the dependence of Pr on the tempera-
ture around the crossover region. The different types of curves indicate lattice results obtained
with different lattice spacings (different temporal extents). The shaded areas show the continuum
extrapolations together with their uncertainty.

For the Polyakov loop calculation, we again employ the gauge configurations of ref. [20],

generated with physical quark masses at various values of the temperature and the magnetic

flux Nb ∼ eB/T 2. In any finite volume, this flux is quantized [45]. In order to determine the

Polyakov loop as a function of T , along a line of constant eB, an interpolation between the

different fluxes Nb is necessary. We carry out this interpolation in a systematic manner, by

fitting our data points for all temperatures, magnetic fluxes and lattice spacings altogether

by a lattice spacing-dependent, two-dimensional spline function. A similar spline fit is

described in ref. [46]. Due to the scaling properties of the action we use, the dependence

on the lattice spacing is expected to be quadratic. We incorporated this in the fit by

having two parameters on each node point as p1+ p2 · a2. Taking eB = const. slices of this

two-dimensional surface at a certain a gives the Polyakov loop for that particular lattice

spacing, while the a = 0 surface corresponds to the continuum limit.

In the left panel of figure 6, we plot the continuum extrapolated renormalized Polyakov

loop Pr as a function of the temperature and the magnetic flux. The solid lines upon the

surface correspond to eB = 0, eB = 0.45 GeV2 and eB = 0.75 GeV2 slices. In the right

panel of the figure, we show the temperature dependence of Pr for these magnetic fields on

the three lattice spacings, together with the continuum extrapolation. The shaded bands

represent here the uncertainty of the continuum extrapolated Pr. The results clearly show,

that the Polyakov loop increases sharply with the magnetic field around Tc, and that this

feature persists in the continuum limit as well. As an empirical finding from that figure, in-

flection points of these curves are not very precisely defined, but the transition temperature

from the renormalized Polyakov loops clearly decreases with the magnetic field.
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Zero temperature part Finite temperature part
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 ♠ Anisotropy of  the QCD vacuum 
in  magnetic field

aa,i =
�
(gwa

�Hc + eQqi
�B)2

The chromomagnetic field prefers to be 
parallel (anti-parallel) to the external B-
field, which is consistent with lattice QCD.
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 ♠ Explicite center symmetry breaking
in electric and magnetic fields 

B �= 0 E �= 0
y =

(E,B)

T 2

x =
m2

q

T 2

P (�x) = �L(�x)� = � 1

Nc
trT exp

�
ig

� β

0
dτA0(τ, �x)

�
�
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,

Perturbative analysis
shows the deconfining 
phase.

Center symmetry


