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Splitting probability: the building block

 Students day - QM14                                                                  IS: observables and concepts
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The splitting probability of an off-shell parton computed in pQCD

Page 5

Soft and collinear divergent
 Large probability to emit soft and collinear gluons
 Divergencies need to be resumed (renormalization techniques)

The picture is a shower of partons produced by subsequent splittings
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Heuristic: Collision “counts” partons

 Students day - QM14                                                                  IS: observables and concepts

Lifetime of the fluctuation of the order of the size of the probe 
 The probe cannot resolve smaller fluctuations (stay virtual)
 Harder probes resolve smaller components (basic idea of pQCD factorization)

Page 3

(Incoherent) cross section proportional to the number of partons in hadron
 Quantum fluctuations put on-shell by the probe 
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Quantum fluctuations: Linear/non-linear dynamics

 Students day - QM14                                                                  IS: observables and concepts

Different kinematical regions: dominated by different dynamics
 Large-Q : Linear
 Small-x : Non-linear (eventually)

Where is the boundary? (Information from experiment needed)

Page 1
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Heuristic: Collision “counts” partons II

 Students day - QM14                                                                  IS: observables and concepts

Saturation of partonic densities (gluon fusion) - aka Color Glass Condensate
 Color correlations among different partons in the proton/nucleus

Coherent cross section: the probe can interact with more than one parton
 TAMES the cross section
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DGLAP equations [Dokshitzer, Gribov, Lipatov, Altarelli, Parisi, 70’s] 

 Students day - QM14                                                                  IS: observables and concepts

Parton Distribution Functions (PDFs)

 “Number” of partons of type i inside the proton/nucleus with a fraction of momentum x

fi(x,Q
2)

Clear probabilistic interpretation 
 Larger scale probe smaller distances where more splittings are resolved - number 

increases
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DGLAP and global fits

 Students day - QM14                                                                  IS: observables and concepts
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Full DGLAP are a set of coupled 
differential equations

 Different parton content during evolution

Global fits
 Initial conditions for the evolution obtained from data

Page 6

Plot from http://nnpdf.hepforge.org

http://nnpdf.hepforge.org
http://nnpdf.hepforge.org
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DGLAP approach: Global fits

 One of the most standardized procedures in High-Energy Physics.
 Main goal: provide a set of Parton Distribution Functions (PDFs)

 Students day - QM14                                                                  IS: observables and concepts
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Proton PDFs and DIS data
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gluons at NLO

 The initial conditions for evolution (non-
perturbative) extracted from data in global fits 
- using different observables and systems



Collinear factorization

 A hard cross section is the convolution of universal PDFs and partonic cross sections

14

Collinear factorization
Page 6

Page 5

Factorization of long-distance and short distance terms in the cross section
 Short-distance (perturbative) in the partonic cross section
 Long-distance (non-perturbative) in the PDFs and Fragmentation Functions (FF)

 Students day - QM14                                                                  IS: observables and concepts



  

Comparison: Valence quarks
Some differences between EPS09, HKN07 & DSSZ.... (data constraints for x=0.1...1)

…but the preliminary nCTEQ curves show a really drastic difference

Clear diasgreement at 
large x. An isospin effect? 

(RuV & RdV almost the same

for EPS09, DSSZ, HKN07)

Q²=100GeV²

No real constraints for
RuV and RdV  separately!

  

Comparison: Sea Quarks
No qualitative disagreements in the data constrained region (x=0.01...0.1)

No qualitative disagreements to preliminary nCTEQ results either

The large-x behaviour reflects the gluons 
(above the parametrization scale)

Q²=100GeV²Q²=100GeV²Q²=100GeV²

  

Comparison: Gluons
Difference between EPS09 & DSSZ:

The antishadowing and EMC effect in
EPS09 comes from the RHIC pion data

DSSZ advocated nuclear modifications
in the fragmentation functions. No
antishadowing nor EMC effect.

FF(g→pion,A) / FF(g→pion,p)

Both can fit the pion data, but the
origin of the effect is different physics.

Global fits for nucleus

Plots from Hannu 
Paukkunen
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R

A
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p/A
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f
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2)

Ratios of the PDF of a proton inside 
a nucleus over that in a free proton

 Isospin effects may be important (e.g. 
W production in pPb@LHC)



DGLAP approach - Some recent results I

 Agreement of EPS09 with neutrino DIS data
5
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FIG. 2: The experimental R
ν

Average compared to the predictions from CTEQ6.6 and EPS09.

In order to see how the normalized data compare with the predictions from the present nuclear

PDFs, we replace in Eq. (4) the experimental cross sections by the theoretical ones computed with

the bound proton PDFs fA
i (x,Q2) obtained standardly by

fA
i (x,Q2) ≡ RA,EPS09

i (x,Q2)fCTEQ6.6M
i (x,Q2), (5)

where the factor RA,EPS09
i represents the EPS09 [9] nuclear modification in free proton PDF

fCTEQ6.6M
i (x,Q2). The results are shown in Figure 2, where the data points are the same as

in the right-hand panels of Figure 1, and the band indicates the theoretical calculations with all

PDF uncertainties added in quadrature [9]. The good agreement indicates that it should be pos-

sible to include these data in global fits without significant mutual disagreement or tension with

the other data sets. We note that in the normalization procedure described here, also part of the

PDF uncertainties cancel thereby making the theoretical predictions more solid.

We turn now to a more quantitative description of the data sets accounting for the normalization.

The technique described here is based on the Hessian uncertainty analysis [21] performed e.g. in

the EPS09 and CTEQ6.6 global fits [24]. The neighborhood of the minimum χ2 is approximated

 Collinear factorization works - universal set of nPDFs
 Neutrino data important for proton global fits

[Paukkunen, Salgado, 2013]
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DGLAP approach - Some recent results II

 Dijet data in proton-nucleus collisions at LHC - CMS

  

Preliminary CMS data “by eye” 

Eskola, Paukkunen, Salgado, arXiv:1308.6733

The CMS dijets in p+Pb

  

Comparison to the NLO calculations – the gluon nuclear mods make a difference!

Doga Gulhan, IS2013, Spain

Should constrain gluons at large x  (small x only indirectly)

The CMS dijets in p+Pb
Eskola, Paukkunen, Salgado, arXiv:1308.6733

Preliminary CMS data “by eye” 

Much more LHC p+Pb data are expected soon, but for the moment
it's still difficult to say how they will affect the global fits of nPDFs.

[Eskola, Paukkunen, Salgado, 2013]
[Plots from Paukkunen - LHeC workshop - Jan 2014]
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So that the S-matrix is

Saturation in the dipole picture
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Page 8A convenient way of discussing the problem is the dipole picture
 A dipole measures the color correlations in transverse plane 

W (x) = P exp
�
i

⇤
dx�A+(x⇥, x�)

⇥
Propagator of the quark - Wilson line

|��;⇥�⇥ � S��⇥��⇥ |�;⇥⇥ = W���(x⇥)W †
⇥�⇥(x̄⇥)|�;⇥⇥

P qq̄
tot =

⇤
2� 2

NC
Tr

�
W (x�)W †(x̄�)

⇥⌅
and the total interaction probability (cross section w/ needed factors)



Medium averages
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All the medium properties are encoded in the averages of Wilson lines
 Several prescriptions used. Here, just focus on a simple one

1
N

Tr
�
W (x�)W †(x̄�)

⇥
⇥ exp

⇤
�1

8
Qsat(x� � x̄�)2

⌅
2

[up to logs: McLerran, Venugopalan 1994]

N(r) = 1� exp
�
�1

8
Q2

satr
2

⇥
=⇥ ⇥(k) =

⇤
d2r

2�r2
eir.kN(r)

� = �(k2/Q2
sat)

The dipole “counts” the number of gluons, the unintegrated gluon distribution

Two important consequences
 Qsat cuts-off the low momentum
 Geometric scaling



QCD evolution
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A way of including QCD evolution in the dipole picture (in x)
 Boost the dipole: the splitting probability can be computed 
 Use the large-N limit

Page 8

Page 8

[Balitsky-Kovchegov eqs]



Fits using BK evolution
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Fig. 3. Left: ALICE preliminary data74 for the charged hadron nuclear modification factor at
mid-rapidity as a function of pT . The theoretical results correspond to the CGC calculations
of,28, 64, 75 the nuclear PDF approach EPS09,48 the cold-nuclear matter predictions of,76 and the
HIJING Monte Carlo.77 Right: LO EPS0948 and rcBK-MC28 forward-rapidity predictions.

4.3. Double inclusive particle production and azimuthal

correlations

We conclude this section on p+A collisions with a discussion of forward di-hadron
correlations measured at RHIC (ridge-like correlations of rapidity separated di-
hadrons measured at the LHC are discussed later in section 5.4). In the case of
double-inclusive hadron production pA→h1h2X , denoting p1⊥, p2⊥ and y1, y2 the
transverse momenta and rapidities of the final-state particles, the Feynman variables
are xi = |pi⊥|eyi/

√
sNN and xp and xA read

xp = x1 + x2 , xA = x1 e−2y1 + x2 e−2y2 . (11)

We shall only consider here the production of two forward particles, since this is the
only case which is sensitive to values of x as small as in the single-inclusive case: xp!

1 and xA # 1. The central-forward measurement does not probe such kinematics:
moving one particle forward increases significantly the value of xp compared to
the central-central case (for which xp = xA = |p⊥|/

√
sNN ), but decreases xA only

marginally. In addition, we will focus on the ∆φ dependence of the double-inclusive
hadron spectrum, where ∆φ is the difference between the azimuthal angles of the
measured particles h1 and h2.

February 27, 2013
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from the p+Pb run at the LHC will provide important input for sorting out such
uncertainties and to get a better determination of nuclear wave functions.
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Fig. 1. Left: rcBK fits to HERA data on the reduced cross section in e+p scattering at small-x
from.46 Right: Different nPDF parametrizations for the nuclear gluon distribution52 at Q2 = 1.69
GeV2.

4. p+A collisions

Proton nucleus collisions provide a better handle on initial state and gluon satura-
tion effects than those of heavy ions. This is mainly due to the absence of final state
effects induced by the presence of a QGP. There are two distinct but related ap-
proaches to hadron production in high energy asymmetric (such as proton-nucleus
or very forward proton-proton and nucleus-nucleus) collisions. In such collisions,
particle production processes in the central rapidity region probe the wave function
of both projectile and target at small values of x and can be described in terms of
the kt-factorization formalism where the differential cross-section for inclusive gluon
production in A+B collisions is given by53

dσA+B→g

dy d2pt d2R
= Kk 2

CF

1

p2t

∫ pt d2kt
4

αs(Q)

∫

d2bϕ(
|pt + kt|

2
, x1; b)ϕ(

|pt − kt|
2

, x2;R− b) , (5)

where y, pt and R are the rapidity, transverse momentum and transverse position
of the produced gluon, x1(2) = (pt/

√
sNN ) exp(±y) and CF = (N2

c − 1)/2Nc. The
relevant UGD’s for the kt-factorization formula above are given by

ϕ(k, x,R) =
CF

αs(k) (2π)3

∫

d2r e−ik·r∇2
r NA(r, x,R) (6)

where NA is the dipole amplitude in the adjoint representation which, in the large-
Nc-limit, is related to the dipole amplitude in the fundamental representation by
NA(r, x,R) = 2NF (r, x,R)−N 2

F (r, x,R)

 Checks of validity of the formalism with proton-nucleus data

[Albacete, Dumitru, Marquet 2013]
[AAMQS - 2010]
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Multiparticle production and the CGC
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what is initial condition for rcBK evolution ?what is initial condition for rcBK evolution ?
● AAMQS 2011    (�>1 !):

  

we already know this (the KLN legacy) :

arXiv:1209.2001arXiv:1209.2001

● “shape” very similar to RHIC: rules out simplest “minijet”
 models with fixed pT ~ 1-2 GeV cutoff

● need scale Qs(x,Npart);   so that ROUGHLY dN/dy ~ Qs
2 S

┴
 / αs(Qs)

Pb+Pb @
2.76 TeV

[Albacete, Dumitru, Fujii, Nara 2013][From Dumitru at IS2014]

Gluon distributions obtained in the fits with BK reproduce multiplicities

Multiplicities are reproduced in a QCD-based approach
 QCD evolution equations with initial conditions from DIS experiments
 Uncertainties in geometry, kinematics, etc 
 First results at NLO available [Chirilli, Xiao, Yuan 2012; Stasto, Xiao, Zaslavsky 2013]
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Multiparticle correlations
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solely from the dipole amplitude, using the so-called kT -factorized formula
recovered in the limit Qs/|p⊥1,2| ! 1. Saturation effects are nevertheless
included in the UDGs, and it is done using the GBW parametrization.40

• in Ref.,83 the quadrupole is evaluated using the so-called Gaussian approx-
imation of B-JIMWLK evolution, however only the elastic contribution is
kept. The non-linear evolution is obtained using the rcBK equation.

• in Ref.,84 the complete Gaussian expression of the quadrupole is used, how-
ever only the so-called correlation limit Qs ∼ |p⊥1 + p⊥2| ! |p⊥1,2| is con-
sidered. Saturation effects are included using the GBW parametrization.
The gluon-initiated processes calculated in29 are included for the first time.

• in Ref.,34 the complete Gaussian expression of the quadrupole is used,
and the non-linear evolution is obtained using the rcBK equation. Gluon-
initiated processes are not included.

We now come to the comparison with data. Nuclear effects on di-hadron cor-
relations are typically evaluated in terms of the coincidence probability to, given
a trigger particle in a certain momentum range, produce an associated particle
in another momentum range. The coincidence probability is given by CP (∆φ) =
Npair(∆φ)/Ntrig with

Npair(∆φ) =

∫

yi,|pi⊥|

dNpA→h1h2X

d3p1d3p2
, Ntrig =

∫

y, p⊥

dNpA→hX

d3p
. (13)
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Fig. 4. STAR preliminary data85 for the Coincident Probability between pairs of hadrons as
a function of the relative azimuthal angle in d+Au collisions at RHIC. The theoretical results
correspond to two CGC-based calculations83 and84 and a higher-twist one.86 Figure from87

The STAR data for the coincidence probability obtained with two neutral pions
are displayed in Fig. 4 for central d+Au collisions. The nuclear modification of the
di-pion azimuthal correlation is quite impressive, considering that the prominent
away-side peak seen in p+p collisions is absent in central d+Au collisions, in agree-

[Plot from Albacete, Dumitru, Marquet, 2013]

Page 10

Single particle production - dipole cross section
More differential (e.g. 2-particle inclusive) 

 Measure different color correlation functions - n-point functions
 Promising but still a lot of work ahead in theory and experiment 
 Improved description of medium properties
 One of the hot topics in last years



Fluctuations...
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Sub-nucleon scale (~1/QSub-nucleon scale (~1/Qss)  fluctuations ?)  fluctuations ?

B. Schenke et al.: arXiv:1206.6805

Fluctuations 
 Physical quantities (e.g. energy density) computed event-by-event

Undo the medium averages...  
 Will not affect averaged quantities unless other mechanism appears, e.g. hydro

[1202.6646] 
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CGC as initial conditions for hydro

January 25, 2013 1:14

HYDRODYNAMIC MODELING OF HEAVY-ION COLLISIONS 19

LHC energies [20]. The agreement with experimental results from LHC shown in
Fig. 6 is particularly striking.
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Fig. 6. Left: Root-mean-square anisotropic flow coe�cients hv2ni1/2 in the IP-Glasma model [20],
computed as a function of centrality, compared to experimental data of vn{2}, n 2 {2, 3, 4},
by the ALICE collaboration [182] (points). Right: Root-mean-square anisotropic flow coe�cients
hv2ni1/2 as a function of transverse momentum, compared to experimental data by the ATLAS
collaboration using the event plane (EP) method [22] (points). Bands indicate statistical errors.

This agreement indicates that initial state fluctuations in the deposited energy
density, translated by hydrodynamic evolution into anisotropies in the particle pro-
duction, are the main ingredient to explain the measured flow coe�cients.

Because of this feature, some e↵ort has been concentrated on characterizing the
initial state in a way that ties it directly to the measured flow. The simplest way of
doing so is to compare the initial eccentricities of the system

"n =

p
hrn cos(n�)i2 + hrn sin(n�)i2

hrni (13)

to the final flow harmonics vn. However, in particular for v
4

and higher harmonics,
the nonlinear nature of hydrodynamics becomes important [183] and more accurate
predictors for flow coe�cients involve both linear and nonlinear terms, e.g. v

5

has
contributions from "

5

and "

2

"

3

, and it was shown [184] that the nonlinear term
becomes more dominant with increasing viscosity.

The fact that linear terms are damped more by viscosity leads to a growing
correlation of di↵erent event planes

 n =
1

n

arctan
hsin(n�)i
hcos(n�)i , (14)

with increasing viscosity [184], a result that is in line with findings in a di↵erent
work [185], where experimental data on event plane correlations from the ATLAS
collaboration [186] was compared to hydrodynamic calculations in di↵erent scenar-
ios.

[Gale, Jeon, Schenke, Tribedy, Venugopalan 2013]

5

where the indices k, l = 1, 2, . . . , Ny represent a dis-
cretized x− coordinate [32]. We typically use Ny = 10
and m = ΛQCD ≈ 0.2GeV and will use a value of
Qs " 0.75 g2µ, which is somewhat larger than the value
determined in [32] for the adjoint saturation scale. There
is some uncertainty in this relation and we have chosen
0.75 for comparison to experimental data. Changing this
value primarily changes the overall normalization of the
multiplicity and energy density.
For large nuclei, the use of local Gaussian color charge

distributions is a valid approximation [10, 34, 42]. Mod-
ifications to Gaussian distributions, relevant for smaller
nuclei, have recently been explored in [43].
On the lattice we work with link variables U i

A(B),j in-

stead of explicit gauge fields. To determine U i
A(B),j we

first need to compute the path ordered Wilson line (9) in
its discretized version

VA(B)(x⊥) =

Ny
∏

k=1

exp

(

−ig
ρA(B)
k (x⊥)

∇
2
T +m2

)

. (17)

This quantity already allows us to demonstrate the de-
gree of correlation and fluctuations in the gluon fields
of the incoming nuclei. Fig. 2 shows the correlator
Re[Tr(V †

A(B)(0, 0)VA(B)(x, y))]/Nc for
√
s = 2760GeV.

The characteristic correlation length is 1/Qs, leading to a
finer granularity 6 than the nucleon size scale (cf. Fig. 1).
See also [45] where the evolution of this structure with x
was computed by solving the JIMWLK renormalization
group equations.

FIG. 2. The correlator 1/NcRe[Tr(V †
A(B)(0, 0)VA(B)(x, y))]

showing the degree of correlations in the gluon fields for lead
ions at

√
s = 2760GeV.

To each lattice site j we then assign two SU(Nc) matri-
ces V(A),j and V(B),j , each of which defines a pure gauge
configuration with the link variables

U i
A(B),j = VA(B),jV

†
A(B),j+êi

, (18)

where +êi indicates a shift from j by one lattice site
in the i = 1, 2 transverse direction. Note that Eq. (18)

6 This energy dependence of the granularity is opposite to the one
modeled in [44].

is a gauge transform of the unit matrix, hence a gauge
transform of the vacuum Ai = 0.
The link variables in the future light-cone U i

j , are de-
termined from solutions of the lattice CYM equations at
τ = 0,

tr
{

ta
[(

U i
(A) + U i

(B)

)

(1 + U i†)

−(1 + U i)
(

U i†
(A) + U i†

(B)

)]}

= 0 , (19)

where ta are the generators of SU(Nc) in the fundamental
representation (The cell index j is omitted here). Eq. (19)
reduces to Eq. (12) in the continuum limit, which can be
shown by expanding all links for small a: U i ≈ 1+iagAi.
The N2

c − 1 equations (19) are highly non-linear and for
Nc = 3 are solved iteratively.
We further need the lattice expression corresponding

to Eq. (13), which is the longitudinal electric field in the
forward light-cone [7]

Eη(x⊥) =

i

4g

∑

i=x,y

[ (

U i
(A)(x⊥)− U i

(B)(x⊥)
)

(

U i†(x⊥)− 1
)

− h.c.−
(

U i†(x⊥ − iT )− 1
)

×
(

U i
(A)(x⊥ − iT )− U i

(B)(x⊥ − iT )
)

+ h.c.
]

, (20)

where we have indicated the cell by its coordinate x⊥

instead of j for clarity. −iT indicates the shift in the −i
direction by one lattice spacing.
The lattice Hamiltonian in the boost invariant case is

given by [7, 9]

aH =
∑

x⊥

[

g2a

τ
trEiEi +

2τ

g2a
(Nc − Re trU1,2)

+
τ

a
trπ2 +

a

τ

∑

i

tr
(

φ− φ̃i

)2
]

, (21)

where the sum is over all cells in the transverse plane.
For clarity, we have omitted the cell index j for all quan-
tities in this expression. φ is a scalar field, resulting from
Aη when disallowing η dependent gauge transformations,
and π = Eη = φ̇/τ is the longitudinal electric field. Ei

with i ∈ {1, 2} are the components of the transverse elec-
tric field that initially are zero. The parallel transported
scalar field in cell j is given by

φ̃j
i = U i

jφj+êiU
i†
j , (22)

and the plaquette is given by

U j
1,2 = U1

j U2
j+ê1 U

1†
j+ê2

U2†
j . (23)

With only longitudinal fields present after the collision,
the total energy density on the lattice at τ = 0 is given

 Initial conditions from MV model (IPsat)

 Hydro evolution with viscosity

 (made event-by-event) 
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Towards isotropization...

NUMERICAL RESULTS [TE,GELIS 1307:2214]

↵
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= 8 10-4 (g = 0.1)
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NUMERICAL RESULTS [TE,GELIS 1307:2214]

↵
s

= 2 10-2 (g = 0.5)
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↵s = 0.02↵s = 0.0008

The CGC picture provides a framework to study the evolution to equilibrium 
 State just after the collision has a very strong anisotropy (MV model)
 Solving Color Yan Mills equations to larger times with NLO corrections  
 Anisotropy greatly reduced with still tiny coupling constants

[Epelbaum, Gelis 2013]
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A lot of activity not quote here - both weak and strong (AdS/CFT) coupling



 Structure needs to be formed very early by causality requirements
 Observed in pp, pA (LHC) and AA (RHIC+LHC)
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