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ÎIntroduction

ÎFluctuating Hydrodynamics in Bjorken
Expansion

ÎFluctuation theorem

ÎSummary
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ÅConventional hydrodynamics
Ą Space-time evolution of (coarse-
grained) thermodynamic quantities

ÅMicroscopic information 
Ą Lost through coarse-graining process

ÅDoes the lost information play an 
important role in dynamics in small 
systemand/or on an e-by-e basis?
Ą Thermal (Hydrodynamic) fluctuation!
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Calzetta, Kapusta, Muller, Stephanov, Moore, Murase, YoungΣ Χ 
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Thermal equilibrium state
= Maximum entropy state
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= Maximum entropy state

fluctuation

dissipation

Balance between
fluctuation and dissipation
Ą Stability of thermal 

equilibrium state
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fluctuation

dissipation

Balance between
fluctuation and dissipation
Ą Stability of thermal 

equilibrium state

ɩὼ‏ɩὼ‏ ὝὋᶻὼȟὼ
Ὃ :z Symmetrized correlation function

ɩ‏ : Thermal (hydrodynamic) fluctuation
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Equation of motion

Constitutive equations

Ὡ: Energy density

ὖ: Pressure

ί: Entropy density

ɩ: Bulk pressure
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‒: Bulk viscosity

Shear:

Bulk:

“: Shear stress
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Equation of motion

Constitutive equations

Ὡ: Energy density

ὖ: Pressure

ί: Entropy density

ɩ: Bulk pressure

–

†ȟ†

: Shear viscosity

: Relaxation time

Hydrodynamic
noises!

†
Ὠ“

Ὠ†
“
τ–

σ†
‚

‒: Bulk viscosity

Shear:

Bulk:

“: Shear stress

‚: Gaussian white noise*
*K. Murase, TH, arXiv:1304.3243;

K. Murase, Poster H-21
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Caveat: Just for demonstration!
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P.Kovtunet al., PRL94, 111601 (2005)

S.Weinberg, Astrophys.J.168, 175 (1971)
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Initial conditions

Ὕ πȢςς'Å6

“ ɩ π

† ρÆÍ

Perfect fluid

Viscous fluid

Fluctuating hydro
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Fixed initial condition
ĄFinal entropy fluctuation 
due to hydrodynamic noises

Perfect fluid

Viscous fluid

Fluctuating hydro
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Perfect fluid Viscous fluid

Fluctuatingentropy around mean value
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„ίὨί Entropy production rate

averaged over π ί ὸ

ὖ„: Probability distribution  
of entropy production rate

ὖ„

ὖ„ ὃ
ὖ„ ὃ

Probability of negative
entropy production
ăQuantified through
fluctuation theorem!

„ὃὃπ

*Milestone in non-equilibrium statistical physics since linear response theory

D.J.Evanset al., PRL71,2401(1993); G.Gallavottiand E.G.D.Cohen, PRL74, 2694(1995);
D.J.Evansand D.J.Searles, PRE52, 5839(1995).
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Consequence of fluctuation theorem in 
Bjorkenexpansion*
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Ў–ɝὼɝώ

ɝ†ί : Average entropy production per volume 
of local thermal system

*For brief derivation, see backup slide

ɝὠ †ɝ–ɝὼɝώ: Volume of local thermal system
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The number of independent local thermal 
system:
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Theorem: Upper bound of total entropy 
fluctuation in Bjorkenexpansion
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p-p collision
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Enhancement of 
fluctuation effects
in small system
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Å Hydrodynamic fluctuation in 1D Bjorken
expansion

Å Final entropy (multiplicity) fluctuation due 
to hydro noises

Å Fluctuation theorem in 1D Bjorken
expansion ĄUpper bound of fluctuation

Å More quantitative analysis needed
Å Fluctuation of flow velocity?
Å Higher harmonics in 2D expansion?



Finite number of 
hadrons

Initial state fluctuation

Hydrodynamic
fluctuation

0

collision axis

tim
e
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Fluctuations appear everywhere!

Propagation of jets



Å Hydro at work to describe 
elliptic flow (~ 2001)

Å E-by-e hydro at work to 
describe higher harmonics 
(~ 2010)

Å Hydro at work in p-p 
and/or p-A??? (2012-)

ὨṂυÆÍ

ὨṂρÆÍ

23

Is fluctuation important 
in such a small system?

ὨṂρÆÍȩ


