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Introduction

I Initial condition of heavy ion physics:
Strong colour source +
Strong gluon field

I Classical field limit: Large occupation
number

I Q: How far can one push Classical
description? Static color charges Classical gluon field

I Q: Best way to separate Aµ = Aµcl + aµ = O(1/g) + O(1) ?

Schwinger-Keldysh Formalism

I Inclusive and average quantity calculations

〈O(t)〉 = Tr (Oρ̂(t))

I Evolution of the density operator needs 2 evolution ops

ρ̂(t) = e−iĤtρ̂0eiĤt =
∑

n

ρne−iĤt|n〉〈n|eiĤt

I Matrix element:

ρlm(t) =
∑
p,q

〈l|e−iĤt|p〉︸ ︷︷ ︸
Ulp(t)

〈p|ρ̂0|q〉 〈q|eiĤt|m〉︸ ︷︷ ︸
U†qm(t)

SK continued

I In path integral form with sources,

ρ[J1, J2] =

∫
[dϕ1dϕ2dφf]〈φf|ÛJ1|ϕ1〉ρ0[ϕ1, ϕ2]〈ϕ2|Û†J2

|φf〉

=

∫
[dϕ1dϕ2dφf]ρ0[ϕ1, ϕ2]∫ φf

ϕ1

Dφ1ei
∫

L(φ1)+iJ1φ1︸ ︷︷ ︸
〈φf|ÛJ1

|ϕ1〉

∫ φf

ϕ2

Dφ2e−i
∫

L(φ2)−iJ2φ2︸ ︷︷ ︸
(〈φf|ÛJ2

|ϕ2〉)∗

Keldysh Rotation

I Define

φ1 = φc + φq/2, φ2 = φc − φq/2

I Lagrangian:

L(φ1)− L(φ2) = φq

(
δL(φc)

δφc

+ Jc

)
︸ ︷︷ ︸

Classical EoM

+
1

3!
φ3

q

δ3L(φc)

δφ3
c

+ Jqφc

with the classical source Jc = (J1 + J1)/2 and Jq = J1 − J2.

I Path Integral with Jq = 0 and the vacuum average:

ρ[Jc] =

∫
[dϕinit

c dπinit
c ] W[ϕinit

c , πinit
c ]︸ ︷︷ ︸

Wigner transform of ρvac[ϕ1,ϕ2]∫
DφcDφq exp

(
i

∫
φqE[φc, Jc] + O(φ3

q)

)
I Classical EoM E[φc, Jc] naturally emerges

I Quantum effects are in W[ϕinit
c , πinit

c ] and O(φ3
q)

Schwinger-Keldysh QCD

I With L = 1
4
GµνGµν, J = O(1/g) and ignoring the cubic term,

ρ[Jc] =

∫
[dacdπc] W[ac, πc]

∫
DA δ[[Dµ,Gµν]a − Jνa]δ[A0]

where Dµ = ∂µ − igAµ and Gµν = i
g
[Dµ,Dν] with Aµ→ aµc and

Ȧµ→ πµc as t→ tinit.

I Fully classical evolution with an explicit gauge condition

I Initial vacuum density functional contains quantum zero-point oscillations:

W[ac, πc] = exp

(
−

1

2

∑
k

(Eka2
k + π2

k/Ek)

)
I Can formulate this with x± = (t± z)/

√
2 and two colliding sources

==> Firm theoretical basis for Glasma
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I Vacuum loops due to W[ac, πc].

I Point: Vacuum loops can be represented by the 〈J(x)J(x)〉 correlator.

I Can replace W[ac, πc] ==> W[J].

Observables in Semi-Classical SK-QCD

〈O〉 =

∫
[dJ]W[J]O(Ac[J])

I With the classical solution Ac and the distribution W[J] providing the
spectrum of color sources and quantum fluctuations.

I Renormalization group equation for the vacuum loop ==> JIMWLK
equation for W[J] by matching 〈AA〉 with 〈JJ〉 and 〈A〉 with 〈J〉.

∂W

∂Y
= −

1

2π

∫
u,v

δ

δac(u)
η(u|v)

δ

δac(v)
W

with

η(u|v) ∼
∫

x,y
GT(u|x)

〈
Dµaµc (x)Dνaνc (y)

〉
GT(y|v)

I JIMWLK equation is in Y since ∼ log(kcut−off) ∼ Y

NNLO

For 〈a〉
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I Dotted vertex: Quantum 3-point correlation

I No fully semi-classical description possible

I Further study: Can one still write down an equation for W[Y|J]?
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