
The NRQED Lagrangian at order 1/M4

Pheno 2013 Symposium, Pittsburg, PA

Gabriel Lee

University of Chicago
arXiv:1212:4508 with Richard Hill, Gil Paz, and Mikhail Solon

May 6, 2013

Gabriel Lee (University of Chicago) The NRQED Lagrangian at order 1/M4 May 6, 2013 1 / 12



Outline

1 Motivation and Introduction

2 New Results at 1/M4

3 Applications

4 Future Work and Conclusions

Gabriel Lee (University of Chicago) The NRQED Lagrangian at order 1/M4 May 6, 2013 2 / 12



Motivation

I Proton charge radius puzzle. Pohl et al. (2010)

I Two-photon radiative corrections to ep, µp scattering. e.g., Arrington et al. (2011)

I Lattice calculations. Christensen et al. (2004), Detmold et al. (2006, 2010)
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A Primer on Heavy Quark Effective Theory (HQET)

I The momenta of heavy fermions with velocity v can be written as
p = mv + k, where k is a residual momentum from interactions.

I At tree-level, decompose the fermion appearing in QED/QCD Lagrangian
L = Q(i /D −m)Q into two velocity-dependent fields:

Q(x) = e−imv·x(Qv(x) +Qv(x)),

Qv(x) = eimv·x
1 + /v

2
Q(x), Qv(x) = eimv·x

1− /v
2

Q(x),

/vQv = Qv, /vQv = −Qv

I Integrating out the field Qv gives the point-particle HQET Lagrangian

L = Qv

(
iv ·D − i /D⊥

1

iv ·D + 2m
i /D⊥

)
Qv.

where Dµ
⊥ = Dµ − vµv ·D.

I However, for composite particles, there is no analogy of a ”full Lagrangian”.
How do we construct the effective field theory (EFT)?
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Operator Basis: One-Fermion Sector

I For a general heavy fermion in a background electromagnetic field, we
construct all PT -conserving, rotationally invariant, Hermitian operators with
σ,E,B,D, Dt, i.e. with v = (1, 0, 0, 0).

I Up to order 1/M2, the NRQED Lagrangian is

L = ψ†
{
iDt + c2

D2

2M
+ cF g

σ ·B
2M

+ cDg
[∂ ·E]

8M2
+ icSg

σ · (D ×E −E ×D)

8M2
+ . . .

}
ψ.

I Terms up to O(1/M3) are written in Manohar (1997).

I We find 12 new operators at 1/M4:

Spin 1 field strength 2 field strengths
SI 3 1
SD 2 6
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Lorentz Invariance

I Lorentz invariance is not broken in the effective theory; we can use this to
constrain Wilson coefficients.

I There are two methods:
I Variational method: enforce invariance under infinitesimal boosts.
I Invariant operators: construct Lagrangian from quantities that transform with

a phase under a reparametrization invariance. Luke & Manohar (1992)

I Implementation of the latter method detailed in the literature yields
discrepancies at order 1/M4. Heinonen et al. (2012)

I Enforcing Lorentz invariance constrains the number of new (SI, SD)
coefficients at each order in 1/M in the expansion:

1/M : (0, 1); 1/M2 : (1, 0); 1/M3 : (1, 2); 1/M4 : (1, 6).

{Di, [Ei ×Bi]}, σ ·B[∂ ·E] + (2 perm.),

[Eiσ · ∂Bi] + (1 perm.), σ ·E × [∂tE − ∂ ×B].
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Operator Basis: Two-Fermion Sector

I We can also write operators for a heavy fermion coupled to another heavy
fermion or a relativistic fermion.

I For the heavy-heavy case:

Lψχ =
d1
M2

ψ†σiψ χ†σiχ+
d2
M2

ψ†ψ χ†χ+ . . .

I 19 operators at 1/M4, 10 independent from Lorentz invariance.

I In the particle-antiparticle case, our results reproduce Brambilla et al. (2009).

I For the heavy-relativistic case:

Lψ` =
b1
M2

ψ†ψ ¯̀γ0`+
b2
M2

ψ†σiψ ¯̀γiγ5`+ . . .

I 7 operators at 1/M3, 5 independent from Lorentz invariance.

I For a dynamical photon field, we can also include the pure gauge sector, the
Euler-Heisenberg Lagrangian.
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Radiative Corrections to Lepton-Nucleon Scattering
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Figure 2: Diagrammatic representation of the matching of the amplitude for Comp-
ton scattering obtained in the full theory and NRQED, to leading order
in e. The black vertices in the diagrams on the right-hand side represent
insertions of NRQED 1-photon operators.
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Figure 3: Feynman diagrams for two-photon exchange with momentum labels.

2

I Extraction of hadronic quantities from scattering observables requires a
computation of radiative corrections.

I At low energies, NRQED provides a systematic and model-independent
approach to computing corrections and to relating observables at different
energies.

I Leading O(α) correction to ep→ ep, me � E �M :

M =
4πα

Q2
ū(p)γ0u(p)

{
1 + α

[
π

2

Q

2E +Q
+ i

(
− 2 log

λ

Q
+

Q2

(2E)2 −Q2
log

Q

2E

)]
I 1/M : cF , 1/M2 : cD, b1, b2.

I Can also perform the analysis E � mµ ∼M using the heavy-heavy case.
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Spin polarizabilities and static properties of nucleons

I NRQED can be used to relate parameters in scattering observables with
those in static nucleon properties.

I For a constant external EM field, shifts in energy of a heavy neutral particle
can be written as:

δM(E,B) = lim
p→0

Σ(p) = cF g
σ ·B
2M

+ cA1g
2B

2 −E2

8M3
− cA2g

2 E2

16M3
+ . . . ,

I Scalar electric and magnetic polarizabilities as defined in Compton scattering
are not proportional to cA1, cA2, but

4M3

α
αE = −cA1 −

1

2
cA2 + Z2 + 2ZcM + cF cS − c2F ,

4M3

α
βM = cA1 − Z2 .
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Matching to Virtual Compton Scattering
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I Match the tree-level virtual Compton scattering amplitude in the full theory
and NRQED by a conventional separation,

Mµν ≡Mµν
Born +Mµν

non-Born ,

using ”Sticking in Form Factors” to compute the Born term.

I The non-Born term can be expressed in terms of a basis of 12 functions.
Drechsel et al. (1998)

I Real Compton scattering determines 4 of the 6 SD Wilson coefficients at
1/M4; these can be expressed in terms of spin polarizabilities of Ragusa
(1993).
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Future Work

I NRQCD.
I Generalization to non-Abelian case.

I Spin-one heavy vector.
I Higher-order correction for deuterium bound states.

I Parity-violating ep scattering.
I Better understand SM prediction before considering BSM contributions.

I Higher-order 1/M , α radiative corrections to ep, µp scattering.
I Corrections beyond Rosenbluth separation at low Q2.
I Backgrounds to dark boson searches, e.g. APEX, DarkLight, HPS at JLAB.

I Applications to effective theories of dark matter.
I Most DM EFT’s implement Galilean invariance. e.g. Fitzpatrick et al. (2012)
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Conclusion

I We have derived the complete NRQED Lagrangian for a heavy fermion to
order 1/M4.

I We have corrected the existing formalism in the literature for implementing
Lorentz invariance in heavy particle EFT’s.

I We demonstrated that NRQED continues to be a useful theory for describing
interactions of heavy particles with electromagnetic probes, and that it
provides a systematic approach to relating static nucleon properties and
scattering observables.

I More applications to explore.

Gabriel Lee (University of Chicago) The NRQED Lagrangian at order 1/M4 May 6, 2013 12 / 12



Full NRQED Lagrangian to Order 1/M4

L = ψ†
{
iDt + c2

D2

2M
+ c4

D4

8M3
+ cF g

σ ·B
2M

+ cDg
[∂ ·E]

8M2
+ icSg

σ · (D ×E −E ×D)

8M2

+ cW1g
{D2,σ ·B}

8M3
− cW2g

Diσ ·BDi

4M3
+ cp′pg

σ ·DB ·D +D ·Bσ ·D
8M3

+ icMg
{Di, [∂ ×B]i}

8M3
+ cA1g

2B
2 −E2

8M3
− cA2g

2 E2

16M3

+ cX1g
[D2,D ·E +E ·D]

M4
+ cX2g

{D2, [∂ ·E]}
M4

+ cX3g
[∂2∂ ·E]

M4

+ icX4g
2 {Di, [E ×B]i}

M4

+ icX5g
Diσ · (D ×E −E ×D)Di

M4
+ icX6g

εijkσiDj [∂ ·E]Dk

M4

+ cX7g
2σ ·B[∂ ·E]

M4
+ cX8g

2 [E · ∂σ ·B]

M4
+ cX9g

2 [B · ∂σ ·E]

M4

+ cX10g
2 [Eiσ · ∂Bi]

M4
+ cX11g

2 [Biσ · ∂Ei]
M4

+ cX12g
2σ ·E × [∂tE − ∂ ×B]

M4

}
ψ .
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Constraints from Lorentz Invariance: One-Fermion

c2 = 1 , cS = 2cF − Z , c4 = 1 ,

2cM = cD − cF , cW2 = cW1 − Z , cp′p = cF − Z .

32cX1 =
5Z

4
− cF + cD ,

32cX2 = −Z
2

+ 2cF ,

32cX4 = −Z2 − 4cF (Z − cF ) + 4ZcD − 2cA2 ,

32cX5 = −Z + 4cF ,

32cX6 = 4(Z − cF ) + cD − 4cW1 ,
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Invariant Operators

Ψv = Γψv, Ψv → eiq·xΨv,

Γ = 1 +
i /D⊥
2M

+
1

M2

{
−1

8
(iD⊥)2 − 1

2
i /D⊥iv ·D

}
+

1

M3

{
1

4
(iD⊥)2iv ·D

+
i /D⊥

2

[
−3

8
(iD⊥)2 + (iv ·D)2

]
+
gZ

8
Fµνv

µDν
⊥ +

gZ

16
σµν⊥ Fµνi /D⊥

}
+ . . . ,

L = L(Ψv, v
µ + iDµ/M)

= Ψv

{
M(/V − 1)− aF g

σµνFµν
4M

+ iaDg
{Vµ, [MVν , Fµν ]}

16M2

− aW1g
[MVα, [MVα, σµνFµν ]]

16M3
+ aA1g

2FµνF
µν

16M3
+ aA2g

2VαFµαFµβVβ

16M3

}
Ψv

+ aX3BX3 +

12∑
i=7

aXiBXi.
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Constraints from Lorentz Invariance: Two-Fermion

I Heavy-heavy:

rd4 + d5 =
d2
4
, d5 = r2d6 ,

8r(d8 + rd9) = −rd2 + d1 , 8r(rd11 + d12) = −d2 + rd1 ,

rd14 + d18 =
d1
4
, d18 = r2d20 ,

2rd16 + d19 =
d1
4
,

r(d16 + d17) + d19 = 0 , d19 = r2d21 .

I Heavy-relativistic:

b4 = −1

2
b1 , b9 = −1

2
b2 .
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Diagrams for Matching

Diagrams for 1-Photon and 2-Photon Scattering

Gabriel Lee

December 12, 2012
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Figure 1: Diagrammatic representation of tree-level matching for the one-photon
amplitude in the full theory and in NRQED. The black dot in the dia-
gram on the right-hand side represents insertions of NRQED one-photon
operators.
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Figure 2: Diagrammatic representation of the matching of the amplitude for Comp-
ton scattering obtained in the full theory and NRQED, to leading order
in e. The black vertices in the diagrams on the right-hand side represent
insertions of NRQED 1-photon operators.
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Figure 3: Feynman diagrams for two-photon exchange with momentum labels.

2

Mµν
Born ≡ −g

2ū(p′)

{
Γν(−q′) 1

/p+ /q −M
Γµ(q) + Γµ(q)

1

/p− /q′ −M
Γν(−q′)

}
u(p) .
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