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OUTLINE

•Discussing prompt charmonium production (i.e. not from B-
decay)

•Not an exhaustive review of latest theoretical calculation 
rather an attempt to give insight into the ingredients of the 
calculations 

•Something is missing in the theory though there has been 
recent progress 

•Distinguish model from theory
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THE NON RELATIVISTIC NATURE OF 
QUARKONIUM

Quarkonium: Bound state of a heavy quark anti-quark pair

M

9.39

9.46

⇠ 10
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BottomoniumCharmonium

J/ ! cc̄(n = 1, 3S1)

⌘c ! cc̄(n = 1, 1S0)

�cJ ! cc̄(n = 1, 3PJ)

⌘b ! bb̄(n = 1, 1S0)

�bJ ! bb̄(n = 1, 3PJ)

M

2.98

3.096

⇠ 3.5

⌥(1S)! bb̄(n = 1, 3S1)

v ⇠ 0.5 v ⇠ 0.3

mQ � ⇤QCD v ⌧ 1



•Remove the heavy quark mass from QCD

•Power counting in relative velocity           

 

•Separates the scales: 

NRQCD

Appropriate EFT for Describing Quarkonium Dynamics: 
Non-Relativistic QCD

v ⌧ 1

(Caswell & Lepage, and Luke, Manohar & Rothstein)

mQ, mQv, mQv2
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QUARKONIUM DECAY

Inclusive & Semi-Inclusive Decay Rates
Calculated via the O.P.E.

O1(3S1) =  †�� · �†� 

E.G. J/ ! � + X

d�
dE�

(J/ ! � + X) =
X

�

d�
dE�

(cc̄[�] ! � + X)hJ/ |O↵|J/ i

(Bodwin, Braaten & Lepage)

O8(3S1) =  †�TA� · �†TA� 

O(v3)

O(v7)
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Not a model: theoretical errors understood and systematically 
improvable 



QUARKONIUM DECAY

E.G. J/ ! � + X
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CS

CO

↵s(2mc)v7

CO/CS = v4/↵s(2mc) ⇡ 0.25

↵2
s(2mc)v3



QUARKONIUM DECAY

�cJ ! � + X

d�
dE�

(�cJ ! � + X) =
X

�

d�
dE�

(cc̄[�] ! � + X)h�cJ |O↵|�cJi

O1(3P0) =
1
3
 †(� i

2
$
D ·�)��†(� i

2
$
D ·�) 

O8(3S1) =  †�TA� · �†TA� 

O(v5)
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at LO

+

O(v3)



QUARKONIUM PRODUCTION

NRQCD Factorization for Production

(Bodwin, Braaten & Lepage)

•Inclusive Production Cross Section
of the 4-fermion operators. Since the final state must include a quarkonium, the 4-fermion

operators that appear in production cross sections involve projections onto the space of

states that contain, in the asymptotic future, the quarkonium state H plus anything else.

The generic form of a production operator is

OH
n = χ†Knψ

(
∑

X

∑

mJ

|H + X〉〈H + X|
)

ψ†K′
nχ

= χ†Knψ
(
a†

HaH

)
ψ†K′

nχ, (6.1)

where the sums are over the 2J +1 spin states of the quarkonium H and over all other final-

state particles X. In the second line of (6.1), the projection has been expressed compactly

in terms of the operator a†
H that creates the quarkonium H in the out state. A sum over

the angular-momentum quantum numbers mJ is implicit in a†
HaH . The factors Kn and K′

n

in the operator are products of a color matrix (either the unit matrix or T a), a spin matrix

(either the unit matrix or σi), and a polynomial in the covariant derivative D and other

fields. The overall operator OH
n is invariant under color and spatial rotations.3 We assume

that any matrix elements of OH
n will be evaluated in the quarkonium rest frame; otherwise

the factors Kn and K′
n may depend on the 4-momentum of the quarkonium.

It is convenient to introduce notation for the production operators that is analogous

to that for the decay operators defined in (2.10) and (2.12). The production operators of

dimension 6 are

OH
1 (1S0) = χ†ψ

(
a†

HaH

)
ψ†χ, (6.2a)

OH
1 (3S1) = χ†σiψ

(
a†

HaH

)
ψ†σiχ, (6.2b)

OH
8 (1S0) = χ†T aψ

(
a†

HaH

)
ψ†T aχ, (6.2c)

3Here we consider explicitly only unpolarized production of heavy quarkonium. In the case of

polarized production, a†H would create a state of definite polarization, and Kn and K′
n would,

in general, depend on one or more vectors associated with the incoming particles, such as the

directions of their spins and momenta.
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�(a + b ! H + X) =
X

�

�̂(a + b ! QQ̄(�) + X)h0|OH
� |0i
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E.G.

Universal(?)



QUARKONIUM PRODUCTION

•        Production at large     in hadronic collisionsp?J/ 

d�

dp?
(pp̄! J/ (p?) + X) =

Z
dx1fi/p(x1)

Z
dx2fj/p̄(x2)

⇥
X

�

�̂(i j ! cc̄(�, p?) + X)h0|OJ/ 
� |0i
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Leading contributions are a balance between 
powers of           and powers of ↵s(p?) v



QUARKONIUM PRODUCTION

•        Production at large     in hadronic collisionsp?J/ 

LO
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OH
8 (3S1) = χ†σiT aψ

(
a†

HaH

)
ψ†σiT aχ. (6.2d)

Some of the color-singlet production operators of dimension 8 are

OH
1 (1P1) = χ†(− i

2

↔
Di)ψ

(
a†

HaH

)
ψ†(− i

2

↔
Di)χ, (6.3a)

OH
1 (3P0) =

1

3
χ†(− i

2

↔
D · σ)ψ

(
a†

HaH

)
ψ†(− i

2

↔
D · σ)χ, (6.3b)

OH
1 (3P1) =

1

2
χ†(− i

2

↔
D × σ)iψ

(
a†

HaH

)
ψ†(− i

2

↔
D × σ)iχ, (6.3c)

OH
1 (3P2) = χ†(− i

2

↔
D(iσj))ψ

(
a†

HaH

)
ψ†(− i

2

↔
D(iσj))χ, (6.3d)

PH
1 (1S0) =

1

2

[
χ†ψ

(
a†

HaH

)
ψ†(− i

2

↔
D)2χ + h.c.

]
, (6.3e)

PH
1 (3S1) =

1

2

[
χ†σiψ

(
a†

HaH

)
ψ†σi(− i

2

↔
D)2χ + h.c.

]
. (6.3f)

Given that the long-distance part of the production rate can be expressed in terms of

vacuum matrix elements of operators of the form given in (6.1), the inclusive production

cross section must have the form

σ(H) =
∑

n

Fn(Λ)

Mdn−4
〈0|OH

n (Λ)|0〉, (6.4)

where it is understood that the matrix element is to be evaluated in the quarkonium rest

frame. The short-distance coefficients Fn depend on all the kinematic variables of the pro-

duction process, but they are independent of the quarkonium state H . Equation (6.4) is the

equivalent for production of our factorization formula (2.14) for quarkonium decay.

Beyond leading order in perturbation theory, interactions involving soft (infrared) gluons

and gluons collinear to the final-state jets potentially spoil this factorization picture, both

by making the QQ-production process long-ranged and by making connections between the

outgoing quarkonium and the final-state jets that destroy the topological factorization. In

the case of quarkonium decay, we were able to use the KLN theorem to argue that such

final-state soft and collinear interactions cancel in the inclusive decay rate. In the case of

quarkonium production, the KLN theorem does not apply directly because we have specified

that the final state contain the quarkonium: some of the cuts in the KLN sum are missing.

Cuts are missing only for diagrams in which a soft or collinear gluon attaches to one of the

74

OH
8 (3P1) =

1
2
�†(� i

2
$
D⇥�)iTA (a†HaH)�†TA(� i

2
$
D⇥�)i�

OH
8 (3P0) =

1
3
�†(� i

2
$
D ·�)TA (a†HaH) †TA(� i

2
$
D ·�)�

OH
8 (3P2) = �†(� i

2
$
D (i�j))TA (a†HaH)�†TA(� i

2
$
D (i�j))�
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↵3
s(p?)v3

↵3
s(p?)v7

↵3
s(p?)v7

↵3
s(p?)v7

↵3
s(p?)v7

↵2
s(p?)↵s(2mc)v7

Different contributions give differential cross sections with 
different     scalingp?



QUARKONIUM PRODUCTION
(Cho & Lebovich)

3S[8]
1

3P [8]
J

1S[8]
0

3S[1]
1

11/27

constrains a linear combination of hOJ/ (1S[8]
0 )i hOJ/ (3P [8]

0 )i



Fragmentation:

QUARKONIUM PRODUCTION

•        Production at large     in hadronic collisionsp?J/ 

�̂(a + b ! cc̄(3S[8]
1 ) + X)h0|OJ/ (3S[8]

1 )|0i is special

d�̂

dp?
(ij ! J/ + X)

octet

p?!1!
Z

dz
d�̂

dp?
(ij ! g(p?/z) + X)Dg!J/ (z)

(Braaten & Fleming)

12/27
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QUARKONIUM PRODUCTION
Gluon Fragmentation

It is instructive to examine the high energy limit of color-octet quarkonia production.

As the partonic Mandelstam invariants grow to infinity, the cross section in eqn. (2.15)

reduces to

dσ

dt̂
(ab → ψQc)octet

ŝ→∞−→
dσ

dt̂
(ab → g∗c) ×

( 1

M2

)2
× |A

(

g∗ → ψQ

)

|2. (2.17)

This asymptotic expression has a simple gluon fragmentation interpretation. The first

factor represents the differential cross section for producing a high energy virtual gluon.

The second term comes from the square of the gluon’s propagator. The last factor equals

the square of the amplitude in eqn. (2.9) times M8(ψQ) and determines the virtual gluon’s

probability to hadronize into a ψQ bound state. The gluon fragmentation picture for heavy

quarkonium production is thus precisely recovered in the high energy limit [1].

Gluon fragmentation via the color-octet mechanism represents the dominant source of

large p⊥ quarkonia at hadron colliders [4,6,10]. The total cross section for ψQ production

reduces at high energies to the fragmentation form

d3σ

dy3dy4dp⊥

(

AB → ψQX
)

frag
=

∫ 1

0
dz

d3σ

dy3dy4dp⊥

(

AB → g
(p⊥

z

)

X, µ
)

Dg→ψQ
(z, µ).

(2.18)

The gluon fragmentation function evaluated at the factorization scale µ = M is readily

identified from eqn. (2.17):

Dg→ψQ
(z, M) =

4παs(M)M8(ψQ)

M2
δ(1 − z). (2.19)

Leading log QCD corrections to this result may be summed up using the Altarelli-Parisi

equation

µ
dDg→ψQ

dµ
(z, µ) =

αs(µ)

π

∫ 1

z

dy

y
Pgg(y)Dg→ψQ

(z

y
, µ

)

(2.20)

where

Pgg(y) = 6
[ y

(1 − y)+
+

1 − y

y
+ y(1 − y) +

33 − 2nf

36
δ(1 − y)

]

(2.21)

denotes the gluon splitting function for nf active quark flavors. At high energies, the

fragmentation approximation in (2.18) incorporates sizable O(log(E2/M2)) renormaliza-

tion effects, and its intrinsic O(M2/E2) errors are negligible. In contrast, the color-octet

formula in (2.16) does not include any QCD corrections which are small at low p⊥, but it

retains full dependence upon all O(M2/E2) terms. These two forms for the ψQ differential

cross section are thus complementary.
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•Sum Logarthms: Run from     to p? 2mc
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〈Oψ′

1 (3S1)〉 is of order m3
cv

3, so the contribution to the fragmentation function is of order

α3
sv

3. While all other matrix elements are suppressed by powers of v2, there are some with

fewer short-distance suppression factors of αs. In particular, there are some matrix elements

for which the leading-order short-distance process is g∗ → cc̄ and the rate is of order αs.

Of these matrix elements, the leading one in the nonrelativistic limit is 〈Oψ′

8 (3S1)〉, which

scales like m3
cv

7. The suppression factor of v4 relative to 〈Oψ′

1 (3S1)〉 reflects the fact that

the cc̄ pair in the ψ′ can make a double E1 transition with amplitude of order v2 from the

dominant |cc̄〉 Fock state to a |cc̄gg〉 state in which the cc̄ pair is in a color-octet 3S1 state.

The contribution to the fragmentation function for g → ψ′ from the short-distance

production of a cc̄ pair in a color-octet 3S1 state was calculated to leading order in αs in

Ref. [12]. The calculation was carried out for the specific case of g → χcJ , but since the

short-distance coefficients in (1) are independent of the quarkonium state, the result applies

equally well to ψ′. The fragmentation function is

Dg→ψ′(z, µ) =
παs(2mc)

24m3
c

δ(1 − z) 〈0|Oψ′

8 (3S1)|0〉. (3)

In Ref. [12], the corresponding fragmentation function for g → χcJ was expressed in terms

of a quantity H ′

8 defined by

H ′

8 ≡
1

(2J + 1)m2
c

〈0|OχcJ

8 (3S1)|0〉. (4)

The form (3) is preferred, since it corresponds to the factorization of the fragmentation func-

tion into a short-distance factor proportional to αs/m3
c and a long-distance matrix element.

In the fragmentation function for g → χcJ , the matrix element 〈OχcJ

8 (3S1)〉 can be

determined phenomenologically from data on charmonium production in B-meson decays.

From eq. (24) of Ref. [11], we have

Γ(B → χc2 + X)

Γ(B → eν̄e + X)
≈ 14.8

〈0|Oχc2

8 (3S1)|0〉
m2

cmb
. (5)

The branching fraction for B → χc2 + X has recently been measured by the CLEO collabo-

ration to be (0.25±0.11)% [13]. Assuming mc ≈ 1.5 GeV and mb ≈ 4.5 GeV, the expression

4
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These Logarithms are not summed in the other contributions!



COMMENT ON DIFFERENT APPROACHES
14/27

•color evaporation model (CEM) is taking           and 
making additional assumptions (otherwise it would just 
be the equivalent of light meson production)

•color-singlet model is taking 

•The NRQCD approach just presented, while systematic 
in   has aspects of a model since the     dependence is 
not treated systematically (and errors from corrections 
can not be systematically estimated)

v ! 1

v ! 0

v p?



•194 data points (over half from hadroproduction)
•10 experiments (experiments at LHC, Tevatron, RHIC, HERA, 
LEP KEKB)
• 3 free parameters: 

•No resummation (even in fragmentation contribution)

STATE OF THE ART

Chao, K-T et al, Phys.Rev.Lett. 108 (2012) 242004
Butenschoen & Kniehl, Nucl.Phys.Proc.Suppl. 222-224 (2012) 151-161
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NLO Analysis of        productionJ/ 

hOJ/ (1S[8]
0 )i hOJ/ (3S[8]

1 )i hOJ/ (3P [8]
0 )i

Hadroproduction only constrains a linear 
combination of 

Different linear combination measured 
at HERA (matrix elements universal)

hOJ/ (1S[8]
0 )i hOJ/ (3P [8]

0 )i



NLO       PRODUCTION
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NLO Analysis

J/ 

〈OJ/ψ(1S [8]
0 )〉 (4.97± 0.44)× 10−2 GeV3

〈OJ/ψ(3S [8]
1 )〉 (2.24± 0.59)× 10−3 GeV3

〈OJ/ψ(3P [8]
0 )〉 (−1.61± 0.20)× 10−2 GeV5

Table 1: NLO fit results for the J/ψ CO LDMEs.

which they fluctuate (resolve) intermittently, and both modes of interaction contribute
at the same order of perturbation theory. Therefore, we need to extend the theoretical
ingredients available from Refs. [3,4] by also treating γp → J/ψ + X with the photon
being resolved and γγ → J/ψ + X with none [19], one, or both of the photons being
resolved at NLO in NRQCD. We repeat the analysis of Ref. [19], in which the Coulomb
singularities were regularized by v, using dimensional regularization as in Refs. [3,4] in
order to obtain analytic expressions sufficiently compact for our purposes. We also find it
necessary to revisit e+e− → J/ψ+X at NLO in NRQCD because the results of Ref. [20]
have not yet been verified by an independent calculation, are only available in numerical
form, and lack the 3S [8]

1 contribution, which comes both with X = qq [21] and gg. Higher-

order corrections to the CSM process e+e− → cc[3S [1]
1 ]gg [22], which enters our analysis

at NLO, are beyond the order considered here.
The additional analytic calculations proceed along the lines of Refs. [3,4] and are not

described here in detail for lack of space. We merely present our master formula based
on the factorization theorems of the QCD parton model and NRQCD [1]:

dσ(AB → J/ψ +X) =
∑

i,j,k,l,n

∫

dx1dx2dy1dy2 fi/A(x1)fk/i(y1)fj/B(x2)fl/j(y2)

× 〈OJ/ψ[n]〉dσ(kl → cc[n] +X), (1)

where fi/A(x1) is the parton distribution function (PDF) of parton i = g, q, q in hadron
A = p, p or the flux function of photon i = γ in charged lepton A = e−, e+, fk/i(y1) is
δikδ(1− y1) or the PDF of parton k in the resolved photon i, dσ(kl → cc[n] +X) are the
partonic cross sections, and 〈OJ/ψ[n]〉 are the LDMEs. In the fixed-flavor-number scheme,
we have q = u, d, s. In the case of e+e− annihilation, all distribution functions in Eq. (1)
are delta functions. As in Refs. [3,4], X always contains one hard parton at leading order
(LO) and is void of heavy flavors, which may be tagged and vetoed experimentally.

We now describe our theoretical input for our numerical analyses. We set mc =
1.5 GeV, adopt the values of me, α, and the branching ratios B(J/ψ → e+e−) and

B(J/ψ → µ+µ−) from Ref. [23], and use the one-loop (two-loop) formula for α
(nf )
s (µ), with

nf = 4 active quark flavors, at LO (NLO). As for the proton PDFs, we use set CTEQ6L1

(CTEQ6M) [24] at LO (NLO), which comes with an asymptotic scale parameter of Λ(4)
QCD =

215 MeV (326 MeV). As for the photon PDFs, we employ the best-fit set AFG04 BF of
Ref. [25]. We evaluate the photon flux function using Eq. (5) of Ref. [26], with the
upper cutoff on the photon virtuality Q2 chosen as in the considered data set. As for the
CS LDME, we adopt the value 〈OJ/ψ(3S [1]

1 )〉 = 1.32 GeV3 from Ref. [27]. Our default
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Figure 1: Plots a-t: Results of the global fit [12] compared to ALICE [17], ATLAS [18], Belle [19], CDF [20, 21], CMS [22], DELPHI [23], LHCb
[24], PHENIX [25], and ZEUS [26] data. The blue bands are the CSM predictions, the yellow bands include the CO contributions. The bands are
constructed by variation of the renormalization, factorization and NRQCD scales.
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Figure 1: Plots a-t: Results of the global fit [12] compared to ALICE [17], ATLAS [18], Belle [19], CDF [20, 21], CMS [22], DELPHI [23], LHCb
[24], PHENIX [25], and ZEUS [26] data. The blue bands are the CSM predictions, the yellow bands include the CO contributions. The bands are
constructed by variation of the renormalization, factorization and NRQCD scales.
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Figure 1: Plots a-t: Results of the global fit [12] compared to ALICE [17], ATLAS [18], Belle [19], CDF [20, 21], CMS [22], DELPHI [23], LHCb
[24], PHENIX [25], and ZEUS [26] data. The blue bands are the CSM predictions, the yellow bands include the CO contributions. The bands are
constructed by variation of the renormalization, factorization and NRQCD scales.
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Figure 1: Plots a-t: Results of the global fit [12] compared to ALICE [17], ATLAS [18], Belle [19], CDF [20, 21], CMS [22], DELPHI [23], LHCb
[24], PHENIX [25], and ZEUS [26] data. The blue bands are the CSM predictions, the yellow bands include the CO contributions. The bands are
constructed by variation of the renormalization, factorization and NRQCD scales.
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Figure 1: Plots a-t: Results of the global fit [12] compared to ALICE [17], ATLAS [18], Belle [19], CDF [20, 21], CMS [22], DELPHI [23], LHCb
[24], PHENIX [25], and ZEUS [26] data. The blue bands are the CSM predictions, the yellow bands include the CO contributions. The bands are
constructed by variation of the renormalization, factorization and NRQCD scales.
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Figure 1: Plots a-t: Results of the global fit [12] compared to ALICE [17], ATLAS [18], Belle [19], CDF [20, 21], CMS [22], DELPHI [23], LHCb
[24], PHENIX [25], and ZEUS [26] data. The blue bands are the CSM predictions, the yellow bands include the CO contributions. The bands are
constructed by variation of the renormalization, factorization and NRQCD scales.
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Figure 1: Plots a-t: Results of the global fit [12] compared to ALICE [17], ATLAS [18], Belle [19], CDF [20, 21], CMS [22], DELPHI [23], LHCb
[24], PHENIX [25], and ZEUS [26] data. The blue bands are the CSM predictions, the yellow bands include the CO contributions. The bands are
constructed by variation of the renormalization, factorization and NRQCD scales.
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Set A: Do not mind feed-downs Set B: Subtract feed-downs first
hOJ/ (1S [8]

0 )i (4.97 ± 0.44) ⇥ 10�2 GeV3 (3.04 ± 0.35) ⇥ 10�2 GeV3

hOJ/ (3S [8]
1 )i (2.24 ± 0.59) ⇥ 10�3 GeV3 (1.68 ± 0.46) ⇥ 10�3 GeV3

hOJ/ (3P[8]
0 )i (�1.61 ± 0.20) ⇥ 10�2 GeV5 (�9.08 ± 1.61) ⇥ 10�3 GeV5

Table 1: Results of global fit [12] for the J/ CO LDMEs. Set A corresponds to the main fit shown in figure 1. In set B, estimated feed-down
contributions from higher charmonium states were subtracted from the prompt data prior to fitting (hadroproduction: 36%, photoproduction: 15%,
�� scattering: 9%, e+e� annihilation: 26%).
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Figure 4: Predictions for the ATLAS measurement [29]. Note that
these data are not part of our global fit, since they became public after
our global fit was finished. The bands are again constructed by varia-
tion of the renormalization, factorization and NRQCD scales. At very
high pT , it will be necessary to resum large logarithms log(p2

T /m
2
J/ ).

For instance, at pT = 40 GeV, ↵s log(p2
T /M

2
J/ ) ⇡ 0.7.

previous analyses, for two reasons: First, this analysis
is the first one to include resolved photon contributions,
in which the photon in turn interacts with the proton via
its hadronic content. Resolved photoproduction domi-
nates the cross section below z ⇡ 0.25, see figure 3c.
And secondly, the cross section is at high z now much
better described than in the older Born analyses, which
predicted a steep rise in the cross section not found in
the data. The reason is a strong cancellation between
the 1S [8]

0 and 3P[8]
J contributions, due to the negative

value of hOJ/ (3P[8]
0 )i, as shown in figure 2d. We further

note that the H1 HERA 2 data [28] (fig. 2x–z) lie sys-
tematically below the data measured by H1 at HERA 1
[27] (fig. 2u–w) and by the ZEUS collaboration both at
HERA 1 [26] (fig. 2r–t) and HERA 2 [32].

Figure 1q shows the transverse momentum distribu-
tion for two-photon scattering as measured by the DEL-
PHI collaboration at LEP [23]. In this global analysis
[12], for the first time also NLO contributions due to sin-
gle and double resolved photons have been calculated.
The single resolved contributions are in fact contribut-
ing up to 99% to the overall cross section, see figure 3a.

The fact that the DELPHI data overshoots the NRQCD
prediction is not worrying since the experimental errors
are huge with just 16 events entering the data of fig-
ure 1q.

As for J/ production in electron-positron annihila-
tion, the production in association with another charmo-
nium or open cc state is dominating the inclusive cross
section [19]. Since these contributions are not included
in our calculation, in figure 1p we compare our results
for the total production cross section at KEKB with
the measurement [19] performed by Belle, in which the
double charmonium and J/ + cc contributions are ex-
plicitly subtracted from the inclusive cross section. We
see here that both the NLO CS and the NLO CS+CO re-
sults are compatible with the data. However, two things
have to be noted here: First, in all our calculations, the
partonic final states of the LO amplitudes consist of J/ 
plus one light quark. But within the CSM, the Born pro-
cess is e+e� ! J/ +gg, which in our terminology is an
NLO processes. We do not consider NLO corrections to
e+e� ! J/ + gg for reasons of consistency, although
they have been shown to further increase the CSM pre-
diction [4]. The second caveat is that in the Belle anal-
ysis [19] only events with more than 4 charged tracks
have been measured. The correction factor making up
for the missing events could not be determined, there-
fore the actual cross section is larger than the presented
one by an unknown factor.

3.1. Dependence on low pT cuts

In our default global fit, we impose a low-pT cut on
all hadroproduction data of 3 GeV, since data with lower
pT can not be described in a fixed-order treatment due
to soft gluon radiation: The data exhibits a flattening,
which can not be successfully described. For a simi-
lar reason we consider only two-photon scattering data
with pT > 1 GeV. In this section we show the stability of
our global fit with respect to varying the low-pT cuts on
the data. In that way we also show that our global fit is
constrained, while a fit to hadroproduction data alone is
not. We also successfully compare to the Tevatron-only
fit published in [10, 33].

Atlas data not included in fit: large logs?!?!
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In table 2 we list our global fit results for di↵erent
values of the low-pT hadroproduction cut. We see that
the fit results are almost independent of this cut. The
values for the fitted LDMEs vary little for low-pT cuts
down to about 2 GeV. In table 3 we then show results
of our global fit with di↵erent cuts on the photoproduc-
tion and two-photon scattering data. We see that the fit
is stable against varying this cut in the region between
1 GeV and 5 GeV. However, with even higher low-pT

cuts, too little photoproduction data is left, so the fit be-
comes unstable.

The necessity to include data from di↵erent produc-
tion mechanisms becomes even more obvious when
we vary the low-pT cut in fits to hadroproduction data
alone. In table 4 we show the corresponding results
when we restrict our global fit to hadroproduction data.
The fit results show a very strong dependence on the
low-pT cut, and the 3-parameter fit to only hadropro-
duction data is clearly underconstrained. Therefore, in
[10, 33], where a fit to CDF Tevatron run II data alone
was performed, the authors fit the two linear combi-
nations M0 = hOJ/ (1S [8]

0 )i + 3.9 hOJ/ (3P[8]
0 )i/m2

c and
M1 = hOJ/ (3S [8]

1 )i � 0.56 hOJ/ (3P[8]
0 )i/m2

c . For com-
parison we list our results for M0 and M1 in table 4 as
well. We note that the results of our fit to only hadropro-
duction data with pT > 7 GeV agree well with their
corresponding results

M0 = (8.54 ± 1.02) ⇥ 10�2 GeV3, and
M1 = (1.67 ± 1.05) ⇥ 10�3 GeV3,

which are listed in equation (18) of [33].

4. Predictions for polarization observables

In order to scrutinize the universality of the LDMEs
it is however not enough to consider only the inclu-
sive J/ yield. Therefore we now apply the set of CO
LDMEs extracted in the last section to make predic-
tions for J/ polarization observables. More specifi-
cally, we use set “B” of table 1. The results for photo-
and hadroproduction are summarized in this section.

Measuring the polarization of J/ means measuring
the angular distribution of the two leptons, by which the
J/ is tagged. This distribution is parameterized via

W(✓, �) / 1 + �✓ cos2 ✓ + �� sin2 ✓ cos(2�)
+ �✓� sin(2✓) cos �,

where ✓ and � are the polar and azimuthal angles of the
µ+ or e+ in the J/ rest frame. This definition does
of course depend on the choice of the coordinate sys-
tem axes. Among the frequently used coordinate frames

are the helicity frame, in which the polar axis points in
the direction of �(~p� + ~pp), the Collins-Soper frame,
in which it points to ~p�/|~p�| � ~pp/|~pp| and the target
frame, in which it points to �~pp. Here, ~pp is the three
momentum of a colliding proton, and ~p� the three mo-
mentum of the colliding photon in case of photoproduc-
tion, and of the second proton or the antiproton in case
of hadroproduction. �✓ = 0 corresponds to unpolar-
ized J/ , whereas �✓ = +1 (-1) stands for fully trans-
versely (longitudinally) polarized J/ . Unfortunately,
there are di↵erent naming conventions for the polariza-
tion parameters. In the photoproduction literature, the
parameters � = �✓, µ = �✓� and ⌫ = 2�� are widely
used, and on top of that �✓ is often called ↵.

On the theoretical side, we calculate the parameters
�✓, �� and �✓� via

�✓ =
d�11 � d�00

d�11 + d�00
, �� =

d�1,�1

d�11 + d�00
,

�✓� =

p
2Re d�10

d�11 + d�00
,

where d�i j are the di↵erential J/ production cross sec-
tions, calculated using the NRQCD factorization, but
keeping the spin of the intermediate cc[n] pair fixed in-
stead of summing over it. The spin polarization vectors
✏⇤(i) in the amplitude and ✏( j) in the complex conju-
gated amplitude are instead replaced by their explicit
expressions, as for example derived in [34]. In case of
the Fock state n = 3P[8]

J , for which S = L = 1, the or-
bital angular momentum is, however, still summed over.
For the spin-zero Fock state n = 1S [8]

0 , d�00 and d�11
are each set to one third of the unpolarized cross section
and d�1,�1 = d�10 = 0.

4.1. Results for photoproduction

Our results for direct photoproduction [15] are shown
in figure 5. We compare our predictions for the pa-
rameters � and ⌫ as functions of pT and the inelasticity
variable z with data measured by the H1 [28] collabora-
tion in the helicity and Collins-Soper frames and by the
ZEUS collaboration [35] in the target frame.

We note that the direct photoproduction mechanism
is the dominant mechanism only in the intermediate z
region 0.3 / z / 0.9. At lower z, resolved photopro-
duction starts to dominate (see figure 3c), and at higher
z di↵ractive J/ production overwhelms the cross sec-
tion. Furthermore, close to the kinematical endpoint
region z ⇡ 1, the NRQCD v expansion is expected to
break down. Although the ZEUS pT distribution mea-
surement does not impose an upper z cut, we therefore
nevertheless integrate only up to z = 0.95 in figure 5c.
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In table 2 we list our global fit results for di↵erent
values of the low-pT hadroproduction cut. We see that
the fit results are almost independent of this cut. The
values for the fitted LDMEs vary little for low-pT cuts
down to about 2 GeV. In table 3 we then show results
of our global fit with di↵erent cuts on the photoproduc-
tion and two-photon scattering data. We see that the fit
is stable against varying this cut in the region between
1 GeV and 5 GeV. However, with even higher low-pT

cuts, too little photoproduction data is left, so the fit be-
comes unstable.

The necessity to include data from di↵erent produc-
tion mechanisms becomes even more obvious when
we vary the low-pT cut in fits to hadroproduction data
alone. In table 4 we show the corresponding results
when we restrict our global fit to hadroproduction data.
The fit results show a very strong dependence on the
low-pT cut, and the 3-parameter fit to only hadropro-
duction data is clearly underconstrained. Therefore, in
[10, 33], where a fit to CDF Tevatron run II data alone
was performed, the authors fit the two linear combi-
nations M0 = hOJ/ (1S [8]

0 )i + 3.9 hOJ/ (3P[8]
0 )i/m2

c and
M1 = hOJ/ (3S [8]

1 )i � 0.56 hOJ/ (3P[8]
0 )i/m2

c . For com-
parison we list our results for M0 and M1 in table 4 as
well. We note that the results of our fit to only hadropro-
duction data with pT > 7 GeV agree well with their
corresponding results

M0 = (8.54 ± 1.02) ⇥ 10�2 GeV3, and
M1 = (1.67 ± 1.05) ⇥ 10�3 GeV3,

which are listed in equation (18) of [33].

4. Predictions for polarization observables

In order to scrutinize the universality of the LDMEs
it is however not enough to consider only the inclu-
sive J/ yield. Therefore we now apply the set of CO
LDMEs extracted in the last section to make predic-
tions for J/ polarization observables. More specifi-
cally, we use set “B” of table 1. The results for photo-
and hadroproduction are summarized in this section.

Measuring the polarization of J/ means measuring
the angular distribution of the two leptons, by which the
J/ is tagged. This distribution is parameterized via

W(✓, �) / 1 + �✓ cos2 ✓ + �� sin2 ✓ cos(2�)
+ �✓� sin(2✓) cos �,

where ✓ and � are the polar and azimuthal angles of the
µ+ or e+ in the J/ rest frame. This definition does
of course depend on the choice of the coordinate sys-
tem axes. Among the frequently used coordinate frames

are the helicity frame, in which the polar axis points in
the direction of �(~p� + ~pp), the Collins-Soper frame,
in which it points to ~p�/|~p�| � ~pp/|~pp| and the target
frame, in which it points to �~pp. Here, ~pp is the three
momentum of a colliding proton, and ~p� the three mo-
mentum of the colliding photon in case of photoproduc-
tion, and of the second proton or the antiproton in case
of hadroproduction. �✓ = 0 corresponds to unpolar-
ized J/ , whereas �✓ = +1 (-1) stands for fully trans-
versely (longitudinally) polarized J/ . Unfortunately,
there are di↵erent naming conventions for the polariza-
tion parameters. In the photoproduction literature, the
parameters � = �✓, µ = �✓� and ⌫ = 2�� are widely
used, and on top of that �✓ is often called ↵.

On the theoretical side, we calculate the parameters
�✓, �� and �✓� via

�✓ =
d�11 � d�00

d�11 + d�00
, �� =

d�1,�1

d�11 + d�00
,

�✓� =

p
2Re d�10

d�11 + d�00
,

where d�i j are the di↵erential J/ production cross sec-
tions, calculated using the NRQCD factorization, but
keeping the spin of the intermediate cc[n] pair fixed in-
stead of summing over it. The spin polarization vectors
✏⇤(i) in the amplitude and ✏( j) in the complex conju-
gated amplitude are instead replaced by their explicit
expressions, as for example derived in [34]. In case of
the Fock state n = 3P[8]

J , for which S = L = 1, the or-
bital angular momentum is, however, still summed over.
For the spin-zero Fock state n = 1S [8]

0 , d�00 and d�11
are each set to one third of the unpolarized cross section
and d�1,�1 = d�10 = 0.

4.1. Results for photoproduction

Our results for direct photoproduction [15] are shown
in figure 5. We compare our predictions for the pa-
rameters � and ⌫ as functions of pT and the inelasticity
variable z with data measured by the H1 [28] collabora-
tion in the helicity and Collins-Soper frames and by the
ZEUS collaboration [35] in the target frame.

We note that the direct photoproduction mechanism
is the dominant mechanism only in the intermediate z
region 0.3 / z / 0.9. At lower z, resolved photopro-
duction starts to dominate (see figure 3c), and at higher
z di↵ractive J/ production overwhelms the cross sec-
tion. Furthermore, close to the kinematical endpoint
region z ⇡ 1, the NRQCD v expansion is expected to
break down. Although the ZEUS pT distribution mea-
surement does not impose an upper z cut, we therefore
nevertheless integrate only up to z = 0.95 in figure 5c.

using fitted parameters (i.e. is a prediction, if MEs universal )
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Figure 6: Polarization parameters �✓ and �� for hadroproduction using CO LDME set B of table 1, compared to data measured by CDF at Tevatron
in run I [37] and II [38] and by ALICE at the LHC [39]. Blue bands: Uncertainties of NLO CS curve due to scale variations. Yellow bands:
Uncertainties of NLO CS+CO curve due to scale variations and uncertainties of the CO LDMEs. From [16].
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Uncertainties of NLO CS+CO curve due to scale variations and uncertainties of the CO LDMEs. From [16].
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OPEN QUESTIONS

1. Can the non-systematic part of NRQCD factorization be fixed?

2. How about summing logarithms of           in all contributions?

3. Will the prediction for polarization change?

Answers :

1. Yes! Using improved NRQCD factorization.

2. Running of operators sums logs in improved formalism.

3. Maybe: reorganizes calculation at large     , has something to say 
about the universality of MEs...

21/27

(2mc)
p?

Questions :

p?



IMPROVED FACTORIZATION APPROACH

Improved NRQCD factorization:

     First organizes       in powers of 

     Then organizes       in powers of 

     Systematic perturbative expansion in           and 

22/27

(Kang, Qiu & Sterman and Fleming, Leibovich, Mehen & Rothstein)

(2mc)
p?

v

↵s(2mc)↵s(p?)

d�

dp?
d�

dp?

Then we have to consider to what 
order we work in for each parameter



IMPROVED FACTORIZATION APPROACH
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Example:        productionJ/ 

LO in         : single parton fragmentation(2mc)
p?

d�

dp?
(h1h2 ! J/ (p?) + X) =

Z
dx1dx2dz

d�̂(z, x1, x2)
dp?

⇥fi/h1(x1)fj/h2(x2)Dk!J/ (z)

Leading contributions in   scales as (                        )v

CS 3S1 ⇠ ↵2
s(p?)↵3

s(2mc)v3

C0 1S0,
3PJ ⇠ ↵2

s(p?)↵2
s(2mc)v5

C0 3S1,⇠ ↵2
s(p?)↵s(2mc)v7

v2 ⇡ ↵s(2mc) ⇡ 0.3



IMPROVED FACTORIZATION APPROACH
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Example:        productionJ/ 

NLO in         : double parton fragmentation(2mc)
p?

Leading contributions in   scales as v

d�

dp?
(h1h2 ! J/ (p?) + X) =

Z
dx1dx2dudvdz

�̂(u, v, z, x1, x2)
dp?

⇥fi/h1(x1)fj/h2(x2)D
(QQ̄)
J/ (u, v, z)

CS ⇠ ↵3
s(p?)v3 (2mc)2

p2
?

CO ⇠ ↵3
s(p?)v7 (2mc)2

p2
?

subleading, generated by RGE



IMPROVED FACTORIZATION APPROACH
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For what values of    is this order one?

Ratio of NLO in          to LO in (2mc)
p?

(2mc)
p?

Example:        production, when is NLO in         important? J/ 
(2mc)

p?

⇠ ↵s(p?)(2mc)2

v4p2
?

p?
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POLARIZATION FIX? MAYBE!
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One-Loop Estimate
MixingQQ̄(8)! QQ̄(1)

(Kang, Qiu, Sterman)

2+qcp /2
2-qcp /21-qcp /21+qcp /2

 P/2 P/2

P/2P/2 k

+

2-qcp /21-qcp /2
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p /2 2p /2

k

c c

+ ...

FIG. 3. Leading order Feynman diagrams represent the fragmentation of a heavy quark pair to

another heavy quark pair.
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FIG. 4. J/ψ cross section (upper panel) and polarization (lower panel) as a function of pT . The

solid lines are computed from the NLP term in Eq. (1) with fragmentation functions given by Eq.

(6); the dashed line is LO CSM cross section as in Ref. [15], and all in [nb/GeV].

result is consistent with that in Refs. [13, 14]. We regard these results as compelling evidence

for the phenomenological relevance of the power expansion.

Summary—We have argued that a practical strategy for the phenomenology of heavy

quarkonium production at high pT is to expand the cross sections first in the large scale

9

Still a factor of ~ 5 smaller than Octet Fragmentation



•Solid NLO analysis of quarkonium production at 
moderate transverse momentum

•Reorganize calculation at large transverse momentum 
using improved NRQCD factorization, sum logs of 

•Polarization is the big question?!?! 

•Are the NRQCD production matrix elements really 
universal?

•CDF measurements need to be confirmed. More data 
please

SUMMARY

(2mc)
p?


