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hadronic 
interactions

What are inclusive leptons?

π

p,
N

K

µ
ν µν

• The beam is the flux of CR at the top of 
the atmosphere

• The target is an average air-nucleus

• The calorimeter is the atmosphere

• Luminosity is under Natures control 

• The accessible CMS energy is 
determined by the effective area and 
(long) exposure of the detector

• UHE or small cross-sections need ultra 
sized detectors

Forward particle physics with 
"organic" accelerators
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hadronic 
interactions

What are inclusive leptons?

π

p,
N

K

µ
ν µν

conventional: 

prompt: 

muons and muon neutrinos:

electron neutrinos:

p,N + air ! ⇡±,⇡0,K±,K0
S,L

⇡±,K± ! µ±⌫µ(⌫̄µ)

K±,K0
L ! [⇡±,⇡0]e±⌫e(⌫̄e)

p,N + air ! D,⇤C

decay with similar

 branching ratios into µ, ⌫µ, ⌫e
D0s,⇤C

0s

⌘, ⌘0, ⇢,�Maybe via:

Important criteria: high 
xLab=Elepton/Enucleon
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AGASA Akeno
CASA-MIA Fly's Eye
Grigorov HEGRA
HiRes1 HiRes2
JACEE KASCADE Grande 2011
KASCADE QGSJet01 MGU
Telescope Array 2011 Tibet 07
Tien-Shan Auger 2011
Hillas-Gaisser, protons Hillas-Gaisser, mixed
poly-gonato Zatsepin-Sokolskaya/PAMELA
Gaisser-Honda 2002 combined GH+HGp

all-particle flux

no component 
B/extragalactic

Hillas-Gaisser (HGx): T.K. Gaisser,  Astroparticle Physics 35, 801 (2012). 

Zatsepin-Sokolskaya/PAMELA: V. I. Zatsepin and N. V. Sokolskaya, A&A 458, 1 (2006). + parameters from 
O. Adriani et al., Science 332, 69 (2011)

GH: T.K. Gaisser and M. Honda, Annual Review of Nuclear and Particle Science 52, 153 (2002).

Models of the primary spectrum
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• For inclusive spectra the superposition approximation holds

• The average yield of muons originating from a single Fe-initiated EAS can 
therefore be described by e.g.

dNµ

dEµ
(EFe) ⇡ 26

dNµ

dEµ
(Ep =

EFe

52
) + 26

dNµ

dEµ
(En =

EFe

52
)

Hillas-Gaisser spectrum (H4a) 

Nucleon spectrum
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• In a first approximation the lepton flux at low energy (~10 - 100 GeV)  
follows the spectral index of the primary nucleon spectrum 

dNµ

dEµ
⇠ E�2.7

N

"• At higher energy, above the critical energy   , where the probability for 
interaction is higher compared to the decay probability/length, the 
spectrum steepens by one power 

Decay length (pions)

1

d⇡
=

m⇡c2h0

Ec⌧⇡X cos ✓
=

"⇡
EX cos ✓ "K ⇡ 850 GeV

"⇡ ⇡ 115 GeV

Critical energies for 
isothermal atmosphere

dNµ

dEµ
⇠ E�2.7

1� ZNN

✓
ZN⇡Z⇡!µ

1 +A⇡E cos ✓/"⇡
+

ZNKZK!µ

1 +AKE cos ✓/"K

◆

T. K. Gaisser, Cosmic Rays and Particle Physics (Cambridge Univ Pr, 1990).

Simple model
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"Approximation A"

1. Ionization energy loss is 
neglected

2. Inelastic cross-section is 
constant with energy

3. Inclusive cross-sections 
obey Feynman scaling

Zkh =

Z 1

0
dx x

��1 dn(kA ! hY )

dx

SIBYLL QGSJet Ratio

Zpp 0.145 0.188 0.77

ZpK+ 0.0072 0.0035 2.05

Z-factor

[primary] Spectrum weighted 
moment

Simple Z-factors
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• Due to the knee and ankle of CR, the simple power-law primary 
spectra do not apply

• Also, the nucleon-air cross-section is not independent of energy

• It is unknown, if Feynman scaling holds at all energies

Energy dependent Z-factor (M. Thunman et al., Astropart. Phys. 5, 309 (1996))

Zkh(E) =

Z 1

E
dE0 d�N (E0, ✓)

d�N (E, ✓)

�kA(E0)

�kA(E)

dn(kA ! hY ;E0, E)

dE

Spect. index dependent decay Z-factor P. Lipari, Astropart. Phys. 1, 195 (1993).

ZM!l,�(EN ) =

Z 1

0
dx x

�(EN )�1
F (M ! l)

Enhanced model
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p ! ⇤K+

Primary spectrum: nucleon 
index and proton fraction

Enhanced Z-factors
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The flux at the surface is the convolution of the yields with 
a primary spectrum

nuclei primary energies

E-2.7 p spectrum

apply weight

total muon 
flux

�µ(Eµ) =
X

Zp

X

Ep,i

w(Ep,i, Zp)⇥
dNµ

dEµ
(Eµ, Ep,i, ✓, Zp)

Yield (EAS-MC) approach

10
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The response function, the inverse of the yield, is the distribution of 
primary nucleon energies responsible for the generation of muons with 

energy Eµ.

Fixed muon 
energy in GeV

Relation to primary energy
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• The steepness of the primary spectrum suppresses the contribution of 
secondary interactions (SI) of the form                                 or N ! K ! ⇡ ! µ
N ! ⇡ ! ⇡ ! µ

• The combination of meson abundance, their decay length, the density of the 
atmospheric profile,the branching ratios and the decay kinematics results in 
different meson origin of the observed lepton species

Mesonic origin
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Conclusion

15

• The spectrum of inclusive leptons results from the convolution of the 
primary spectrum and hadronic interactions

• It is mostly dominated by the behavior of the very first interaction

• Calculations using Tevatron-era hadronic interaction models and 
modern models of the primary flux bracket the available 
experimental data

• The muon charge ratio provides sensitivity to the ratio of high energy 
kaons and pions

• A better knowledge of primary flux, hadronic interactions, muon flux 
and charge ratio would allow to precisely predict the atmospheric 
neutrino background
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observation

Backup
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• Calculation of the prompt component 
is very sensitive to the primary 
spectrum above the knee

• Composition of CR above the ankle 
introduces flux variation up to 40%
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groups (p, He, CNO, Mg–Si and Fe), and the all-particle spectrum is
the sum of the five.

The composite spectrum corresponding to Eq. (21) and Table 1
is superimposed on a collection of data in the left panel of Fig. 1. No
effects of propagation in the galaxy or through the microwave
background have been included in this phenomenological model.
For the two galactic components, however, a consistent interpreta-
tion could be obtained with source spectra c⁄ ! 1.3 for population
1 and c⁄ ! 1.07 for population 2 together with an energy depen-
dent diffusion coefficient D ! Ed with d = 0.33 for both components
to give local spectra of c = c⁄ + d of !1.63 and !1.4, respectively.
The extragalactic component comes in above the energy region
of interest for this paper. We do not discuss it further here except
to note that the last line of Table 1 gives the parameters for an
extragalactic component of protons only.

The spectrum of nucleons corresponding to Eq. (21) is given by

/i;NðENÞ ¼ A% /iðAENÞ ð22Þ

for each component and then summing over all five components.
The nucleon spectrum is shown in the right panel of Fig. 1.

The energy-dependent charge ratio d0(EN) needed to calculate
the muon charge ratio follows from Eq. (22) and Table 1. To a good
approximation, it is given by the fraction of free hydrogen in the
spectrum of nucleons, as shown in Fig. 2. The fraction decreases
slowly from its low energy value of 0.76 at 10 GeV/nucleon [26]
to a minimum of 0.63 at 300 TeV and then increases somewhat
at the knee. Note that, because of the relation among Etot, EN and
Rc in Eq. (20), the steepening at the knee occurs for nuclei at
Z=A & 1

2 the energy per nucleon as compared to protons. Hence
the free proton fraction rises again at the knee.

Also shown for comparison in Fig. 2 by the broken line is the d0

parameter for the rigidity-dependent version of the Polygonato
model, which has a common change of slope Dc = 1.9 at the knee
[25]. This gives rise to the sharp cutoff in the spectrum of nucleons
for this model in the right panel of Fig. 1. This version of the Polyg-
onato model is meant to describe only the knee of the spectrum and
the galactic component of the cosmic radiation. The behavior of the
primary spectrum for EN > 105 GeV/nucleon does not affect the

charge ratio, which is measured only for El < 104 GeV. It is therefore
possible to consider the difference between the two versions of d0 in
Fig. 2 as a systematic effect of the primary composition.

4. Comparison with data

We now wish to compare the calculation of Eq. (17) to various
sets of data using the energy-dependent primary spectrum of
nucleons (Eq. (22)) with parameters from Table 1. There are two
problems in doing so. First, expressions for the intensity of protons
and neutrons from Eqs. (2) and (3) and the subsequent equations
are valid under the assumption of a power-law spectrum with an
energy independent value of d0. The assumption of a power law
with integral spectral index of '1.7 is a reasonable approximation
over the range of energies below the knee because it affects both
charges in the same way. The proton–neutron difference, however,
introduces an explicit energy-dependence into Eq. (17) that must
be accounted for. We want to consider the energy range from
10 GeV to PeV over which the composition changes slowly with
energy, as shown in Fig. 2. For estimates here we use the approxi-
mation d0(EN) = d0(10 % El).

The other problem is that the data are obtained over a large
range of zenith angles, and the charge ratio also depends on angle.
The first MINOS publication [1] gives l+/l' as a function of the en-
ergy of the muon at the surface. These data are shown in Fig. 3
along with older high energy data from the Park City Mine in Utah
[27] and data at lower energy from L3 [28] and CMS [29]. The fig-
ure shows three calculations of the muon charge ratio in the verti-
cal direction that follow from Eq. (17). The highest curve assumes a
constant composition fixed at its low energy value, d0 = 0.76 [26].
The middle curve is the result assuming the energy-dependent
composition parameter d0(EN) that corresponds to the parameteri-
zation of Table 1 (solid line in Fig. 2), which is still higher than the
data. Both the higher lines assume the nominal values of the spec-
trum weighted moments from Ref. [11]. The lowest curve is ob-
tained by reducing the level of associated production, by
changing ZpKþ from its nominal value of 0.0090 to 0.0079.

In order to look for the best fit it is necessary first to account for
the dependence on zenith angle. The MINOS paper [1] does not
give the mean zenith angle for each energy bin. However, because
of the flat overburden at the Soudan mine where the MINOS far
detector is located, there is a strong correlation between zenith an-
gle and energy at the surface, as illustrated in Fig. 14 of Ref. [1].
Using this relation we estimate the effective zenith angle as a func-
tion of energy from cos (h) & 0.9 at 1 TeV to cos(h) & 0.5 at 7 TeV.

Table 1
Cutoffs, integral spectral indices and normalizations constants ai,j for Eq. (21).

Rc c p He CNO Mg-Si Fe

c for Pop. 1 — 1.66 1.58 1.63 1.67 1.63
Population 1: 4 PV See line 1 7860 3550 2200 1430 2120
Pop. 2: 30 PV 1.4 20 20 13.4 13.4 13.4
Pop. 3 (mixed): 2 EV 1.4 1.7 1.7 1.14 1.14 1.14
Pop. 3 (Proton only): 60 EV 1.6 200 0 0 0 0
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The points connected by lines in the multi-TeV range show the re-
sults of the calculation taking account of the dependence on zenith
angle in Eq. (17). The lowest set of points has been adjusted to fit
the MINOS data by varying the parameter ZpKþ , which reflects
p ? K+.

The dependence of l+/l" on zenith angle enters Eq. (17) in the
form El cos(h). For this reason the muon charge ratio is often pre-
sented as a function of this combination. The data of OPERA are
presented only in terms of the product El cos(h). Because of the
complex overburden at Gran Sasso, there is no simple relation be-
tween zenith angle and energy. The MINOS data are also presented
in this form in Ref. [2], but the mean energy for each value of El
cos(h) is not given. For a primary cosmic-ray composition that
has no energy dependence, Eq. (17) depends only on El cos(h).
The effect of the energy-dependence of composition can therefore
be assessed by comparing the calculation for various fixed values
of d0 to the data, which is done in Fig. 4.

The upper curve in Fig. 4 is the same as the corresponding curve
in Fig. 3, plotted for a constant composition with d0 = 0.76, its value
at 10 GeV. The parameter d0 decreases from 0.71 at 100 GeV/nu-
cleon to 0.68 at a TeV, and from 0.64 at 10 TeV/nucleon to less than
0.62 at 100 TeV. The full curve through the data in Fig. 4 is evalu-
ated for d0 = 0.665. The two broken lines in the low energy region
are plotted for 0.71 and 0.69, while those at high energy are for
0.64 and 0.62. A more precise comparison between data and calcu-
lation could be made given complete information about the distri-
bution of energy within each bin of zenith angle, but it is clear that
the data from the various experiments are reasonably consistent
with each other and with the present calculation.

5. Summary

The muon charge ratio is sensitive both to the proton excess in
the spectrum of primary cosmic-ray nucleons and to the value of
ZpKþ . Using recent data on primary composition, we find a proton
excess that decreases steadily from 10 GeV/nucleon to 500 TeV.
This portion of the cosmic-ray spectrum produces muons from a
few GeV to well over 10 TeV. Assuming associated production
(Eq. (6)) to be the major uncertainty, a level of associated produc-
tion in the range ZpKþ ¼ 0:0079$ :0002 is required to fit the ob-
served charge ratio. For comparison, the nominal value [11] is
ZpKþ ¼ 0:0090. Keeping the nominal values of all other parameters,
the fit here corresponds to a ratio

RK=p ¼
ZpKþ þ ZpK"

Zppþ þ Zpp"
¼ 0:0079þ 0:0028

0:046þ 0:033
¼ 0:135: ð23Þ

It is interesting that analyses of seasonal variations of TeV
muons by MINOS [31] and IceCube [32] also suggest a somewhat
lower value of RKp than its nominal value of 0.149. On the other
hand, the value in Eq. (23) still represents a significant contribution
from the K+ decay channel. If the energy-dependent composition of
the Polygonato model is used instead, a good fit is obtained with
ZpKþ ¼ 0:0074, which reflects the somewhat higher value of d0 in
the relevant energy range (0.68 as compared to 0.64). The fraction
of kaons would be correspondingly lower (RK/p = 0.129).

In the analysis of MINOS, and also in that of OPERA, the muon
charge ratio is written in the form

lþ
l" ¼

fpþ
1þ Bpl cosðhÞEl=!p

þ
fKþAKl=Apl

1þ BKl cosðhÞEl=!K

! "

' ð1" fpþ Þ
1þ Bpl cosðhÞEl=!p

þ
ð1" fKþ ÞAKl=Apl

1þ BKl cosðhÞEl=!K

! ""1

; ð24Þ

with AKl/Apl = 0.054. The more correct Eq. (17) has a different form
for the contribution from kaons. In the MINOS analysis the fitted val-
ues of the two free parameters are fþp ¼ 0:55 and fþK ¼ 0:67. For El(
TeV, d0 ) 0.64 for primary energy per nucleon of 10 TeV. Thus
fþp ¼ 1

2 ð1þ apbd0Þ ¼ 0:55 in agreement with the MINOS analysis. A
precise comparison with the MINOS value for fþK is not possible for
the reasons explained after Eq. (17). However, numerical differences
are at the level of a few per cent. For example, BþKl ) 0:95' BKl.
From Eqs. (15) and (16), the value of fKþ ¼ /KðElÞþ=ð/KðElÞþþ
/KðElÞ"Þ ) 0:69 in the TeV region for d0 ) 0.64. However, if the
expression for the kaon contribution in Eq. (17) is expressed in terms
of fþK there is an additional multiplicative factor less than unity. Thus,
although the forms are different, the fits are much the same.

The role of kaons is relatively more important for neutrinos
than for muons. Because the muon mass is close to that of the pion,
the muon carries most of the energy of the decaying pion. Kaons
split the energy almost equally on average between the l and
the ml. The steep spectrum enhances the effect so that kaons are
the dominant source of muon neutrinos above a few hundred
GeV. Forward production of K+ is therefore particularly important.
The effect is illustrated in Fig. 5, in which the ratio ml=!ml is plotted
for the same sequence of assumptions as in the plot of the muon
charge ratio (Fig. 3). The implications of the muon charge ratio
for neutrinos will be the subject of a separate paper.
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