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The NLO revolution

Why revolution?
Enormous progress in the last few years in the calculation of 
NLO corrections for high-multiplicity final states 
(i.e. beyond 2      2 scattering)

• driven to a large extent by the development of 
unitarity inspired (numerical) methods

• lead to large efforts (and achievements) in the 
automation of NLO corrections

Why NLO?
• reduction  of scale uncertainties (first reliable error estimate)
• corrections can be quite large (e.g. Higgs)

(already saw a few examples in the last lectures)

• more accurate predictions for normalisation and shapes of distributions

• new partonic channels can open up

• large sensitivity to cuts at LO as extra radiation is not taken   
into account well enough

•merging of NLO with parton showers is well on its way



Progress monitorProgress monitor

Les Houches NLO wishlist for LHC backgrounds, Status 2007
process (V ∈ {Z ,W , γ}) status
1. pp → V V jet Dittmaier, Kallweit, Uwer;

Campbell, Ellis, Zanderighi;
Binoth, Guillet, Karg, Kauer, Sanguinetti

2. pp → V V V Lazopoulos, Melnikov, Petriello (ZZZ)
3. pp → t t̄ bb̄

4. pp → t t̄ + 2 jets
5. pp → V V bb̄
6. pp → V V + 2 jets
7. pp → V + 3 jets
8. pp → bb̄bb̄

9. pp → 4 jets
10. EW corr. to W,Z prod.
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(May)

(red means “done”)



Status Les Houches 2009

pp → W W jet Dittmaier/Kallweit/Uwer; Campbell/Ellis/Zanderighi

Binoth/Guillet/Karg/Kauer/Sanguinetti

pp → Z Z jet Binoth/Gleisberg/Karg/Kauer/Sanguinetti; Dittmaier/Kallweit

pp → tt̄ bb̄ Bredenstein/Denner/Dittmaier/Pozzorini;

Bevilacqua/Czakon/Papadopoulos/Pittau/Worek

pp → tt̄ + 2 jets Bevilacqua/Czakon/Papadopoulos/Worek

pp → Z Z Z Lazopoulos/Melnikov/Petriello; Hankele/Zeppenfeld

pp → V V V Binoth/Ossola/Papadopoulos/Pittau; Zeppenfeld et al.

pp → V V bb̄

pp → W γ jet Campanario/Englert/Spannowsky/Zeppenfeld

pp → V V + 2 jets VBF: Bozzi/Jäger/Oleari/Zeppenfeld, VBFNLO coll.

pp → W + 3 jets BlackHat coll.; Ellis/Giele/Kunszt/Melnikov/Zanderighi
∗

pp → Z + 3 jets BlackHat collaboration

pp → bb̄bb̄ Binoth/Greiner/Guffanti/Guillet/Reiter/Reuter

• done • partial results ∗ leading colour only
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Status 2011Now
pp → W+W−bb̄ Denner, Dittmaier, Kallweit, Pozzorini ’10 ;
Bevilacqua, Czakon, van Hameren, Papadopoulos, Worek ’11
pp → W /Z + 4 jets, W + 5 j BlackHat coll. ’10/’11/’12
pp → W /Z/γ + 3 jets BlackHat collaboration ’09/’10
pp → t t̄+2 jets Bevilacqua, Czakon, Papadopoul., Worek ’10
pp → t t̄ bb̄ Bredenstein, Denner, Dittmaier, Pozzorini ’09;
Bevilacqua, Czakon, Papadopoulos, Worek ’09
pp → W γ γ j Campanario, Englert, Rauch, Zeppenfeld ’11
pp → W+W+j j Melia, Melnikov, Rontsch, Zanderighi ’10;
pp → W+W−j j Melia, Melnikov, Rontsch, Zanderighi
’11;GoSam ’12
pp → 4 b Binoth et al ’09;GoSam ’11
NGluon (N <∼ 14) Badger, Biedermann, Uwer ’11 (public)

e+e− → 5 jets Frederix, Frixione, Melnikov, Zanderighi ’10
e+e− →≤ 7 jets Weinzierl et al ’11
also: BIG advances in automation
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Les Houches NLO wishlist today



Not quite true! 
(fulfilled wished generate bigger ones)

Les Houches fixed order NLO wishlist 
has been replaced by something 
much better (and much larger)



!
!

NNLO QCD+NLO EW wishlist 

N. Glover, S. Dittmaier 

add a column here 
for current exp  
precision and that  
expected at 14 TeV 

Joey Huston, 
Les Houches ’13 

summary talk



!
!

NNLO QCD + NLO EWK wishlist 

N. Glover, S. Dittmaier 



!
!

NNLO QCD + NLO EWK wishlist 

N. Glover,  
S. Dittmaier 



Ingredients of an NLO Calculation

NLO amplitude requires

tree level amplitude,

real emission,

infrared subtraction terms

virtual corrections

for complete cross section:
need also PDFs, phase space
integration
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NLO in a cartoon 

NLO calculations

exploit modular structure

Tree Modules One-Loop Module IR Modules

|ALO|2 ⊕ 2Re(ALO †ANLO,virt) ⊕ integrated IR subtraction terms

|ANLO,real|2 " soft/collinear subtraction terms

!

has been bottleneck so far

Collider Phenomenologybeyond the Leading Order – p.12

has been bottleneck 
for a long time

exploit modular structure



ingredients for m-particle observable at NLO

virtual part (one-loop integrals):
AV

NLO = A2/ε2 + A1/ε + A(v)
0

dσV ∼ Re
(

A†
LO AV

NLO

)

real radiation part: soft/collinear emission of massless particles
⇒ need subtraction terms
⇒

∫

sing dσS = −A2/ε2 − A1/ε + A(r)
0

σNLO =

∫

m+1

[

dσR − dσS
]

ε=0
︸ ︷︷ ︸

numerically

+

∫

m








dσV
︸︷︷︸

cancel poles

+

∫

s
dσS

︸ ︷︷ ︸

analytically








ε=0
︸ ︷︷ ︸

numerically

Collider Phenomenologybeyond the Leading Order – p.11



modular structure of pieces entering an 
NLO calculation

⇒  divide into sub-tasks:

GoSam: NLO calculations made easy

virtual corrections: done by
One-Loop Provider (OLP)
(e.g. GoSam)

Collider Physics and Higher Order Corrections Gudrun Heinrich

“One Loop 
Provider” (OLP)

 Monte Carlo 
Program (MC)

 Monte Carlo 
Program (MC)

 Monte Carlo 
Program (MC)

MC may also provide other nice tools, 
e.g. for plotting, link to Rivet analysis, 
event files, ... 

Note:



for cross-talk between MC and OLP: need standardsInterface

details worked out at Les Houches 2009 workshop on TeV colliders

Monte Carlo tool (MC) One-Loop-Provider (OLP)

initialisation:
process info
CH summed
model parameters
fix scheme. . .

!
order

"
contract

copy/confirm

runtime:
events A2, A1, A0, |Born|2" !

standard interface

Collider Phenomenologybeyond the Leading Order – p.13

Binoth Les Houches Accord (BLHA)

(worked out at Les Houches 2009)



BLHA has been used by several groups meanwhile ⇒ update August 2013 
Monte Carlo OLP

write order file

read contract file

read order file

write contract file

 runtime  phase

call OLP_Start

 call OLP_Info

call OLP_PrintParameter

call OLP_SetParameter (static parameters)

give phase space point, scale

return result, accuracy

compute Born,  real 
radiation, IR subtraction full NLO result

  run initialisation  phase

call OLP_SetParameter (dynamic parameters)

pre-runtime  phase

call OLP_EvalSubProcess2 compute virtual part

!



OLP:  distinguish two approaches: 

• generate one-loop amplitude “on the fly” or 

• hard coded library of pre-generated processes

MC:  needs to be able to provide subtraction terms for NLO real radiation 

commonly used methods (at NLO): 

• FKS subtraction

•  Catani-Seymour dipole subtraction

• phase space slicing

• antenna subtraction

Giele, Glover, Kosower ’93 

Frixione, Kunszt, Signer ’96 

Catani, Seymour ’96 

Kosower, A.Gehrmann, T.Gehrmann, Glover ’98, ’05   



Automated NLO Tools

automation of subtraction for IR divergent real radiation:

MadDipole (public) Frederix, Greiner, Gehrmann 08

Dipole subtraction in Sherpa (public) Gleisberg, Krauss 08

TevJet (public) Seymour Tevlin 08

AutoDipole (public) Hasegawa, Moch, Uwer 08,09

Helac-Phegas (public) Czakon, Papadopoulos, Worek 09; polarized

MadFKS Frederix, Frixione, Maltoni, Stelzer 09
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examples for  OLPs:List of other (more or less) automated NLO Tools

FeynArts/FormCalc/LoopTools (public) Thomas Hahn et al

Grace Fujimoto et al.

BlackHat Bern et al

Rocket Zanderighi et al

Helac-NLO (public) Bevilacqua, Czakon, van Hameren, Papadopoulos, Pittau, Worek

MadLoop/ aMC@NLO Hirschi,Frederix,Frixione,Garzelli,Maltoni,Pittau

uses CutTools (public) [Ossola, Papadopoulos, Pittau] and MadFKS
GoSam (public) Cullen, Greiner, GH, Luisoni, Mastrolia, Ossola, Reiter, Tramontano, uses

Samurai (public) [Mastrolia, Ossola, Reiter, Tramontano], golem95 (public) [Binoth et al]

NJET Badger, Biedermann, Uwer, Yundin (public)

OpenLoops Pozzorini, Maierhöfer, Cascioli

Recola Denner et al

POWHEG-Box Alioli, Nason, Oleari, Re et al

MCFM Campbell et al

VBFNLO Zeppenfeld et al

Collider Physics and Higher Order Corrections Gudrun Heinrich



Interfacing GoSam

GoSam + MadDipole/MadGraph4 [Frederix, Gehrmann, Greiner, Maltoni et al]

NLO QCD corrections to pp → W+W−+2 jets
[Greiner, GH, Mastrolia, Ossola, Reiter, Tramontano ’12]

SUSY QCD corrections to pp → χ̃0
1χ̃

0
1+jet [Cullen, Greiner, GH ’12]

QCD corrections to pp → γγ+1,2 jets [Gehrmann, Greiner, GH ’13]

pp → H+3 jets (gluon fusion) [Cullen, van Deurzen, Greiner, Luisoni,

Mastrolia, Mirabella, Ossola, Peraro, Tramontano ’13]

pp → tt̄H jet [van Deurzen, Luisoni, Mastrolia, Mirabella, Ossola, Peraro ’13]

QCD corrections to graviton (→ γγ)+1 jet (ADD) [Greiner, GH,

Reichel, von Soden-Fraunhofen ’13]

GoSam + Sherpa

pp → H+2 jets (gluon fusion) [van Deurzen, Greiner, Luisoni, Mastrolia,

Mirabella, Ossola, Peraro, von Soden-Fraunhofen, Tramontano ’13]

pp → W+W− bb̄ [GH, Schlenk, Winter, to appear]

pp → tt̄+0,1 jet [Hoeche, Huang, Luisoni, Schoenherr, Winter ’13]

GoSam + Powheg [Luisoni, Nason, Oleari, Tramontano ’13]

pp → HW /HZ+0,1 jet
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Advantage of the interface:  OLP can team up with different MCs 
(and vice versa)

Summary and Outlook

automation is necessary to have NLO predictions as a
standard at LHC

Golem/Samurai (GoSam) is a powerful and flexible

automated tool for one-loop multi-leg amplitudes

not limited to Standard Model

numerically robust due to stability test and rescue systems

standard interface to real radiation programs (BLHA)

GoSam is publicly available at
http://projects.hepforge.org/gosam/

Collider Physics and Higher Order Corrections Gudrun Heinrich



Merging NLO with Parton Showers

Allows to carry NLO precision to full chain of experimental analysis

two methods 
MC@NLO POWHEGFrixione, Webber 

 
Nason, Frixione, Oleari, Re 

 

• can be interfaced to 
Pythia, Herwig, Sherpa 

• formally same logarithmic accuracy 
(but some numerical differences) 

Merging NLO with Parton Showers

‣Resummation to NLL accuracy + realistic final states

‣Allow to carry NLO precision to all aspects of experimental analysis

‣(Formally) Same Logarithmic accuracy but numerical differences
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Fig. 13: Distribution of Higgs pT for different generators for Higgs boson of mH = 125 GeV at 8 TeV.
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Fig. 14: Distribution of Higgs pT (left) and rapidity (right) for different generators for Higgs boson ofmH = 125

GeV at 8 TeV.

53

Reasonable agreement, but non-negligible differences in the spectrum

N.Chanon

detailed
comparison

with common 
setup + 

uncertainties

N.Chanon 
 



Two mechanisms for photon production

D

Direct (point-like) Single and double resolved (collinear fragmentation)

Separation between them NOT physical in general  (beyond LO)

D

DD

collinear divergence Cancelled by fragmentation

Still talk about direct and resolved at NLO and beyond:
 MS factorization scheme (convention)
__ + frag. fact. scale

dependence of each term

- +

Prompt photons (= high-pt photons)

fragmentation: described by convolution with non-perturbative fragmentation function 
(analogous to PDFs, but in final-state), not well constrained at high z 



Standard Photon Isolation
δ

γ

q
Smooth Photon Isolation
S.Frixione

only soft emission allowed if collinear to photon

 no quark-photon collinear divergences
 no fragmentation component (only direct)
 Direct contribution well defined≤ 1

More restrictive than usual cone : lower limit on cross section (close for small R)

In real (TH)life... how much different? NLO comparison

Ehad
T (δ) ≤ Ehad

T max

R0 = 0.4

χ(δ) =

�
1− cos(δ)

1− cos(R0)

�n

Ehad
T (δ) ≤ Ehad

T max χ(δ)

n = 1

standard/smooth Frag. comp. (cone)
2 GeV < 1% 6%
3 GeV < 1% 10%
4 GeV 1% 13%
5 GeV 3% 16%
0.05 pT < 1% 8%
0.5 pT 11% 52%

Ehad
T max

CMS Higgs cuts at 7 TeV

if isolation tight enough, hardly any difference between standard and smooth cone

Standard: direct+fragmentation  (Diphox)
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q
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only soft emission allowed if collinear to photon

 no quark-photon collinear divergences
 no fragmentation component (only direct)
 Direct contribution well defined≤ 1

More restrictive than usual cone : lower limit on cross section (close for small R)

In real (TH)life... how much different? NLO comparison

Ehad
T (δ) ≤ Ehad

T max

R0 = 0.4

χ(δ) =

�
1− cos(δ)

1− cos(R0)

�n

Ehad
T (δ) ≤ Ehad

T max χ(δ)

n = 1

standard/smooth Frag. comp. (cone)
2 GeV < 1% 6%
3 GeV < 1% 10%
4 GeV 1% 13%
5 GeV 3% 16%
0.05 pT < 1% 8%
0.5 pT 11% 52%

Ehad
T max

CMS Higgs cuts at 7 TeV

if isolation tight enough, hardly any difference between standard and smooth cone

Standard: direct+fragmentation  (Diphox)

try to suppress fragmentation component by 
photon isolation

two categories of isolation prescriptions:

standard cone isolation smooth isolation (Frixione)
(η − ηγ)2 + (φ− φγ)2 ≤ δ2

(e.g. ) Ehad
T max = �c p

γ
T

Standard Photon Isolationδ

γ

q

Smooth Photon Isolation
S.Frixione

 no quark-photon collinear divergences
 no fragmentation component (only direct)
 Direct contribution well defined
 Allows to reach NNLO !!!!

≤ 1

More restrictive than usual cone : lower limit on cross section 

In real (TH)life... how much different? NLO comparison

Ehad
T (δ) ≤ Ehad

T max

χ(δ) =

�
1− cos(δ)

1− cos(R0)

�n

Ehad
T (δ) ≤ Ehad

T max χ(δ)

PHOTON ISOLATION

Use it as a TH tool, not Experimental!

no quark-photon collinear divergences

no fragmentation component⇒
good for theorists!
they do not have to calculate this 
component at higher orders

good for experimentalists!

(or  fixed energy in the cone)

they will always have some hadronic 
energy near the photon



Photon isolation 

Standard Photon Isolation
δ

γ

q
Smooth Photon Isolation
S.Frixione

only soft emission allowed if collinear to photon

 no quark-photon collinear divergences
 no fragmentation component (only direct)
 Direct contribution well defined≤ 1

More restrictive than usual cone : lower limit on cross section (close for small R)

In real (TH)life... how much different? NLO comparison

Ehad
T (δ) ≤ Ehad

T max

R0 = 0.4

χ(δ) =

�
1− cos(δ)

1− cos(R0)

�n

Ehad
T (δ) ≤ Ehad

T max χ(δ)

n = 1

standard/smooth Frag. comp. (cone)
2 GeV < 1% 6%
3 GeV < 1% 10%
4 GeV 1% 13%
5 GeV 3% 16%
0.05 pT < 1% 8%
0.5 pT 11% 52%

Ehad
T max

CMS Higgs cuts at 7 TeV

if isolation tight enough, hardly any difference between standard and smooth cone

Standard: direct+fragmentation  (Diphox)

if isolation is very tight, difference between standard and smooth cone is small

Daniel de Florian, 
Leandro Cieri, 

Les Houches 2013

CMS cuts, 7 TeV

Comparing the two isolation criteria (on theory level)
with a program that has implemented both criteria 
and contains fragmentation at NLO: 

Diphox 

R0 = 0.4

n = 1



Check less inclusive observables: any significant difference?

Diphoton production

100GeV ≤ Mγγ ≤ 160GeV
pγ hard
T ≥ 40GeV

pγ soft
T ≥ 30GeV

|ηγ | ≤ 2.5

√
s = 8TeV

Ehad
T max = 4GeV

CTEQ6M µF = µR = Mγγ

full NLO Cone (DIPHOX) vs Cone with LO fragmentation vs NLO Smooth

Rγγ ≥ 0.45

Ehad
T max = � pγT � = 0.05

Daniel de Florian, 
Les Houches 2013



however, very tight isolation can have pitfalls

• can generate large logarithms log(R) which 
would be cancelled (partially) only by the 

fragmentation component at NLO

• can  interfere with jet clustering

• mismatch theory-experiment larger 
because relative importance of 

underlying event becomes larger
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in Ref. [18]. The reasons are the appearance of new partonic subprocesses at NLO and the

enlarged final state phase space at this order.
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Figure 1: Behaviour of the exclusive γγ+jet cross sections with different isolation prescriptions
under scale variations, µ = xµ0, 0.5 ≤ x ≤ 2, µ2
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Figure 2: Behaviour of the inclusive γγ+jet+X cross sections with different isolation prescriptions
under scale variations, µ = xµ0, 0.5 ≤ x ≤ 2, µ2

0 = 1
4
(m2

γγ +
∑

j p
2
T,j).

Due to photon isolation, the cross section for pp → γγ+jet+X is not strictly an in-

clusive quantity. The integration over the final state collinear variable z appearing in the

fragmentation functions Dγ
q (z, µF ) is bounded from below by 1− zc. Further, the presence

of three different scales µr, µf , µF partially leads to a scale dependence which is different

from what is known from pure QCD.

Figures 3 and 4 show how the scale variation bands vary as a function of the isolation

parameters, for both the single-jet inclusive and the exclusive case. One observes that

– 8 –
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fragmentation functions Dγ
q (z, µF ) is bounded from below by 1− zc. Further, the presence

of three different scales µr, µf , µF partially leads to a scale dependence which is different

from what is known from pure QCD.

Figures 3 and 4 show how the scale variation bands vary as a function of the isolation

parameters, for both the single-jet inclusive and the exclusive case. One observes that
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given by

αs(MZ) = 0.119 ,

and the running is calculated at one loop for the LO results and at two loops for the NLO

results. For the photon fragmentation functions, we take set II of the parametrisations of

Ref. [37].

The following kinematic cuts have been applied: pjetT > 40GeV, pγT > 20, |ηγ , ηj | ≤ 2.5,

Rγ,j > 0.4, Rγ,γ > 0.8 and 100GeV ≤ mγγ ≤ 140GeV. The intention of the latter cut is

to focus on a region around the Higgs resonance.

For the photon isolation, we compare the Frixione isolation criterion with the fixed

cone criterion for several values of the photon energy fraction zc in the cone, where

zc =
|#p had

T,cone|
|#p γ

T + #p had
T,cone|

,

such that in the collinear limit, zc is related to εc in eq. (2.1) by zc =
εc

1+εc
. For the Frixione

isolation criterion (see eq. (2.2)), our default values are R = 0.4, n = 1 and ε = 0.5. For

the cone-based isolation, the default cone size is R = 0.4, while several different values of

the hadronic energy fraction zc inside the cone will be used.

4.2 Scale dependence and sensitivity to the isolation parameters

The truncation of the perturbative expansion of a collider observable leads to a dependence

on scale parameters that were introduced in the renormalization and mass factorization.

The residual dependence on these parameters is often used to quantify the uncertainty on

the calculation from missing higher order terms in the perturbative series. Apart from

the dependence on renormalization and initial state factorisation scales µr, µf , the cross

section for the production of prompt photons also depends on the fragmentation scale µF ,

as explained in section 2 above. To study the scale dependence of our NLO results, we set

µr = µf = µF and choose µ2
0 =

1
4 (m

2
γγ +

∑

j p
2
T,j) for our central scale. The scales are then

varied by µ = xµ0 with 0.5 ≤ x ≤ 2.

In Figure 1, we display the scale dependence of the exclusive γγ+jet cross section.

For a cone-based isolation criterion, we observe a clear reduction of the scale dependence

at next-to-leading order, while this reduction is less pronounced for the Frixione isolation

criterion. This qualitative difference can be attributed to the occurrence of almost collinear

quark-photon configurations at NLO. The typical scale of these configurations is the in-

variant mass of the quark-photon system, which can be substantially lower than µ0. In the

case of a cone-based isolation, these contributions combine with the fragmentation con-

tribution, which compensates their scale dependence. For the Frixione isolation criterion,

this compensation does not occur, thereby resulting in a larger scale-dependence.

In the inclusive case, Fig. 2, no reduction of the scale uncertainty at NLO is visible. The

reason for this is the fact that the cross section in this case is dominated by the γγ+2 jets

real radiation part, which shows a leading order scale dependence. A similar behaviour has

been observed for example in ZZ+jet production with and without second jet veto [69].

The largeness of the NLO corrections has already has been observed for Frixione isolation

– 7 –

Diphotons + jet

exclusive cuts: veto on second jet pT ,j2 ≤ 30GeV

x1

 [p
b]

!

0

0.5

1

1.5

2

2.5

Cone isolation
LO =0.1cz

=0.05cz =0.02cz

x1

 [p
b]

!

0

0.5

1

1.5

2

2.5

Frixione Isolation
LO

NLO

strong reduction of K-factor compared to inclusive cuts

scale uncertainty smaller with cone isolation

Collider Physics and Higher Order Corrections Gudrun Heinrich

γγ + 1 jet

Greiner, Gehrmann, 
GH 2013

 scale uncertainty larger with smooth cone isolation

� = 0.5

� = 0.5



Diphotons+jet

comparison of isolation parameters for γγ invariant mass Mγ,γ
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!  Invariant-mass distribution with staggered photon cuts  

!  NNLO corrections large in low M!! region  region 

SM@LHC 2013 Freiburg 18 Aude Gehrmann-De Ridder 

Di-photon production with 2!NNLO 

(µR) and factorization (µF ) scales are set to the value of the invariant mass of the diphoton system,
µR = µF = Mγγ . The QED coupling constant α is fixed to α = 1/137.

We apply typical kinematical cuts [17] that are used by the ATLAS and CMS Collaborations
in their Higgs search studies. We require the harder photon to have a transverse momentum
pharderT ≥ 40 GeV, while for the softer photon we demand psofterT ≥ 25 GeV. The rapidity of both
photons is restricted to |yγ| ≤ 2.5, and the invariant mass of the diphoton system is constrained
to lie in the range 20GeV ≤ Mγγ ≤ 250GeV.

σ (fb) LO NLO NNLO

µF = µR = Mγγ/2 5045± 1 26581± 23 45588± 97
µF = µR = Mγγ 5712± 2 26402± 25 43315± 54
µF = µR = 2Mγγ 6319± 2 26045± 24 41794± 77

Table 1: Cross sections for pp → γγ + X at the LHC (
√
s = 14 TeV). The applied cuts are

described in the text.

Figure 1: Invariant mass distribution of the photon pair at the LHC (
√
s = 14 TeV): LO (dots),

NLO (dashes) and NNLO (solid) results. We also present the results of the box and NLO+box
contributions. The inset plot shows the corresponding K-factors.

We start the presentation of our results by considering diphoton production at the LHC (
√
s =

14 TeV). In Table 1, we report the results of the accepted cross section at LO, NLO and NNLO.
We have fixed µF = µR = µ and we have considered three values of µ/Mγγ (µ/Mγγ = 1/2, 1, 2).
The numerical errors estimate the statistical uncertainty of the Monte Carlo integration.

We note that the value of the cross section remarkably increases with the perturbative order
of the calculation. This increase is mostly due to the use of very asymmetric (unbalanced) cuts
on the photon transverse momenta. At the LO, kinematics implies that the two photons are
produced with equal transverse momentum and, thus, both photons should have pγT ≥ 40 GeV.
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Grazzini, 2012

Frixione isolation

pp → γγ



Standard Model Theory for Collider Physics                Daniel de Florian

MSTW 08

large discrepancy 
between

 NLO and Data

pp → γγ

‣ Azimuthal difference

α2
s

‣ Invariant mass : 40-50 % corrections

Needed to understand
LHC data 
(effectively NLO)

qq̄ ggqg

Open new channel at NLO,NNLO

S.Catani, L.Cieri, DdeF, G.Ferrera, M.Grazzini (2012)

α2
sα1

sα0
s
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NNLO calculations 
what are the different types of ingredients?!  Require three principal ingredients (here: pp  2jets) 

!  two-loop matrix elements (2 2) 
!  explicit infrared poles from loop integral   

!  one-loop matrix elements (2 3) 
!  explicit infrared poles from loop integral 
!  and implicit poles from single real emission 

!  tree-level matrix elements (2 4) 
!  implicit poles from double real emission 

!  need method to extract implicit infrared poles 

SM@LHC 2013 Freiburg Aude Gehrmann-De Ridder 

NNLO calculations 

3 

will show up upon integration 
over the phase space

two-loop matrix elements (2→2)
!  Require three principal ingredients (here: pp  2jets) 

!  two-loop matrix elements (2 2) 
!  explicit infrared poles from loop integral   

!  one-loop matrix elements (2 3) 
!  explicit infrared poles from loop integral 
!  and implicit poles from single real emission 

!  tree-level matrix elements (2 4) 
!  implicit poles from double real emission 

!  need method to extract implicit infrared poles 

SM@LHC 2013 Freiburg Aude Gehrmann-De Ridder 

NNLO calculations 

3 

contain explicit infrared poles from two-loop virtual integrals

one-loop matrix elements (2→3)
contain explicit infrared poles from one-loop virtual integrals
and implicit infrared poles from singly unresolved real emission

main difficulties:  

!  Require three principal ingredients (here: pp  2jets) 

!  two-loop matrix elements (2 2) 
!  explicit infrared poles from loop integral   

!  one-loop matrix elements (2 3) 
!  explicit infrared poles from loop integral 
!  and implicit poles from single real emission 

!  tree-level matrix elements (2 4) 
!  implicit poles from double real emission 

!  need method to extract implicit infrared poles 

SM@LHC 2013 Freiburg Aude Gehrmann-De Ridder 

NNLO calculations 

3 

tree level matrix elements (2→4)

contain implicit infrared poles from doubly unresolved real emission

• isolate and subtract implicit infrared poles (real radiation)

• calculate two-loop virtual integrals



NNLO Infrared Subtraction 

Aude Gehrmann-De Ridder 

Structure of NNLO cross sections     

!  Real and virtual contributions: 
!  Subtraction term for double real radiation: 
!  Subtraction term for one-loop single real radiation: 
!  Mass factorization counter-terms:    

!  Each line is finite and free of poles 
!  Challenges: -Construction and integration of subtraction terms   
!                   -Implementation in a parton-level generator                                   

5 SM@LHC 2013 Freiburg 

dσ̂NNLO =

�

dΦm+2

�
dσ̂RR

NNLO − dσ̂S

NNLO

�

+

�

dΦm+1

�
dσ̂RV

NNLO − dσ̂V S

NNLO + dσ̂MF,1
NNLO

�

+

�

dΦm

�
dσ̂V V

NNLO + dσ̂MF,2
NNLO

�
+

�

dΦm+2

dσ̂S

NNLO +

�

dΦm+1

dσ̂V S

NNLO

dσ̂S

NNLO

dσ̂V S

NNLO

dσ̂MF,1
NNLO

, dσ̂MF,2
NNLO

dσ̂RR

NNLO, dσ̂RV

NNLO, dσ̂V V

NNLO

remember NLO:

ingredients for m-particle observable at NLO

virtual part (one-loop integrals):
AV

NLO = A2/ε2 + A1/ε + A(v)
0

dσV ∼ Re
(

A†
LO AV

NLO

)

real radiation part: soft/collinear emission of massless particles
⇒ need subtraction terms
⇒

∫

sing dσS = −A2/ε2 − A1/ε + A(r)
0

σNLO =

∫

m+1

[

dσR − dσS
]

ε=0
︸ ︷︷ ︸

numerically

+

∫

m








dσV
︸︷︷︸

cancel poles

+

∫

s
dσS

︸ ︷︷ ︸

analytically








ε=0
︸ ︷︷ ︸

numerically

Collider Phenomenologybeyond the Leading Order – p.11



Real radiation at NNLO: methods 

Aude Gehrmann-De Ridder 

!  Sector decomposition                                                            
(T. Binoth, G. Heinrich; C. Anastasiou, K. Melnikov, F. Petriello) 

!  pp  H, pp  V, including decays                                                                  
(C. Anastasiou, K. Melnikov, F. Petriello; S. Bühler, F. Herzog, A. Lazopoulos, R. Müller) 

!  Sector-improved subtraction schemes                                   
(M. Czakon; R. Boughezal, K. Melinkov, F. Petriello) 

!  pp  tt (M. Czakon, P.  Fiedler,  A. Mitov) 

!  pp  H+j (R. Boughezal, F. Caola, K. Melnikov, F. Petriello, M. Schulze)  

!  qT-subtraction (S. Catani, M. Grazzini) 

!  pp  H, pp  V, pp , pp  VH                                                 
(S. Catani, L. Cieri, D. de Florian, G. Ferrera M. Grazzini, F. Tramontano) 

!  Antenna subtraction (T. Gehrmann, E.W.N. Glover,  AG) 

!  e+e-  3j (T. Gehrmann, E.W.N. Glover, G. Heinrich, AG; S. Weinzierl)  

!  pp  2j (T. Gehrmann, E.W.N. Glover, J. Pires, AG)  

4 
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NNLO: what is available or in the pipeline?

Standard Model Theory for Collider Physics                Daniel de Florian

NNLO the new frontier

‣ Some measurements to few percent accuracy

O(α2
s)

meaningful comparison
solid estimate of uncertainties

Match experimental accuracy
Extract accurate information

Keep Theorists employed after all the automatic machinery at NLO...

pp → H

pp → γγ

pp → jets

pp → tt̄

e+e− → 3 jets

pp → V V

e−p → (2 + 1) jets

pp → V + jets

pp → V

pp → H + jets

✓ 

‣ Some processes with still (potentially) large NNLO corrections        

✓ 

✓ 
✓ 

✓ 

partial

partial

15
Daniel de Florian, 
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Conclusions

• understanding QCD effects is 
crucial at hadron colliders 

• precision measurements require 
at least NLO accuracy 

• a lot of progress has been achieved in 
recent years (fixed higher orders, matching to parton showers, 

resummation, all-orders infrared structure of massless Yang-Mills theories, ...)

• nonetheless let us keep the hopes 
up that QCD (+EW/Higgs) is not all 

we will see in the next LHC run!  



understanding QCD better will also help him ...


