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In the medium...
Radiative processes

• induced radiation
• absorptive reactions

Elastic processes
• momentum broadening
• drag effects

Can we get a handle on each/one separately?
... reflect characteristics of the underlying medium!
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In the medium...
Radiative processes

• induced radiation
• absorptive reactions

Elastic processes
• momentum broadening
• drag effects

Can we get a handle on each/one separately?

Identify the typical momentum & time scales:
vacuum   ⇔   medium

quantum   ⇔   classical
[pQCD] [Boltzman eq., ...]

... reflect characteristics of the underlying medium!
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Outline

• Ordering features & MC implementation

• Coherence effects: angular ordering 
(vacuum) & Landau-Pomeranchuk-Migdal 
(medium)

• Interface: jets in heavy-ion collisions

• the role of decoherence
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Jet branching

• virtual hard parton fragments

• LPHD: hadronization does not 
affect inclusive observables

• baseline 

tform !
k||

k2
⊥ thadr !

k||

Λ2
QCD

M⊥ = EΘjet

Q0 ∼ ΛQCD

Jet scales:

Large time domain for pQCD:
1

E
< t <

E

ΛQCD
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Elementary splitting
k ∼ zE

p ∼ (1− z)E

dP =
αs

2π

d2k⊥
k2⊥

Pij(z)dz

k⊥ ≈ z(1− z)Eθ > Q0

⇒ soft & collinear singularities
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Elementary splitting
k ∼ zE

p ∼ (1− z)E

dP =
αs

2π

d2k⊥
k2⊥

Pij(z)dz

k⊥ ≈ z(1− z)Eθ > Q0

⇒ soft & collinear singularities

tform =
E

(p+ k)2
∼ ω

k2⊥

P = αs

∫ M⊥

Q0

d2k⊥
k2⊥

∫ 1

Q0/M⊥

dz

z

∼ αs log
2 M⊥
Q0

! αs

• factorization

• phase-space enhancement: 
need for resummation of 
multiple branchings

• characteristic timescale
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Leading-log contributions

• large contributions if strong ordering in the 
evolution variable ⇒ probabilistic

• implies space-time picture

M⊥ ! k1⊥ ! k2⊥ ! . . . ! Q0

6

p

k1

k2

Logarithmic regions tf2 ! tf1

ω2 ! ω1 ! E

ω

(k1 + k2)2
∼ ω1

2k1 · k2
∼ ω2

k2
2⊥

E

(p + k1 + k2)2
∼ E

2p · k1
∼ ω1

k2
1⊥

FACTORIZATION OF  BRANCHINGS IN VACUUM 

tf2

tf1

P12 =
(

αs CA

π

)2 ∫ E dω1

ω1

∫ ω1 dω2

ω2

∫ M⊥ d2k⊥1

k2
⊥1

∫ k⊥1 d2k⊥2

k2
⊥2

p

k1

k2

Logarithmic regions tf2 ! tf1

The softest gluon sees its parent as if they 
were produced at t=0 

ω2 ! ω1 ! E

ω

(k1 + k2)2
∼ ω1

2k1 · k2
∼ ω2

k2
2⊥

E

(p + k1 + k2)2
∼ E

2p · k1
∼ ω1

k2
1⊥

FACTORIZATION OF  BRANCHINGS IN VACUUM 

tf2

tf1

P12 =
(

αs CA

π

)2 ∫ E dω1

ω1

∫ ω1 dω2

ω2

∫ M⊥ d2k⊥1

k2
⊥1

∫ k⊥1 d2k⊥2

k2
⊥2

⇒

tform,1 ! tform,2 ! . . .



Qa = 0 :: singlet
Qa ≠0 :: octet

ω
dN

d3k
=

αs

(2π)2ω2

[
Q2

bRb + Q2
cRc + 2Qb ·QcJ

]a

b

c

Q = Eθbc

Color coherence in vacuum
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• interference effects
• conservation of color charge



Qa = 0 :: singlet
Qa ≠0 :: octet

ω
dN

d3k
=

αs

(2π)2ω2

[
Q2

bRb + Q2
cRc + 2Qb ·QcJ

]a

b

c

Q = Eθbc

Color coherence in vacuum

∼ αsQ2
c

k2⊥
∼ αsQ2

a

k2⊥c

b

c
b
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• interference effects
• conservation of color charge



Qa = 0 :: singlet
Qa ≠0 :: octet

ω
dN

d3k
=

αs

(2π)2ω2

[
Q2

bRb + Q2
cRc + 2Qb ·QcJ

]a

b

c

Q = Eθbc

Color coherence in vacuum

∼ αsQ2
c

k2⊥
∼ αsQ2

a

k2⊥c

b

c
b〈dNq〉ϕ =

αsCF

π

dω

ω

dθ

θ
Θ(cos θ − cos θqq̄)

Θqq̄

Coherent spectrum:

7

• interference effects
• conservation of color charge



Coherent parton evolutionModified-Leading-Log-Approximation (MLLA)

Fragmentation function

ω

θjet θ′

ω′ = zE
D

A

B

C

d

d lnM⊥
DB

A(x, M⊥) =
αs

2π

∫ 1

x

dz

z
PC

A (z) DB
C (x/z, z M⊥)

θ′ ∼ θjet →M ′
⊥ = ω′θ′ ∼ ω′θjet = zM⊥

MLLA (angular ordering)

[Bassetto, Mueller, Ciafaloni, Marchesini, Dokshitzer, Khoze, Troyan, Fadin, Lipatov,  80’s]

Θjet

Q′ = ω′θ′ ∼ ω′Θjet = zQ ➞ effective scale

Q = EΘjetJet scale:

d

d logQ
DB

A(x,Q) =
αs

2π

∫ 1

x
dzPC

A (z)DB
C (x/z, zQ)+
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Coherent parton evolutionModified-Leading-Log-Approximation (MLLA)

Fragmentation function

ω

θjet θ′

ω′ = zE
D

A

B

C

d

d lnM⊥
DB

A(x, M⊥) =
αs

2π

∫ 1

x

dz

z
PC

A (z) DB
C (x/z, z M⊥)

θ′ ∼ θjet →M ′
⊥ = ω′θ′ ∼ ω′θjet = zM⊥

MLLA (angular ordering)

[Bassetto, Mueller, Ciafaloni, Marchesini, Dokshitzer, Khoze, Troyan, Fadin, Lipatov,  80’s]

Θjet

Q′ = ω′θ′ ∼ ω′Θjet = zQ ➞ effective scale

Q = EΘjetJet scale:

• resummation of branchings

• probabilistic picture

• angular ordering

• basis for precision pQCD & 
MC

d

d logQ
DB

A(x,Q) =
αs

2π

∫ 1

x
dzPC

A (z)DB
C (x/z, zQ)+

Bassetto, Ciafaloni, Marchesini, Mueller, 
Dokshitzer, Khoze, Troyan, Fadin, Lipatov (80’s)
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Radiation in medium

Baier, Dokshitzer, Mueller, Peigné, Schiff (1997-2000), Zakharov (1996), 
Wiedemann (2000), Gyulassy, Levai, Vitev (2000), Arnold, Moore, Yaffe (2001)

LPM effect in QCD:

soft gluons are formed rapidly!

ω
dI

dω
∼ αsNscatNaïvely:

Coherent spectrum

ω
dI

dω
∼ αsNeff ∼ αs

L

tbr

tform = λmfpNcoh

{

∆x⊥ = 1/k⊥

k2⊥ ∼ q̂∆t

∆t ∼ ω/k2⊥
{

tbr =
√

ω/q̂

kbr =
√

ωq̂2asuming small 
virtuality
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Multiple radiation
∆N(ω) = αs

L

tbr
! 1⇒ important when: ω < α2

s q̂L
2⇒
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Multiple radiation

• decoherence in medium!
• interferences are down by factor L
• probabilistic picture

Independent emissions are enhanced by a fator L/τ f

Interference effects are subleading

Resumming the leading terms

When

BRIEF ARTICLE

THE AUTHOR

ω
dN

dω
!

αsNc

π

√

ωc

ω
≡ ᾱ

√

ωc

ω
= ᾱ

L

τ
br
(ω)

ω
BH

# ω ! ωc

x± =
1
√
2
(x0 ± x3)

∂µT
µν = 0

∂µj
µ = 0

T µν = (ε+ P )uµuν − Pgµν

jµ = nuµ

P =
ε

3

' # ᾱL

ᾱL/τbr ∼ 1

1

all powers of

BRIEF ARTICLE

THE AUTHOR

ω
dN

dω
!

αsNc

π

√

ωc

ω
≡ ᾱ

√

ωc

ω
= ᾱ

L

τ
br
(ω)

ω
BH

# ω ! ωc

x± =
1
√
2
(x0 ± x3)

∂µT
µν = 0

∂µj
µ = 0

T µν = (ε+ P )uµuν − Pgµν

jµ = nuµ

P =
ε

3

' # ᾱL

ᾱL/τbr ∼ 1

1

need to be resummed.

A priori this is (very) complicated. HOWEVER:

Thus, the leading order resummation is equivalent to a probabilistic cascade

∼
(
αs

L

tbr

)2

Independent emissions are enhanced by a fator L/τ f

Interference effects are subleading

Resumming the leading terms

When

BRIEF ARTICLE

THE AUTHOR

ω
dN

dω
!

αsNc

π

√

ωc

ω
≡ ᾱ

√

ωc

ω
= ᾱ

L

τ
br
(ω)

ω
BH

# ω ! ωc

x± =
1
√
2
(x0 ± x3)

∂µT
µν = 0

∂µj
µ = 0

T µν = (ε+ P )uµuν − Pgµν

jµ = nuµ

P =
ε

3

' # ᾱL

ᾱL/τbr ∼ 1

1

all powers of

BRIEF ARTICLE

THE AUTHOR

ω
dN

dω
!

αsNc

π

√

ωc

ω
≡ ᾱ

√

ωc

ω
= ᾱ

L

τ
br
(ω)

ω
BH

# ω ! ωc

x± =
1
√
2
(x0 ± x3)

∂µT
µν = 0

∂µj
µ = 0

T µν = (ε+ P )uµuν − Pgµν

jµ = nuµ

P =
ε

3

' # ᾱL

ᾱL/τbr ∼ 1

1

need to be resummed.

A priori this is (very) complicated. HOWEVER:

Thus, the leading order resummation is equivalent to a probabilistic cascade

∼ α2
s
L

tbr
Mehtar-Tani, Salgado, KT JHEP 1204, 064; JHEP 1210, 197, Casalderrey-Solana, Iancu JHEP 1108 (2011) 015 

Blaizot, Dominguez, Iancu, Mehtar-Tani JHEP 1301, 143

∆N(ω) = αs
L

tbr
! 1⇒ important when: ω < α2

s q̂L
2⇒
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Multiple radiation

• decoherence in medium!
• interferences are down by factor L
• probabilistic picture

Independent emissions are enhanced by a fator L/τ f

Interference effects are subleading

Resumming the leading terms

When
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ᾱL/τbr ∼ 1

1

all powers of

BRIEF ARTICLE

THE AUTHOR

ω
dN

dω
!

αsNc

π

√

ωc

ω
≡ ᾱ
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Thus, the leading order resummation is equivalent to a probabilistic cascade

∼
(
αs

L

tbr
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Independent emissions are enhanced by a fator L/τ f

Interference effects are subleading

Resumming the leading terms

When
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π

√
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√
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τ
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(ω)

ω
BH
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√
2
(x0 ± x3)

∂µT
µν = 0

∂µj
µ = 0

T µν = (ε+ P )uµuν − Pgµν

jµ = nuµ

P =
ε

3

' # ᾱL

ᾱL/τbr ∼ 1

1

all powers of

BRIEF ARTICLE

THE AUTHOR

ω
dN

dω
!

αsNc

π

√
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≡ ᾱ

√

ωc

ω
= ᾱ

L

τ
br
(ω)

ω
BH

# ω ! ωc

x± =
1
√
2
(x0 ± x3)

∂µT
µν = 0

∂µj
µ = 0

T µν = (ε+ P )uµuν − Pgµν

jµ = nuµ

P =
ε

3

' # ᾱL

ᾱL/τbr ∼ 1

1

need to be resummed.

A priori this is (very) complicated. HOWEVER:

Thus, the leading order resummation is equivalent to a probabilistic cascade

∼ α2
s
L

tbr
Mehtar-Tani, Salgado, KT JHEP 1204, 064; JHEP 1210, 197, Casalderrey-Solana, Iancu JHEP 1108 (2011) 015 

Blaizot, Dominguez, Iancu, Mehtar-Tani JHEP 1301, 143

∆N(ω) = αs
L

tbr
! 1⇒ important when: ω < α2

s q̂L
2⇒

tbr =

√
q̂

Ea

1− z(1− z)

z(1− z)

Rate of emissions:

scales 
with 

lengthdPmed =
P (z)

tbr
dz dt

10



Rate equation
d

dτ
D(x, τ) =

∫
dz

K(z)√
x

[√
zD(x/z, τ)− zD(x, τ)

]

K(z) =
[1− z(1− z)]5/2

[z(1− z)]3/2
∼ z−3/2

τ = ᾱ
√

q̂/E t :: rescaled time-variable

Baier, Dokshitzer, Mueller, Schiff, Son (2001)
Jeon, Moore (2005)

Blaizot, Iancu, Mehtar-Tani (2013)

11

Eflow ∼ α2
s q̂L
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Rate equation
d

dτ
D(x, τ) =

∫
dz

K(z)√
x

[√
zD(x/z, τ)− zD(x, τ)

]

• more: Generating Functional

• K describes emission

• surprising component: 
turbulent flow of energy to 
very soft modes at large 
angles!

K(z) =
[1− z(1− z)]5/2

[z(1− z)]3/2
∼ z−3/2

τ = ᾱ
√

q̂/E t :: rescaled time-variable

Baier, Dokshitzer, Mueller, Schiff, Son (2001)
Jeon, Moore (2005)

Blaizot, Iancu, Mehtar-Tani (2013)

0 0.2 0.4 0.6 0.8 1

x

0.001

0.01

0.1

1

10

100

!
x
 D

(x
,"

)

" = 0.02

" = 0.20

" = 0.50

" = 0.9

" = 1.5

11

Eflow ∼ α2
s q̂L
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Angular structure

Propagation with one splitting

Main result (1)

d2σ

dΩka dΩkb

= 2g2z(1− z)
∫ tL

t0

dt

∫

p0,q,p
P(ka − p, tL − t)P(kb − q + p, tL − t)

× K(p− zq, z, p+
0 , t)P(q − p0, t− t0)

dσhard

dΩp0

, (42)

• proof: factorization up to 
corrections ~ L/tbr

• P describes k⊥-broadening

• K describes emission

prob. of acquiring
momentum in tL-t emission with mom. p

Brownian
motion

Mehtar-Tani, Salgado, KT JHEP 1210 (2012) 197
Blaizot, Dominguez, Iancu, Mehtar-Tani JHEP 1301, 143

12

Q2
s = q̂LMedium scale:



MC implementation of LPM

• well-controlled, 
probabilistic prescription

• allows to go beyond 
known approximations

J
H
E
P
0
7
(
2
0
1
1
)
1
1
8

Figure 1. The average number of gluons, produced with exactly j momentum transfers from the
medium. Results are shown for some arbitrary choice of inelastic and elastic mean free path, and
total in-medium path length L. Analytical results of the BDMPS-Z formalism are compared to MC
simulations in the totally coherent and incoherent limits.

Γ-functions,

〈Ng〉
(incoh)
j = exp

(

−
L

λel

) ∞
∑

N=j

1

N !

(

L

λel

)N (

λel

λinel

)

=
L

λinel

Γ(j) − Γ(j, L
λel

)
L
λel

Γ(j)
(3.25)

One can check that the average number of incoherently produced gluons is again given by

〈Ng〉(incoh) =
∞
∑

j=1

〈Ng〉
(incoh)
j =

L

λinel
. (3.26)

Figure 1 shows analytical results for 〈Ng〉
(incoh)
j and 〈Ng〉

(coh)
j , compared to output of

the MC programs implementing the algorithms of section 3.2.1 and 3.2.2. We have tested

that the proposed algorithms reproduce the results of the BDMPS-Z formalism for a broad

– 22 –

J
H
E
P
0
7
(
2
0
1
1
)
1
1
8

0.1 1 10 100
ω [GeV]

1e-06

0.0001

0.01

1

dI/dω
L=1.0 fm
L=2.0 fm
L=3.0 fm
~ ω-3/2 

~ ω −3

λinel=0.1 fm, λel= 0.01 fm, µ= 0.2 GeV, ωmax=100 GeV
Multiple soft scattering limit

Figure 2. The spectrum of medium-induced gluons as a function of gluon energy ω for different
in-medium path lengths L. To compare with the soft multiple scattering limit, results have been
calculated with extreme choices of elastic and inelastic mean free paths.

We then define operationally2

q̂ = qeff . (5.7)

In general, µ2/λel would be a poor approximation of qeff , but for the particular choice of

soft scattering centers (5.4) regulated at |q| = 2µ, 〈q2〉 = µ2 and qeff agree with µ2/λel. We

can now express the BDMPS parton energy loss formula (5.2) in terms of input parameters

of the proposed MC algorithm,

∆E =
1

4

1

fprop log (Eproj/ωmin)

λel

λinel
qeff L2 . (5.8)

It is this form of the BDMPS parton energy loss formula that we test in the MC studies

presented in this section.

2In a simplified scenario in which a fixed k
2 = µ2 is transferred per mean free path λel from the

medium to a gluon, the MC algorithm will accumulate within a length L = n λel a gluon phase ϕ ≈
1

2ω

Pn−1

j=0
j µ2 λel "

1

2ω

qeff L2

2
. This phase differs by a factor 2 from the standard analytical pocket estimate

ϕ = 〈k2〉
2ω

L " 1

2ω
q̂ L2. The reason is that the squared transverse momentum 〈k2〉∆L accumulated between

L − ∆L and L, can contribute to ϕ only with 〈k2〉∆L ∆L/2ω and not with 〈k2〉∆L L/2ω. This illustrates

that pocket formulas for ϕ (and a fortiori for ωc and Lc) should not be expected to provide numerically

accurate prefactors but identify the parametric dependencies only.

– 29 –

Stachel, Wiedemann, Zapp PRL 103 (2009) 152302, JHEP 1107 (2011) 118

S(in)el
no (L) = exp

(
− L/λ(in)el

)

λ(in)el =
1

n0σ(in)el

13



Interface: HE jet in medium

Shower interacts 
Additional 
splittings

Early QCD 
Shower

Late QCD 
Shower

Modified 
splittings

Additional 
e-loss

MARTINI, Boltzmann PYQUEN, ... T. Renk, JEWEL

t

t0

Modified 
propagation

Guidance from theory is needed!

Courtesy: J. Casalderrey-Solana

Is it reasonable to assume a separation of these processes?

14



Interferences: analysis

0 t
q̄

qImportance of interferences:
• condition: color correlation 

between emitters
• what is the probability that the 

pair remains correlated?

decoherence parameter

θ0 r⊥ = θ0t

∆med(t) = 1− exp

(
− 1

12
r2⊥Q

2
s(t)

)
Q2

s(t) = q̂t

Mehtar-Tani, Salgado, KT PRL106, 122002; PLB 707, 156; JHEP 1204, 064; JHEP 1210, 197
Casalderrey-Solana, Iancu JHEP 1108 (2011) 015

15



Interferences: analysis

0 t
q̄

qImportance of interferences:
• condition: color correlation 

between emitters
• what is the probability that the 

pair remains correlated?

decoherence parameter

θ0 r⊥ = θ0t

∆med(t) = 1− exp

(
− 1

12
r2⊥Q

2
s(t)

)
Q2

s(t) = q̂t

⇒
characteristic 

decoherence time

td = (q̂θ20)
−1/3
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Interferences: analysis

0 t
q̄

qImportance of interferences:
• condition: color correlation 

between emitters
• what is the probability that the 

pair remains correlated?

decoherence parameter

• at t > td: independent radiation
• at short timescales: sensitive to interferences

θ0 r⊥ = θ0t

∆med(t) = 1− exp

(
− 1

12
r2⊥Q

2
s(t)

)
Q2

s(t) = q̂t

⇒
characteristic 

decoherence time

td = (q̂θ20)
−1/3
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One emitter
1/Qs

Revises the usual picture of rad. in medium!

Courtesy: J. Casalderrey-Solana

Two simple conclusions

vacuum coherence

“medium-induced”

AO survives, 
radiation inside 

dipole

AO broken, radiation 
up to Qs

radiation as total 
charge

radiation as 
independent charges

Two emitters
1/Qs

16

Qhard = max
(
r−1
⊥ , Qs

)



Parametric behavior

In terms of angles:

Generic scaling will involve the medium length L

∆med = 1− e−Θ2
jet/θ

2
c
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Parametric behavior

In terms of angles:

Generic scaling will involve the medium length L

∆med = 1− e−Θ2
jet/θ

2
c

jet definition (Θjet=R)!

Θjet

θc

In central collisions: Θjet > θc 

θc = 1/
√

q̂L3

17

Coherent inner ‘core’
• branchings occurring inside the 

medium with θ < θc

• modes with λ⊥<Qs-1 (k⊥>Qs)
• tf < L ➞ Qs2L < ω < E

Casalderrey-Solana, Mehtar-Tani, Salgado, 
KT (2013)
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• emerging well-controlled picture in limiting 
cases: separation of scales

• “theoretically motivated” prescriptions:
• JEWEL: MC-LPM + tform ordering +...
• QPYTHIA: modified splitting function
• MARTINI: vac. shower + rate equation
• PYQUEN: induced gluons + vac. shower

M⊥ = EΘjet Q0 ∼ ΛQCD
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