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Introduction
origin of phenomena :

Lorentz inv, gauge syms, supersymmetry, ...etc

flavor ?

quark, charged-lepton :

mass hierarchies
small mixing

Observed
(mu,mc,mt) (2.3× 10−3, 1.28, 1.74× 102)
(md,ms,mb) (4.8× 10−3, 0.95× 10−1, 4.18)
(me,mµ,mτ ) (5.11× 10−4, 1.06× 10−1, 1.78)

|VCKM|

 0.97 0.23 0.0035
0.23 0.97 0.041

0.0087 0.040 1.0


neutrino :

large mixing

Observed

|VMNS|

 0.82 0.55 0.16
0.51 0.58 0.64
0.26 0.61 0.75


(Particle Data Group, 2012)
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Motivation
superstring theory :

candidate of unified theory including gravity

⇓ low energy

SYM theory with toroidal compactification :

magnetic fluxes →
{
chiral matters

Yukawa matrices

(Cremades, Ibanez, Marchesano, 2004)︸ ︷︷ ︸
→ flavor landscape

(Abe, Kobayashi, Ohki, Sumita, YT, 2013)

.
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Spacetime Geometry

total
spacetime

= 4D
spacetime

no flux
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Case 1

factorizable flux



Model with Factorizable Flux

6D
spacetime

= 4D
spacetime

×

zero-mode :

ϕ(x, z) =
∑
j

ϕj(x)⊗Θj(z)

Θj(z) ≡ N · eiπMz Im z/Im τ · ϑ

[
I
M

0

]
(Mz,Mτ)︸ ︷︷ ︸

Jacobi ϑ-function

# of j = M (# of flux)
.
...... three fluxes ⇒ three generations



Non-Abelian Discrete Flavor Symmetry

from Factorizable Flux

Yukawa matrix:

yijk ∝
∑

m∈ZM3

δk,i+j+M3m ϑ

[
M2i−M1j+M1M2m

−M1M2M3

0

]
(0, τ |M1M2M3|)

selection rule
the character in ϑ-function

→ three Z3 generators X = Z,Z ′, C s.t. XΘj :

ω = e2πi/3

Z =

1 0 0
0 ω 0
0 0 ω2

 , Z ′ =

ω 0 0
0 ω 0
0 0 ω

 , C =

0 1 0
0 0 1
1 0 0


.
...... ∆(27) symmetry in any 3-point coupling
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Case 2

factorizable and non-factorizable flux



Model with Non-factorizable Flux

8D
spacetime

= 4D
spacetime

×

zero-mode :

ϕ(x, z⃗) =
∑
j⃗

ϕj⃗ (x) ⊗ Θj⃗(z⃗ )

Θj⃗(z⃗,Ω) = N · eiπ(N·z⃗)(ImΩ)−1Im z⃗ · ϑ

[
j⃗

0

]
(N · z⃗,N · Ω)︸ ︷︷ ︸

Riemann ϑ-function

# of j⃗ = detN (flux matrix)
.
...... detN = 3 ⇒ three generations



Generation Types (three gens on T 4)

type 1 :

j⃗ =

(
0
0

)
,
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1/3
0
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0
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-
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Non-Abelian Discrete Flavor Symmetry
from Non-factorizable Flux

Yukawa matrix :
Y⃗i⃗jk⃗ ∝

∑
m⃗

δ
k⃗,N−1

H
(NL i⃗+NR j⃗+NLm⃗)

×
∫

d2y

[
e−πy⃗(NLΩ̃L+NRΩ̃R+NHΩ)·y⃗ · ϑ

[
K⃗

0

]
(iY⃗|iQ⃗)

]

selection rule
the character in K⃗

(⃗i− j⃗ + m⃗)
NL(NL + NR)

−1NR

detNL detNR

→ three Z3 generators X = Z,Z ′, C s.t. XΘj⃗ :

Z =

1 0 0
0 ω 0
0 0 ω2

 , Z′ =

ω 0 0
0 ω 0
0 0 ω

 , C =

0 1 0
0 0 1
1 0 0


.

......
∆(27) symmetry only if

same generation type

3n pairs Higgs model
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Summary

We study low energy effective theory of superstring theory :

Three generation models suggest ∆(27) flavor symmetry on
magnetized tori.

Flavor symmetry reflects the geometric structure of extra
dimensions.

Thank you !
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