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ONe’'Whedrddynantice thiyHICGa m |

Before 2008:: classical hydiod = conservattomlawss g@sifie..
A shear/tulkkviseositity o T
A heat condilotiviityty

A conductivitity

A é

Essentially classical piciured!!!

Quantum efféets snmydrodymhamiecs?s? YESH!
In massless case o new integrah obmottann: chinalitiyy

0 Mo lma’l termsio hydirashinamacahi equationss:
macrascopic: memaryyob fjyantumrefteiCtscts
ISon, Surowka, ArXiv.IBE55344]

Integnate-ouvt frée:massless: fermnioncgasas
im anbitrary gauge dackgrounchd.
Very strange=gas 6 can onlyy expandd witthaaspesedohfigiathi!!!



ONd e’ Wh@drdudynantice: chiyomalamd ¢
thianspantt
Ju=nu, +okb, +o, b, +{w,
. / /
Jopu — N5Uy + O-XBPL _|_£ wy,
BH — E“mﬁuyFag FH = uuF,{w
W, = €uvaf u”@auﬁ Positivityyof €atropypprodudtianion
uniguehyfixess
Ormaangtinc edndluctivicies’n!d u c t |

A Insertneyweguations intotsomenhydyo codede
A P-vialatingginitial donditibhisns (ratationn BHiéld)d)
A Experimentahconsequences??



~ Anomalous tresnsportt COME;, CSE, CVE

Chirall Magnetio-Efféet t | - N.e .
[Kharzeew, Warritga, Jv = ng B = —= 5‘4 B’
Fukushinsi] 21
Chirall SeparatiomBfféett i B ;.  Neepy .
[Son, Zhitmitskiyy] ja =04y B oz D
Chirall Vortical | Effectt N.c
[Erdmenger etail., JV =0pW = 5 fiA Py W
Banerjee et ail.] 2T
2 2 2
- V pyv +pn 1
= o w = Nee€ | w
Ja = oA “ ( 42 12 )

Lorenzfoscec mmp Coriolis force: (Rotatiing:ffanned)




T-invananoeamddabsencecobf
dissipatiam

Dissipative transportt Anomalous tianspartt
(conductivity,wiscasiyiyy) | | (CME, CSE,(CYE)
A No ground stiatte A Growmdistedee

A T-noninvaniantt (butt CP) A T-invaniantt( (but nattGRI!! )
A Spectrall fnetioni== antii- | |A Spectrall fiunetion = =

Hermiteaum partaff Hermiteasm partoffretardec:d
retardeel cornelaionr cornelatonr

A Work is performedd A No worlk is performedd

A Dissipatiom of energyy A No dissipation of enengyy

A First k B» 0, ttiem w F» 0 A First w F» 0, thlem k F»0




~ Anomalous tresnsportt COME;, CSE, CVE

Folklore: on CME & CSE

A Transporttoosffitientstarere RELATHDtto anomaly

A and thus proteeted drémm:
A perturbatitiee cormestionss
A IR effectss (mass etc.))

Check these: staterments assapphéd totthehe lattices
What is measunaliles”? Haw shraulddoneemeasure??

CVE coefficienttissnob fixed:d
Phenomenalngicallyy impaentant!t! ILdttice candrelpelp



CME andl CNE: | attice studiess

Simplest methadi:introducee | | § Adhncad? metiohdi:
sources im ttiesastionn A Measure spatiall comelatorss
A Constant magnetiécfiglel d A No analyticcoomtirinatieion
A Constatt ua fYamartolio, necessary
1105.0855 ] A Just Fourien transformss
A Constant axiallImagnetidc | | A BUT: More naise!!! !
fiedtd IMEP Lattinee, A Conserved cunrentst/
1303.2X656] Energy-momentuumteasenr
A Rotating; laitice2?7? not kneywn far averlapp
[Yamanmoto, 18833082912 ]




CMIE wyiith ovemapféemosms
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CMIE wyiith ovemapféemosms
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CMIE wyiith ovemapféemosms

Jo/(B 1s)
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Staggered fenmmaonss [G. Endrodii]
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CMEE“BacloeBand kiegd’” ometimod f |

CLAINE constant: magneticdiéld|u ifnite velvme me
IS NOT a small penttubationn

ot

Ottiangleadiagrdnme” ardumarg imvalittid ar ¢
(Flux is quantizedd, 0 Fp 1 is not aperttchatiomjusust
like>am instantom numiben))

More advanced angument::
' = €,,0, A, imafinitevolimee =y [ J°xF =0
Solutiani: deécextrarHuxun ihetueltbelta-ﬁumdtdzm

F = Fg — FOL 0 (.Ifjilfo) ;
Feernions dom’tsnotd this Ortgulamioy tif "@(x,xo |
Fol? =21d, ®cZ
Flux quanttzatioioh! seons!

S




Closer loalk attCMIE: analyticss

A Partition-funetioivofof Dirac fermionss im a finitee
Euclideam hox«

A Antii-periadiccBX im time: dinestionn, periadic-BLT im
spatiall direetionss

A Gauge fieltH A,=6 8 source farrtheccurrentnt

A Magnetic figldd im XY plane:

A Chirall cliemicad potertiaial (L im the=binlkk

Dirac operaion!
D — m iko— s + 03 (kg + 9) —104Va
o iko+ps — 03 (k‘g + 9) + 10,Va m ’

o _ 0 Ve+iVy\  &m5( 0 A
”V“*(Vm—ivy 0 )* 2B(—A 0)’




Closer loak attCNE: analisticss
Creation/annihilatioivoperatersoin in magnetic: fiétdd:

— Qg +10y 1 Bx _

A==t g, = Jo (0 + BF), [4,41] = 1

Now go to ttte= Landau-levelliasis::

m) C 0] [ Ig}' I g |

I stin—1 L 0 Ry Ly

WU s) = | 0 ) Yns) = | In) o) = 0 1Yo} = 0)

0 /_), | sifn — 1) | 0 -0
Higher lLandauilevelss (tepalogicad) ) /

zero modes;

0
- (ikquBﬂ,—{-,{L; —0 — ks

.

m ()

s

—0 — ks ik + VQBH-{-;L;;,

Dy = (2R Dyl

thko +V2Bn — us
0+ ks
m

0

itkg —V2Bn — us
0

ﬁ-{—k:}

s




Closer loakk attCNVNE: ILILIL damihanoe=

Dirac eperatosinithénbasisiefof LLL states:

m 1ko — us + ks + 6
po:<wa“=R|D|w£*R>:(ikﬁ%“kg__@ R )
Vectonrcurreatit:

] =

B 0

21 00

I dt(D)+E+fgl det (D)
o5 R 2m 00 e ek it

Prefactorr comes framm LL degeneracy
Only LLL contnibutionisis nonzenai!! !

w2/

:"fﬁ:':; 2 {kq — ;L-_,}

21 kg +m?

+ (kg — pi5)*




' Dimensianall restiictionn2 D xial @inomalyaly

Polarizationtensenini2D:D: V\/\Q\AN
Ju = €ucllop Ay, Ao — 2us
Propenregulanzatioin( (vectarnrcturenhcanseiweded):
I, = 150w _kuky [Chen hep-th/9902:099]

T k2
Final answen .
2
jis (k) = illsg (k) s (k) = 55 1"z 115 (k)

A Value att k,=0, k,=0: NOT DEAMNED| | .
(withiowt I RRregulator)r)

A First k, Fp0, tiiem k, Fp0

A Othemwise=zeroo




Chiralityynns vs (O

() is not a piysioad quantityty, justtLagrange=nultipligier
Chiralityy ns is (im primeiple)=ohsewakbiele

Express everyttinmggnriemmsiefof ng
To linearrosdeeinin (4

ns = €oallagegops = 33 s

Singularittéssodf f155 cancell !
Js =nsb
Note: no nam-renenmadizationn fartiveddopsoor
highenr andinoodifineasinabiedudiioncue e to 4D
gluons!!!




Dimensianall nectiictionwithtoveviapap
10 T J Lt =‘g o ]
i
T 3 ., & i
= "
"é V ® A =
0.1 | 22: :
0.01 ' ' 1
0.05 0.1 0.15 0.2 0:25
LS-1, Lt-1

First Lx,ILy Frye at Fixidd LF L, & BIR




IR sensitivityy aspeetratinietetc.

j:_), — Z ai}%det (D (k@,r kg))
ko,k3

ko — QWmO/Ltjkg — 27rm3/L3

A 13 YoB, Lt fieddz ERGD({till ¢ evivativeye)
A Result depends emthegatioibtl t/Lz




Importanece=ofiConserved cumentnt

2D axiall amamalyy:
Correctt
polanzationrtersomr:

32
OAz, n0Ay v

27T

1

2

det (Dyy) Tt ( ;vl,m
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polanzationrienRsomnr:
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Relatioomod {CME tooamomadyy

Flow effaamassiess fermionrgassinra=cldssicabhgaugee
fieltﬂjaidjcxhhﬁalatheminalanqjelndatial
= [ DYDY ¢yt
exp ( —p DY + Ay, + psbys700) ~
~ Auﬂgf le_Dw eXp ( ¢W)
VY, Yy Y5yt

In termssoff comeébaoofBS'

ovy = lim - —(JE I

oLy hmok—(JAJy>




CMIE, CXEaantax @l anomaly
Most generall deecampesitionrfaior VVA cormelatonr
M. Knecht etail., hep-ph/03111ND]:
Waplar,@2) = — 3% { —wr (41,65, (1 + @2)%) (@1 + @)p Cuap 4705

(+)

+wr” (61,63, (@ + @)?) 15 (a1, )

v (666, (@1 +a)?) todla a)

+ wyp
+ay) (qf,6, (g1 + )?) Tahlas, 92}} :

(55(91,42) = G €upop G505 — Qo Copap 4705 — (@1 42) Cuvper (@1 — G2)°
a7 +q3 — (q1 + 2)?

(g1 + g2)?

a3 — a3
(g1 + %)2
e . ) e (3 r_xqﬁ . . (s
Lap(d1,02) = Qv €upap 4700 + QuCupap 4102 — (Q1 - G2) Cuvpe (g1 + q2)7

€lraf ‘??‘7&9{(}'1 + Q'ﬂ}p 3

'!’L;E;(QI}QE) = I:(fh - q:&)p - (QI + Q:E)p:| 'Epuurﬂ q‘ng

Axiallamamalyy:  w, (g%, @,2%, (@,+9,)?)

CME @4 = -9, = q): w{*) (g2, 92, 0)
CSE((g=q, g}, = 0): IDENTICALLY ZERO!!




CMIE andl @axial anomaly (cantthued)
In addittomiao anomaly mam-remanmaizatioon,
new ((perttubaiitiee!!!!) non-remanmadiiatition theansnss
[M. Knecht etail., hep-ph/Q3111100]
[A. Vainstein, hep-ph/Q21222311]:

{[“"T e T”T }] ( (q1 —E—qg)g) - |:?_UJ%1 ) 4 TUT }] ((ql —I—qg)2 qg ‘11)} =0
pQCD

{[“‘7’35"} +wp| (b, (a1 +2)?) + @5 + wp?| (0 + @)% b, ql)} =0
pQUD

(o + 087) (b +0?) + [0+ 387] ()| o (o 0]

pQCD
2(‘3’ +q1 - Q'Q) qi-q2 (-
— { : 9 ((’QI + Q2} qg} 'ﬁ') - 27 w‘E“ ) ((Q1 + qg)gn qg} Q%)
QCD

Valid anliyfonmasstésss QCD!!




CME andl &xdal anomaly (cantthued)l)
From threse:relations oneeamshoww

2w (¢%,¢%,0) = wr, (0,¢%, ¢%) = 12
And thuss CME coefficientis fixed:d:
F,u.u(] (qj —q, 0) — #E,{LUJO q°
In termssaff cornelatorss:

F,U:.UO (pj _p) — f d4$1d4$26i5p($1—$2)
v
(Ju (1) Jy (22) J50 (0) )

Naively, ane=camalsecuse=
0
Lyo (p,—1) = 5= Ty (p)

Simplifiess|aitice eneasuiemenisits! ! |



CME andl @dial anomaly (cantihued)

A CMEiis related toanamadyy(ahteast)t)
perttrbativielyly im massless QCD

A Probably nottthecaseatnonzerormassss

A Nonperturbativiee contribintions cauldibée
innpentant (canfinementiphase)y?)?
A IntenestinggdadestsorvtheHatticeice

» Hydrodynamics!!!




