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Renormalization group
• Suppose that physics at a given energy scale µ is 

specified by dimensionless couplings (g1,g2,g3,...)

• Then the physics at some other scale μ’ is the 
same as at μ if we allow the couplings to “flow” 
according to:

µ
dgi(µ)

dµ
= βi[gi(µ)]

Is there a general principle organizing RG flows?



RG flow as the gradient flow
Is there a general principle organizing RG flows?

It has been shown that in 2d QFT there exist the function “c” of the couplings of the 
theory which is non-increasing along the RG trajectory (Zamolodchikov c-theorem).

Constraint on the way RG flow can be realized (e.g. no limit cycles)

µ
dc(gi)

dµ
= βi

∂c

∂gi
< 0 ,where beta functions βi ≡ µ

dgi
dµ

.

Generalization to 4D QFT seems to be found

http://www.nature.com/news/proof-found-
for-unifying-quantum-principle-1.9352
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∂c

∂gi
= −βi , βi ≡ χijβj .

The stronger condition is that of gradient flow

RG flow as the gradient flow

“χ” is the Zamolodchikov metric needed since gradient of the 
function is a co-vector and the beta functions are vectors.

If the metric is positive definite the “c-theorem” follows automatically

µ
dc(gi)

dµ
= βi

∂c

∂gi
= −βiβ

i = −χijβiβj

Assume:

∂βj

∂gi
=

∂βi

∂gj
Moreover:

gives relations between the different beta functions of the theory

∂2c

∂gi∂gj
=

∂2c

∂gj∂gi



4D “c-theorem”
Consider 4D CFT augmented by the set of marginal operators

L = LCFT + giO
i

Promote g=g(x) and work in arbitrary curved background.

Perform conformal transformation of the 
metric simultaneously with rescaling of the 

renormalized couplings:

γµν → e2σ(x)γµν

gi(µ) → gi(e
−σ(x)µ)

Find infinitesimal variation of the generating functional:

W ≡ log

��
DΦei

�
d4xL

�



E(γ) = RµνρσRµνρσ − 4RµνRµν +R2 and Gµν = Rµν − 1

2
γµνR

There is a  Weyl anomaly :

δW

δgi
∼ Oi T

µ
µ = βiOi + ...

Vanish in the flat space and with constant couplings

recover the usual scale anomaly in flat space

2γµν
δW

δγµν
∼ Tµ

µ



The Weyl anomaly is of  Abelian nature:

∆σ∆τW = ∆τ∆σW

∂ã

∂gi
=

�
−χij +

∂wi

∂gj
− ∂wj

∂gi

�
βj , ã ≡ a− wiβiwhere

µ
d

dµ
ã = −χijβiβj

Moreover, by explicit calculation function “W” turns out to be exact 
one-form at the lowest order of perturbation theory

∂ã

∂gi
= −βi , βi ≡ χijβj .

��
∂wi

∂gj
− ∂wj

∂gi

�
βiβj = 0 because we sum over i and j

�
Multiply by      and use:βi

Relations between



Example:    Standard Model

α1 =
g21

(4π)2
, α2 =

g22
(4π)2

, α3 =
g23

(4π)2
, αt =

g2t
(4π)2

, αλ =
λ2

(4π)2
.

SM gauge couplings: top-Yukawa Higgs quartic

χ = diag

�
1

α2
1

,
3

α2
2

,
8

α2
3

,
2

αt
, 4

�
.

Metric in the coupling constants space:

∂ã

∂gi
= −βi , βi ≡ χijβj .

4D analogue of the c-function is called a-function



∂βj

∂gi
=

∂βi

∂gj
Reminder:

gives relations between the different beta functions of the theory

∂2c

∂gi∂gj
=

∂2c

∂gj∂gi

SM

∂c

∂gi
= −βi , βi ≡ χijβj .



SM beta 
functions

in a “3-2-1”
ordering
scheme

3-loops

2-loops

1-loop



• Truncating a-function at the order α^4 
corresponds to the “4-3-2” ordering 
scheme, at the order α^5 to the “5-4-3” 
ordering scheme and so on...

• Consistent perturbative expansion must be 
adopted at the level of the a-function NOT 
at the level of the beta functions

“3-2-1” ordering scheme corresponds to truncation 
of the a-function to the order α^3

Different from the conventional loop expansion scheme
which would calculate all beta functions to 3-loops  and 

therefore would correspond to the “3-3-3” counting



Phenomenological applications: 
SM vacuum stability analysis

Veff =
λeff(µ)

4
φ4



SM vacuum stability analysis

Evolution of the Higgs 
quartic is very sensitive to 
the top mass and therefore 

precision in theoretical 
predictions is required

Need lower top mass Mt ≈ 171.05 GeV

to lift the blue 3-2-1 curve to the red one



SM vacuum stability analysis



Conclusions

• We introduced a counting scheme for organization 
of the perturbative expansion preserving the Weyl 
symmetry

• Perturbative truncations has to be made at the 
level of the a-function through which the various 
beta functions of the theory are linked

• As a phenomenological application we investigated 
the SM vacuum stability. Within the new counting 
scheme, sizable numerical corrections to the 
conventional loop expansion scheme appear when 
analyzing the possible existence of the new Higgs 
vacuum at high energies


