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N.B. 

Much of this talk is well-known to this group, but I hope is 
can become better known to others. 
 
I will try to go through the more familiar material quickly. 



MINUIT MINOS intervals and regions 
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“ 

”                                                                         

MINOS errors from ∆(-lnL) 



(Approximate) Confidence Regions Using ∆(-lnL)  
(included in appendix to MINUIT users guide) 
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Press et al., Numerical Recipes in C (1992) , p. 694.  Gaussian case, all fine, agrees with F. James... 
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Press et al., Numerical Recipes in C (1992) , p. 695…  sounds reasonable… 

Do you see an issue? 
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Press et al., Numerical Recipes in C (1992) , p. 695…  sounds reasonable… 

If the critical value of ∆χ2 so determined depends on the 
location in parameter space, this recipe is impossible! 
It is not in general possible to organize table of critical 
∆χ2 by observed best-fit params, and find such contours. 
F-C: Organize by possible true parameter values!  
                                    F-C paper: http://arxiv.org/abs/physics/9711021 
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F-C in 2D (use notation ∆χ2 ≡ ∆(−2lnL) even  if non-Gaussian) 
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The resulting regions will in general not be contours of 
∆χ2 for the observed χ2 well (or likelihood function 
coutours) as impossibly instructed by Numerical 
Recipes. 
N.B. FC intervals/regions are never the empty set, since 
they always include µbest. 
 
 



Coverage vs Likelihood Principle 
The switch from having critical ∆χ2 = ∆(−2lnL)  chosen only 
from observed likelihood, to having critical ∆χ2 a function of 
the unknown true values, is where the L.P. is replaced by the 
Confidence Principle (coverage).   
You can’t have both L.P. and C.P. (except approximately). 
(Numerical Recipes implies falsely that you can have both.) 
Thus MINUIT MINOS regions, defined by contours in ∆χ2 , 
have only approximate coverage, even if one tries to adjust 
critical ∆χ2 depending on observed L.  

Fred James, smiling, during a break at a PhyStat meeting:  
“The problem with MINOS is that it obeys the Likelihood 
Principle.” 
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Lack of full 2D dimensionality 
Suppose you only measure one rate,                                   
and that the rate depends on some                             
known function f(κ1,κ2).  
 
Critical ∆χ2 is 1D-like, referenced 
to the best-fit (κ1,κ2).   
 
The confidence region in (κ1,κ2) will  
correspond to a 1D interval for the  
rate, which will not necessarily be  
the same interval as that obtained  
without considering  
the (κ1,κ2) plane. 
 

 
 

 
κ2 
 
 
 

   κ1     

           F-C     
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Lack of full 2D dimensionality (cont.) 
 

Suppose that you measure two 
observables that vary independently  
with κ1 and κ2 .  
Then critical ∆χ2 is 2D-like.  
 
Can be in between: In nu-osc  
plane with no event-by-event L/E  
info, it is the former 1D-likecase.   
With event-by-event L/E info,  
effective dimensionality varies  
over the plane (!). 
 
Kyle once made a nice plot of this. 
 
 

 
κ2 
 
 
 

   κ1     

           F-C     
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“Raster scan” set of 2D confidence regions: 
For each true value of κ2 , construct  
1D acceptance interval for κ1 . 
Upon getting data, the 2D  
confidence region is the union  
of all (κ1 , κ2) for which the  
data is in the acceptance  
interval for κ1 at that κ2 . 
 

This set of regions exactly covers. 
N.B. κ2 is not being treated as a  
nuisance parameter that is eliminated. 
 

Figure (from F-C) is example of regions for an 
example of obtained data set in nu osc. 
 
 

 
κ2 
 
 
 

   κ1     

           F-C     
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“Raster scan” set of 2D confidence regions (cont.): 
Suppose you only care about one value of κ2 . 
The 1D confidence interval for κ1  
for that κ2 can be read off the 2D  
raster-scan region. 
 

Note that for multi-D regions 
such as F-C, the interval for κ1  
from a horizontal slice at one value  
of κ2 does not have an interpretation 
independent of the rest of the plane.   
(If it is a null interval, it means that value  
of κ2 was disfavored, so it cannot be an interval for 
κ1 given that that is the true value of κ2.) 
If you want 1D F-C interval, for fixed κ2, calculate it. 
 
 
 
 
 

 
κ2 
 
 
 

   κ1     

           F-C     



Goodness-of-Fit Intervals and Regions 
A known “bad” way to determine confidence intervals and 
regions for parameters is:  
The 95% C.L. interval/region consists of all parameter 
values for which there is an acceptable fit at that C.L., i.e., 
absolute χ2 has a p-value  of 0.05 or better.  
Perfect coverage, but volatile, strong dependence on 
irrelevant information.  Rarely, if ever, justifiable. 
A signature feature of g.o.f. intervals/regions: they can be 
the empty set (!). 
Also: In a 2D plane of g.o.f. intervals, the 1D g.o.f. intervals 
can be  read off simply as the naïve slices. 
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Excerpts: 

Each point in the plane is 
tested independently using 
CLs and either excluded at 
95% C.L., or not.   
The 95% C.L. region is the 
set of points not excluded. 



Bob Cousins,  LL Stat Wkshop, 14 Feb 2012 18 



Bob Cousins,  LL Stat Wkshop, 14 Feb 2012 19 

Comments 
Louis raised the point that a 1D interval is read off as a 
slice of the 2D boundary: no wider or narrower. 
This behavior recalls G.O.F. intervals. 
 

Is it possible to eliminate all points in the plane? 
 

Higgs search was actually similar: each mass tested 
independently for  SM Higgs. 
 

One may want to distinguish between the cases: 
1) It is known that there exists a “true” point somewhere in 
the plane, as in measurement of couplings, and 
2) There might not be any true point (as in Higgs might not 
exist) 
 

In either case, I think that FC is a useful option.  Using CLs 
to “measure” couplings seems rather odd. 
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Backup 
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Saul and I agreed (a theorist did not) that using g.o.f. to decide which values of 
(ΩM,ΩΛ)  to accept created dependence on data at Z<0.1, which is irrelevant once 
model is accepted. (Also discussed by Fred James at 2002 Durham Stats mtg.) 
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Goodness-of-Fit Intervals and Regions (cont.) 

N.B.: It is not well-known, but the absolute χ2  used for g.o.f. 
is actually a log of a likelihood ratio ∆(−2lnL),  where the 
alternative hypothesis is the “saturated model”, the model 
which is set each to the observed data.  
 

See http://www.physics.ucla.edu/~cousins/stats/cousins_saturated.pdf 
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http://www.physics.ucla.edu/~cousins/stats/cousins_saturated.pdf
http://www.physics.ucla.edu/~cousins/stats/cousins_saturated.pdf


Classical Hypothesis Testing: Duality 
“Test for θ=θ0” ↔ “Is θ0 in confidence interval for θ” 
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“There is thus no need to derive optimum properties 
separately for tests and for intervals; there is a one-to-one 
correspondence between the problems as in the dictionary in 
Table 20.1” – Stuart99, p. 175. 
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