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Outline

● Neutrino mixing

● Neutrino oscillations: the basic picture

● 2-neutrino mixing: in vacuum and matter effects

● 3-neutrino oscillations: CP-violation

● Long baseline neutrino oscillations: 
phenomenology and reach

● Sterile neutrinos (and NSI): anomalies and tests
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Present status of (standard) neutrino 
physics
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A implies at least 3 massive neutrinos. 
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Measuring the masses requires:         and the ordering . mmin
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Neutrino mixing

Mixing is described by the Pontecorvo-Maki-
Nakagawa-Sakata matrix, which enters in the CC 
interactions
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Figure 1: Global 3⌫ oscillation analysis. Each panels shows two-dimensional projection of the
allowed six-dimensional region after marginalization with respect to the undisplayed parameters.
The di↵erent contours correspond to the two-dimensional allowed regions at 1�, 90%, 2�, 99%
and 3� CL (2 dof). Results for di↵erent assumptions concerning the analysis of data from reactor
experiments are shown: full regions correspond to analysis with the normalization of reactor fluxes
left free and data from short-baseline (less than 100 m) reactor experiments are included. For
void regions short-baseline reactor data are not included but reactor fluxes as predicted in [42] are
assumed. Note that as atmospheric mass-squared splitting we use �m2

31

for NO and �m2

32

for IO.
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All oscillation parameters are 
measured with good precision, 
except for the mass hierarchy and 
the delta phase. One needs to 
check the 3-neutrino paradigm 
(sterile neutrino?).

M. C. Gonzalez-Garcia et al., 1209.3023
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Questions for the future

What is the nature of neutrinos (Majorana vs Dirac)? 
Is Lepton number conserved?

Absolute values of neutrino masses?
1. type of hierarchy; 2. lightest mass

Leptonic CP-violation?

Precision measurements; tests of standard scenario
1.                        2. NSI, sterile neutrinos.....

•

•

•

•

(��)0� decay, LBL oscillations, KATRIN, Cosmology

(��)0� decay, LBL oscillations

�23 �= ⇥/4?
Short baseline and LBL oscillations

(��)0� decay

⇥ �= 0 and/or �ij �= 0, ⇤

See S. Hannestad’s 
and F. Glueck’s talks

See S. Soldner-Rembold’s talk

See M. Malinsky’s talk
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Neutrino oscillations: the picture

�µ
X

µ

Production

Flavour 
states

Propagation

Massive states
(eigenstates of the 

Hamiltonian)

Detection

Flavour 
states

This is analogous to other QM systems (spin 
precession, NH3 etc.).
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P (⌫µ ! ⌫e) =

�����
X

i

UµiU
⇤
eie

�i
�m2

i1t

2E

�����

2
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Neutrino oscillations in vacuum

Let’s assume that at t=0 a muon neutrino is produced

The time-evolution is given by

|�, t� =
�

i

Uµie
�iEit|�i�

|�µ� = Uµ1|�1� + Uµ2|�2� + Uµ3|�3�

● neutrinos have mass (different components of 
the initial state need to propagate with different phases)

● neutrinos mix (If no mixing the flavour eigenstates 
are also H eigenstates and they do not evolve).

Thursday, 23 May 13
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2-neutrino case

Let’s recall that the mixing is

We compute the probability of oscillation

�
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Thanks to T. Schwetz

First oscillation maximum

No CP-violation as there is no 
Dirac phase in the mixing matrix

P (�� � �⇥) = P (�̄� � �̄⇥)
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3-neutrino oscillations

They depend on two mass squared-differences

3 angles and one CPV phase
�m2

21 � �m2
31

⇥12, ⇥23, ⇥13, �

Interesting 2-nu limits, which apply to current exps:

P (⇥µ ⇥ ⇥e; t) = s2
23 sin2(2�13) sin2 �m2

31L

4E

P (⇥µ ⇥ ⇥⇥ ; t) = c4
13 sin2(2�23) sin2 �m2

31L

4E

P (⇥µ ⇥ ⇥µ; t) = 1� 4s2
23c

2
13(1� s2

23c
2
13) sin2 �m2

31L

4E

P (⇥e ⇥ ⇥e; t) = 1� sin2(2�13) sin2 �m2
31L

4E
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Neutrino oscillations in matter

● When neutrinos travel through a medium, they 
interact with the background of electron, proton and 
neutrons and acquire an effective mass. [L. Wolfenstein, Phys. Rev. 
D 17, 2369 (1978); ibid. D 20, 2634 (1979), S. P. Mikheyev, A.  Yu Smirnov, Sov. J. Nucl. Phys. 42 
(1986) 913.]

● This modifies the mixing between flavour states and 
propagation states and the eigenvalues of the 
Hamiltonian, leading to a different oscillation 
probability w.r.t. vacuum.

● Typically the background is CP and CPT violating, 
e.g. the Earth and the Sun contain only electrons, 
protons and neutrons, and the resulting oscillations are 
CP and CPT violating.11

Thursday, 23 May 13



Electron neutrinos have CC and NC interactions, while 
muon and tau neutrinos only the latter.

We treat the electrons as a background:                     .⇥ē�0e⇤ = Ne ⇥ē��e⇤ = ⇥�ve⇤ ⇥ē�0�5e⇤ = ⇥�⇥e · �pe

Ee
⇤ ⇥ē���5e⇤ = ⇥�⇥e⇤

Table from 
Strumia and 

Vissani
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2-neutrino case in constant density

i
d

dt

�
|⇥e⇥
|⇥µ⇥

⇥
=

⇤
��m2

4E cos 2� +
⌅

2GF Ne
�m2

4E sin 2�
�m2

4E sin 2� �m2

4E cos 2�

⌅�
|⇥e⇥
|⇥µ⇥

⇥

● The diagonal basis and the flavour basis are related by 
a unitary matrix with angle in matter

tan(2�m) =
�m2

2E sin(2�)
�m2

2E cos(2�)�
⇥

2GF Ne

● The oscillation probability can be obtained as in the 
two neutrino mixing case but with 

P (⇥e ⇥ ⇥µ; t) = sin2(2�m) sin2 (EA � EB)L
2
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�
2GF Ne =

�m2

2E
cos 2�● If                               : resonance    �m = ⇥/4

● The resonance condition can be satisfied for 
        - neutrinos if 
        - antineutrinos if 

�m2 > 0
�m2 < 0

● If                              , matter effects dominate 
and oscillations are suppressed.

⇥
2GF Ne �

�m2

2E
cos(2�)
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The mass hierarchy can be determined in long baseline 
neutrino experiments. In this case the constant matter 
density approximation holds.

 Superbeams: T2K, NOvA, LBNE, SPL, LAGUNA. 
Use very intense muon neutrino beams from pion 
decay and search for electron neutrino appearance. 
The ones which use intermediate baselines will be 
affected significantly if the ordering is not known.

  Neutrino factory: Use muon and electron 
neutrinos from high-gamma muon decays and 
needa magnetised detector. It would be able to 
determine the mass ordering very rapidly.

T2K and NOvA have poor sensitivity to MH and CPV.

M
edium

 term
                  Long term

See M. Messier’s, T. Patzak’s, 
M. Yokoyama’s talks

Thursday, 23 May 13



10!3 10!2 10!1

True value of sin2 2Θ13

0

0.2

0.4

0.6

0.8

1

Fr
ac
tio
n
of
!tr
ue
"
∆
CP

Θ13 discovery, IH
GLoBES 2009

NO#A
Daya Bay
RENO
T2K
Double Chooz
Combined

0 0.02 0.04 0.06 0.08 0.1
True value of sin2 2Θ13

0

0.1

0.2

0.3

0.4

0.5

Fr
ac
tio
n
of
!tr
ue
"
∆
CP

MH discovery, IH

GLoBES 2009

NO#A
T2K
Combined !no reactors"
Combined

0 0.02 0.04 0.06 0.08 0.1
True value of sin2 2Θ13

0

0.1

0.2

0.3

0.4

0.5

Fr
ac
tio
n
of
!tr
ue
"
∆
CP

CPV discovery, IH
GLoBES 2009

NO#A
T2K
Combined !no reactors"
Combined

10!3 10!2 10!1

True value of sin2 2Θ13

0

0.2

0.4

0.6

0.8

1

Fr
ac
tio
n
of
!tr
ue
"
∆
CP

Θ13 discovery, NH
GLoBES 2009

NO#A
Daya Bay
RENO
T2K
Double Chooz
Combined

0 0.02 0.04 0.06 0.08 0.1
True value of sin2 2Θ13

0

0.1

0.2

0.3

0.4

0.5

Fr
ac
tio
n
of
!tr
ue
"
∆
CP

MH discovery, NH

GLoBES 2009

NO#A
T2K
Combined !no reactors"
Combined

0 0.02 0.04 0.06 0.08 0.1
True value of sin2 2Θ13

0

0.1

0.2

0.3

0.4

0.5

Fr
ac
tio
n
of
!tr
ue
"
∆
CP

CPV discovery, NH
GLoBES 2009

NO#A
T2K
Combined !no reactors"
Combined

Figure 1: θ13, MH, and CPV discovery potential as fraction of true δCP as a function of the true sin2 2θ13

for the normal hierarchy (upper row) and inverted hierarchy (lower row) at the 90% CL. Note the different

vertical scales in the different panels.

hierarchy. In Fig. 1 we show for a given true value of sin2 2θ13 (horizontal axis) and a given
true hierarchy (upper row normal, lower row inverted) the fraction of all possible true values
of δCP for which the discovery can be achieved at the 90% confidence level. Hence, a fraction
of δCP of unity (or 100%) for a given sin2 2θ13 corresponds to a discovery for any possible
value of δCP.

The θ13 discovery potential (cf., left panels of Fig. 1) of the reactor experiments does
not depend on δCP since by convention this phase does not appear in the disappearance
probability Pee. Furthermore, the probability is given to good approximation by an effective
2-flavor expression: P react

ee ≈ 1 − sin2 2θ13 sin2(∆m2
31L/4E). Thanks to the large exposure,

Daya Bay will have the best discovery potential among the reactor experiments of sin2 2θ13 =
0.0066 at the 90% CL, compared to 0.018 for RENO and 0.033 for Double Chooz.2 In
contrast, the νµ → νe appearance probability relevant for the beam experiments shows a

2Let us mention that the Daya Bay assumptions of a systematical error of 0.18%, fully uncorrelated
among all detectors is more aggressive than for other reactor experiments. For example, if the systematic
error is at the level of 0.6%, such as assumed in Double Chooz, the Daya Bay sensitivity of sin2 2θ13 = 0.0066
deteriorates to sin2 2θ13 $ 0.01. If on the other hand the systematic error is 0.38% and assumed to be fully
correlated among modules at one site the limit would sin2 2θ13 $ 0.012 [36]. See also the discussion in
Ref. [30].

5

90% CL reach for T2K 
(0.75 MW 5 yrs), 
NOvA (0.7 MW, 3 
yrs, nu+nubar, 15 kton 
detector)
Huber at al., 2009

Matter effects 
are used by LBL 
experiments to 
determine the 
mass ordering.

T2K and NOvA

LBNE
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FIG. 7: Hierarchy discovery potential as a function of sin2 2✓13 and � for which the wrong hierarchy
can be ruled out at 3� (1 d.o.f.). A normal hierarchy has been assumed. The di↵erent lines
correspond to di↵erent baselines, as indicated in the legend. The shaded region corresponds to the
3� allowed region at Daya Bay.

C. Non-maximal ✓23 discovery potential

The sensitivity to ✓23 originates primarily from the appearance channel (see App. A):
for ‘small’ values of ✓13 (sin2 2✓13 < 10�2 - not shown in these plots) the sensitivity comes
mainly through the solar term and therefore is independent of ✓13; as ✓13 is increased, the
dependence on �✓23 which comes through the CP violating term in the appearance channel
becomes more relevant. Finally, for sin2 2✓13 ⇠ 10�1, the atmospheric terms in both the
appearance and the disappearance channels become relevant and play a very important
role. In the presence of matter e↵ects at long baselines, these terms are enhanced and
also the neutrino and anti-neutrino probabilities are a↵ected di↵erently. Therefore matter
e↵ects are a key factor for this observable, as was the case for the mass hierarchy discovery
potential. There is a preference for detecting �✓23 < 0 because some of the terms which are
relevant for large ✓13 are asymmetric in ✓23.

As long as L > 130 km, matter e↵ects play a role and our results are practically equal
for all the baselines. Mild di↵erences arise between the LAr and WC setups, while the LSc
always performs slightly worse due to the larger NC background levels. This can be seen in
Fig. 8, where the results for non-maximal ✓23 discovery potential at the Pyhäsalmi baseline
(2300 km) are depicted as a function of sin2 2✓13 and �✓23 ⌘ ✓23�45�. In the region enclosed

18

LBNO

P. Coloma, 
T. Li, SP, 
1206.4038

16

See M. Messier’s, 
M. Yokoyama’s, 
T. Patzak’s talks
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2-neutrino oscillations with varying density

Let’s consider the case in which the density profile is 
more complex. This happens, e.g., for atmospheric nus.

Gandhi et al., 200417
Thursday, 23 May 13



For large theta13 and subdominant 1-2 oscillations

relevant if genuine 3-flavor neutrino mixing takes place, i.e., if the ✓13 mixing angle is di↵erent from
zero [4–15]. Moreover, in this energy range and for these baselines (L > 1000 km), CP-violation
e↵ects are very small and can be safely neglected. Likewise, e↵ects due to the 1-2 sector are also
subdominant and, as a first approximation, can also be neglected. In this context, the calculation of
the transition probabilities e↵ectively reduces to a 2-neutrino problem, with �m2

31 and ✓13 playing
the role of the relevant 2-neutrino oscillation parameters. Within these approximations, the 3-
neutrino oscillation probabilities of interest for atmospheric ⌫

e,µ

having energy E
⌫

and crossing
the Earth along a trajectory characterized by a zenith angle4 ✓, have the following form [7,11–13]
(see also Refs. [8, 10, 14, 15]):

P3⌫(⌫e ! ⌫
e

) ' 1� P2⌫ , (2)

P3⌫(⌫e ! ⌫
µ

) ' P3⌫(⌫µ ! ⌫
e

) ' sin2 ✓23 P2⌫ , (3)

P3⌫(⌫e ! ⌫
⌧

) ' cos2 ✓23 P2⌫ , (4)

P3⌫(⌫µ ! ⌫
µ

) ' 1� 1

2
sin2 2✓23 � sin4 ✓23 P2⌫ +

1

2
sin2 2✓23 Re (e�iA2⌫(⌫⌧ ! ⌫

⌧

)) , (5)

P3⌫(⌫µ ! ⌫
⌧

) = 1� P3⌫(⌫µ ! ⌫
µ

)� P3⌫(⌫µ ! ⌫
e

) (6)

where P2⌫ ⌘ P2⌫(�m2
31, ✓13;E⌫

, ✓) is the 2-neutrino probability describing ⌫
e

! ⌫
x

transitions,
where ⌫

x

= sin ✓23 ⌫µ +cos ✓23 ⌫⌧ , and  and A2⌫(⌫⌧ ! ⌫
⌧

) ⌘ A2⌫ are the phase and the 2-neutrino
transition probability amplitude. For antineutrinos the oscillation probabilities are analogous to
those for neutrinos: they can be obtained formally from Eqs. (2) - (6) by changing the sign of the
matter potential (or equivalently, ⇢ by �⇢). It is interesting to note that, within the approximation
�m2

21 = 0, the probabilities for neutrinos and NH (IH) are the same as those for antineutrinos
and IH (NH).

Therefore, the magnitude of the matter e↵ects depends on the 2-neutrino oscillation probability
P2⌫ . In case of oscillations in vacuum, P2⌫ ⇠ sin2 2✓13, so this probability is small. However, matter
e↵ects can strongly enhance P2⌫ and thereby greatly modify the 3-neutrino probabilities. On the
other hand, if ✓13 = 0, then P2⌫ = 0 and Re (e�iA2⌫(⌫⌧ ! ⌫

⌧

)) = cos (�m2
31L/(2E⌫

)), and hence
matter e↵ects are absent. If this were the situation, these probabilities would get reduced to the
case of ⌫

µ

$ ⌫
⌧

2-neutrino oscillations, so for NH and IH they would be equal and identical to the
case of vacuum oscillations.

In Fig. 2 we show the ⌫
µ

! ⌫
µ

(upper panels) and ⌫
e

! ⌫
µ

(lower panels) transition probabilities
as a function of cos ✓ for two di↵erent energies (E

⌫

= 5 GeV in left panels and E
⌫

= 10 GeV in right
panels) for NH (red regions) and IH (green regions limited by blue lines). The bands correspond to
how the probabilities change if the density (according to the PREM) varies up to ±10%. We can
see that matter e↵ects, that are very sensitive to the value of the density, tend to greatly enhance
the ⌫

e

$ ⌫
µ

transitions and reduce the ⌫
µ

! ⌫
µ

survival probability, and also shift the positions
of the maxima and minima with respect to the case of negligible matter e↵ects. Moreover, a
change in the matter density profile would shift the location of both the resonance energy and

4Neutrinos with cos ✓ = �1 are directly upgoing and traverse the entire diameter of the Earth, those with
cos ✓ = 0 come from the horizon and those with cos ✓ > 0 are downgoing and reach the detector from above.

7
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Figure 2: Oscillation probabilities. Upper panels: P (⌫µ ! ⌫µ) as a function of cos ✓, for E⌫ = 5 GeV (left
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panels: Same but for P (⌫e ! ⌫µ). The widths of the bands correspond to varying the matter density by ±10%.

Similar results are obtained for the case of antineutrinos by exchanging the curves for NH (IH) by those for IH

(NH). We have used the current best-fit values for the oscillation parameters [42].
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Atmospheric neutrino oscillations can determine the 
mass ordering, with large number of events, good 
energy and angular resolution. Petcov et al.;  Chizov et al.; Akhmedov, 
Smirnov et al.; Gandhi et al.; Mena et al.; Schwetz et al.; Koskinen; Gonzalez-Garcia et al.; Barger et 
al.; .........

ORCA
101 102 103 104

total number of events

0.1

1

10

100

Δ
χ2 (N

H
 v

s I
H

)

0.1

1

10

100

101 102 103 104

total number of events

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Δ
χ2 sy

st
 / 
Δ
χ2 st

at

1σ

2σ

3σ
4σ

solid: σE = 5%, σdir = 5o,   dashed: σE = 15%,  σdir = 15o

µ-l
ike

µ-l
ike

µ-like

µ-like e-like

e-li
ke

Figure 5: We show as a function of the total number of events the ∆χ2 between NH and IH as defined in

Eq. (33) including systematical uncertainties (left panel), and the ratio between the ∆χ2(NH; IH) including

systematical uncertainties and with statistical errors only (right panel). The values for the systematical

uncertainties are given in Tab. 1. The thin solid lines in the left panel correspond to statistical errors

only (shown only for µ-like events). The oscillation parameters are fixed to sin2 2θ13 = 0.1, sin2 θ23 = 0.5,

|∆m2| = 2.4×10−3 eV2, and we use 20×20 bins in the intervals 2 GeV ≤ Eν ≤ 10 GeV and 0.1 ≤ cos θn ≤ 1,

and a charge identification of 95%.

parameter fID are important. Moreover, also the errors on the cos θn and Eν shapes are
relevant, since we take them to be uncorrelated between neutrino and antineutrino events.
In the case of e-like events also the uncertainty on the νe/νµ flux ratio contributes noticeable,
whereas this error has practically no impact for µ-like events.

Let us comment on the relatively small effect of systematics in case of the high resolution
µ-like data, visible in the right panel of Fig. 5. This follows from the fact that the discrimina-
tion between NH and IH is based on a very characteristic signal (compare Fig. 1), consisting
of pronounced structures in the Eν and cos θn distributions, which cannot be easily mimicked
by the systematic effects. If these structures are washed out to some degree by the averaging
implied by worse resolutions, the impact of the systematics is increased, since the effect of
changing the hierarchy can be reduced by adjusting the initial fluxes. The same argument
applies also in the case of e-like events.

6 Results from the General Fit

Before we are going to present the results of a full fit including all parameters, we define
in Tab. 2 three benchmark setups which we will use in the following. We give in the table the
experimental characteristics used in the simulation and the χ2 analysis. All our results in
the following are normalized to 200 events for the “true” parameters values. A rough scaling
of the results can be performed by using Fig. 5. The difference between the two µ-like event
samples Shigh

µ and Sµ is given by the adopted values for energy and angular resolutions. Setup

16

101 102 103 104

total number of events

0.1

1

10

100

Δ
χ2 (N

H
 v

s I
H

)

0.1

1

10

100

101 102 103 104

total number of events

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Δ
χ2 sy

st
 / 
Δ
χ2 st

at

1σ

2σ

3σ
4σ

solid: σE = 5%, σdir = 5o,   dashed: σE = 15%,  σdir = 15o

µ-l
ike

µ-l
ike

µ-like

µ-like e-like

e-li
ke

Figure 5: We show as a function of the total number of events the ∆χ2 between NH and IH as defined in

Eq. (33) including systematical uncertainties (left panel), and the ratio between the ∆χ2(NH; IH) including

systematical uncertainties and with statistical errors only (right panel). The values for the systematical

uncertainties are given in Tab. 1. The thin solid lines in the left panel correspond to statistical errors

only (shown only for µ-like events). The oscillation parameters are fixed to sin2 2θ13 = 0.1, sin2 θ23 = 0.5,

|∆m2| = 2.4×10−3 eV2, and we use 20×20 bins in the intervals 2 GeV ≤ Eν ≤ 10 GeV and 0.1 ≤ cos θn ≤ 1,

and a charge identification of 95%.

parameter fID are important. Moreover, also the errors on the cos θn and Eν shapes are
relevant, since we take them to be uncorrelated between neutrino and antineutrino events.
In the case of e-like events also the uncertainty on the νe/νµ flux ratio contributes noticeable,
whereas this error has practically no impact for µ-like events.
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tion between NH and IH is based on a very characteristic signal (compare Fig. 1), consisting
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by the systematic effects. If these structures are washed out to some degree by the averaging
implied by worse resolutions, the impact of the systematics is increased, since the effect of
changing the hierarchy can be reduced by adjusting the initial fluxes. The same argument
applies also in the case of e-like events.

6 Results from the General Fit

Before we are going to present the results of a full fit including all parameters, we define
in Tab. 2 three benchmark setups which we will use in the following. We give in the table the
experimental characteristics used in the simulation and the χ2 analysis. All our results in
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Figure 4: Number of muon-like contained events in PINGU-0 after 10 years for NH and IH in the

case of a PREM matter profile, in the 5-10 GeV bin (left) and 10-15 GeV (right) as a function of cos ✓ (also shown

is the corresponding baseline on the upper axis). We also show the event numbers in the case of a PREM matter

profile with an overall fluctuation of +10% for neutrino with NH and antineutrino with IH. Note that the vertical

axis is di↵erent in each panel. Although shown independently, in the analyses we add together the neutrino and

antineutrino events, due to the lack of charge-identification of the detectors.

10% with respect to the PREM: neutrino-induced events for NH and antineutrino-induced events
for IH, where resonant matter e↵ects are at play. We show the neutrino and antineutrino rates
independently for the sake of illustrating the matter e↵ect taking place for one case or the other,
depending on the mass hierarchy, although in the analysis they are added.

These plots show the dependence of the numbers of muon-like events on the mass hierarchy
(compare the red solid and the blue dotted lines for neutrinos with the magenta dotted and the
black dotted lines for antineutrinos) and on changes of the normalization of the matter profile
(compare the red solid with the green dotted lines for neutrinos and NH and the magenta dotted
with the brown dotted lines for antineutrinos and IH). We only show the results with a change
in the density with respect to the PREM for the neutrino-NH events and the antineutrino-IH
events because matter e↵ects take place inside the Earth in the case of NH for antineutrinos and
of IH for antineutrinos. The e↵ect is larger for the neutrino channel mainly due to the larger cross
section and due to the fact that the flux of neutrinos is slightly higher than that of antineutrinos,
⌫
µ

/⌫̄
µ

⇠ 1.15 and ⌫
e

/⌫̄
e

⇠ 1.25, for the energies of interest here [115–118].
A general feature in both panels is the absence of significant matter e↵ects for cos ✓ & �0.4 (L <

5100 km), as expected (see Sec. 2.3). For neutrinos crossing the Earth deeply, resonant ✓13-driven
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Figure 7: Statistical significance per bin of the di↵erence between NH and IH for one year of PINGU
data from ⌫

µ

induced events, binned in neutrino energy (bin width �E
⌫

= 1 GeV) and cosine of
the zenith angle (bin width � cos ✓

z

= 0.05). In the left (right) pannel neutrino energy and angular
reconstruction resolutions of 2 (4) GeV and 11.25� (22.5�) have been assumed. Figures from [76].

panels in Fig. 6 are based on a water Cerenkov detector, but similar results can be achieved in large
(100 kt scale) liquid argon detectors [58]. We mention also that atmospheric data from such big
detectors (including also the sub-GeV samples) provide excellent sensitivity to the octant of ✓23 (see
e.g. [68]) through the e↵ects discussed already in the context of present data in section 2.3.

4.3 Atmospheric neutrinos – ice

The IceCube neutrino telescope in Antarctica is able to collect a huge amount of atmospheric neutrino
events. Due to the high energy threshold those data are not very sensitive to oscillations, although
they provide interesting constraints on non-standard neutrino properties, see e.g. [71]. With the so-
called DeepCore extension [72] a threshold of around 10 GeV has been achieved and first results on
oscillations of atmospheric neutrinos have been presented [73], see [74] for a study on the neutrino
mass hierarchy. With a further proposed extension of the IceCube detector called PINGU [75] the
threshold could be even lowered to few GeV, opening the exciting possibility of a multi-mega ton
scale detector exploring the matter resonance region. The most straight forward type of events will
be muons without charge identification, and one has to rely on the huge statistic in order to identify
the e↵ect of the mass hierarchy. Below we discuss some results obtained recently in [76] focusing on
the muon signal. Signatures from ⌫

e

and ⌫
⌧

induced events have also been studied in [76].
In order to identify the di↵erence between normal and inverted mass hierarchy again a crucial issue

will be the ability to reconstruct the neutrino energy and direction. In Fig. 7 the di↵erence between
event numbers for NH and IH (weighted by the statistical error), binned in neutrino energy E

⌫

and
zenith angle ✓

z

are shown for two assumptions on the reconstruction abilities. In the left pannel, with
better resolutions, we can observe clearly the e↵ects of the matter resonance. We note also that in
di↵erent regions in the E

⌫

� cos ✓
z

plane the di↵erence between NH and IH changes sign. This means

beam) and ⌫µ ! ⌫e (superbeam) oscillations, which allows to break the mass hierarchy degeneracy already at first order

in the parameter A (see Eq. 5), which works already at the distance of 130 km [69], see also [70].
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CP-violation will manifest itself in neutrino oscillations, 
due to the delta phase. The CP-asymmetry:

● CP-violation requires all angles to be nonzero.

● It is proportional to the sine of the delta phase.

● If one can neglect        , the asymmetry goes to zero 
as we have seen that effective 2-neutrino probabilities 
are CP-symmetric.

�m2
21
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CPV needs to be searched for in long baseline neutrino 
experiments which have access to 3-neutrino 
oscillations. 

SPC 17 March 2009  Alain Blondel

T asymmetry for sin % = 1
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Asymmetry can be very large.

Stat. sensitivity
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Degeneracies

The determination of CPV and the mass ordering is 
complicated by the issue of degeneracies: different 
sets of parameters which provide an equally good fit 
to the data (eight-fold degeneracies). 

⇥13, �, sgn(�m2
31), ⇥23

P (L/E) and P̄ (L/E)

NO

IO
both 

hierarchies
are allowed!

⇥�
13, �
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�
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(⇥13, �)-            degeneracy (Koike, Ota, Sato; Burguet-Castell et al.)            
�� = ⇤ � �

⇥�
13 = ⇥13 + cos � sin 2⇥12

�m2
12L

4E cot ⇥23 cot �m2
13L

4E

Having information at different L/E can resolve this. 

- the octant of        (low E data) (Fogli, Lisi)�23

- sign(        ) vs CPV (matter effects). In vacuum:�m2
31

This degeneracy is broken by 
matter effects.

For ex. Bimagic baseline at L=2540 km
Excellent sensitivity to the hierarchy
A. Dighe et al., 1009.1093; Raut et al. 0908.3741; Joglekar 
et al. 1011.1146
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Neutrino Physics Prospects for neutrino oscillation physics

Figure 12: CP fraction for which a mass hierarchy (upper plots) and CP-violation (lower plots)
discovery at 3� (left) and 5� (right) is possible as a function of exposure for a staged LAGUNA setup.
The di↵erent lines correspond to true normal (inverted) hierarchy for solid (dashed) lines and for a
baseline of 2290 km (1540 km) for red (blue) lines. Figure from ref. [105] where more details about
the simulations can be found.

in the leptonic sector. One of the advantages of this configuration is the excellent energy resolution
provided by the WC detector at these energies, the large number of events and, thanks to the o↵-axis
location and the beam configuration, the low level of intrinsic background, < 1%. A running of 1.5
(3.5) years for neutrinos (antineutrinos) is assumed, with one year given by 107 seconds. Systematic
errors play an important role and, based on foreseen improvements with respect to T2K, a level of 5%
is assumed for the neutrino flux uncertainty, the neutrino interaction cross section, the near detector
e�ciency and the far detector systematics. The baseline is too short to provide a good reach for the
mass hierarchy, with some sensitivity only for favourable values of �. Additional information can be
obtained from atmospheric neutrino events [67], as discussed in Sec. 0.4. The knowledge of the mass
hierarchy plays an important role as it cannot be determined by the experiment itself but can induce
significant degeneracies for large ✓13. If the mass hierarchy is known, CP-violation can be established
at 3� for ⇠ 70% of the values of � for sin2 2✓13 > 0.03. In the opposite case, there is a loss of ⇠ 20%
of the coverage in � for sin2 2✓13 = 0.1. A summary of the reach is reported in Fig. 14.

23
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Figure 14: T2HK sensitivity to CP violation at 1, 2 and 3� as a function of sin2 2✓13. The mass
hierarchy is assumed known (left panel) or not (right panel). Figure from ref. [66].

energy resolution and e�ciency. Compared to superbeams, betabeams have an extremely pure beam,
with no contamination from other flavours at the source. On the other hand, the absence of a ⌫

µ

component implies that a betabeam cannot provide a precision measurement of ✓23. Due to the
short distance, no sensitivity to the mass hierarchy is achievable, as in the case of the SPL, unless
atmospheric neutrinos are included [67]. Excellent reach for CP-violation could be obtained, especially
if the betabeam is combined with a superbeam from CERN to Fréjus. The two setups are sensitive to
the T-conjugated channels, providing a clean measurement of the CP-violating phase �, see Fig. 15.
Moreover the betabeam–superbeam combination o↵ers also improved sensitivity to the mass hierarchy,
even in the case of short baselines [69], see Fig. 6 and footnote 3.

5.3 Neutrino factory

In a Neutrino Factory [120, 121, 122] neutrinos are produced by highly accelerated muons which decay
producing a highly collimated beam of muon and electron neutrinos. The spectrum is very well known
and high energies can be achieved: the wide beam and high energies allow to reconstruct with precision
the oscillatory pattern and typically achieve a superior performance with respect to the other options.
Let’s consider the decay of µ� (µ+): it will generate an initial beam with two neutrino components, ⌫

µ

and ⌫
e

(⌫
µ

and ⌫
e

). These will oscillate inducing also ⌫
e

and ⌫̄
µ

(⌫
e

and ⌫
µ

). At the detector, for muon-
like events, two di↵erent signals will be present: the right-sign muon events which derive from the
observation of ⌫

µ

coming from the disappearance channel, ⌫
µ

! ⌫
µ

, and the wrong-sign muon events
which are due to ⌫̄

e

! ⌫̄
µ

oscillations. As the appearance oscillation is sensitive to matter e↵ects
and CPV, it is necessary to distinguish the two signals. This is achieved by means of magnetised
detectors which can distinguish µ+- from µ�-events. The mis-id rate is typically very low at a level of
10�4–10�3, depending on the detector technology. The detector of choice [124] is an iron magnetized
detector (MIND) which provides excellent background rejection and very good energy resolution but
low detection e�ciency for neutrinos with energies in the few GeV range. This detector performs very
well for high energies and is the default choice for muon energies above 8 GeV. For lower energies,
detectors with lower-Z would be preferred, such as a magnetized Totally-Active Scintillator Detector
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Figure 10: LBNE sensitivity to the mass hierarchy (upper plots) and CPV (lower plots) at 3� as
a function of � for the three reconfiguration options, as described in the text. The sensitivities are
reported for the experiment alone (left) and when combined with NOvA for 3⌫ + 3⌫̄ years and T2K.
The Ash River and Soudan options use the NuMI beam line and therefore additional 5⌫ + 5⌫̄ years for
NOvA are included, assuming this detector will be kept in operation in parallel to the LAr detector.
Figure taken from ref. [98].

on the CERN to Pyhäsalmi option for the first phase and various options for a second stage.
A detailed study of the sensitivity to the mass hierarchy and CP-violation has been performed in

ref. [101]. In the lowest energy configuration of the beam (the L = 130 km baseline), the simulation
assumed 5.6 ⇥ 1022 protons on target (PoT) per year, with an energy of 4.5 GeV, for 2 (8) years of
running for neutrino (antineutrinos). In the multiGeV regime, used for baselines with L > 130 km,
the CERN high-power PS2 configuration was considered with 3 ⇥ 1021 PoT per year with 50 GeV,
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Figure 12: CP fraction for which a mass hierarchy (upper plots) and CP-violation (lower plots)
discovery at 3� (left) and 5� (right) is possible as a function of exposure for a staged LAGUNA setup.
The di↵erent lines correspond to true normal (inverted) hierarchy for solid (dashed) lines and for a
baseline of 2290 km (1540 km) for red (blue) lines. Figure from ref. [105] where more details about
the simulations can be found.

in the leptonic sector. One of the advantages of this configuration is the excellent energy resolution
provided by the WC detector at these energies, the large number of events and, thanks to the o↵-axis
location and the beam configuration, the low level of intrinsic background, < 1%. A running of 1.5
(3.5) years for neutrinos (antineutrinos) is assumed, with one year given by 107 seconds. Systematic
errors play an important role and, based on foreseen improvements with respect to T2K, a level of 5%
is assumed for the neutrino flux uncertainty, the neutrino interaction cross section, the near detector
e�ciency and the far detector systematics. The baseline is too short to provide a good reach for the
mass hierarchy, with some sensitivity only for favourable values of �. Additional information can be
obtained from atmospheric neutrino events [67], as discussed in Sec. 0.4. The knowledge of the mass
hierarchy plays an important role as it cannot be determined by the experiment itself but can induce
significant degeneracies for large ✓13. If the mass hierarchy is known, CP-violation can be established
at 3� for ⇠ 70% of the values of � for sin2 2✓13 > 0.03. In the opposite case, there is a loss of ⇠ 20%
of the coverage in � for sin2 2✓13 = 0.1. A summary of the reach is reported in Fig. 14.
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Figure 14: T2HK sensitivity to CP violation at 1, 2 and 3� as a function of sin2 2✓13. The mass
hierarchy is assumed known (left panel) or not (right panel). Figure from ref. [66].

energy resolution and e�ciency. Compared to superbeams, betabeams have an extremely pure beam,
with no contamination from other flavours at the source. On the other hand, the absence of a ⌫

µ

component implies that a betabeam cannot provide a precision measurement of ✓23. Due to the
short distance, no sensitivity to the mass hierarchy is achievable, as in the case of the SPL, unless
atmospheric neutrinos are included [67]. Excellent reach for CP-violation could be obtained, especially
if the betabeam is combined with a superbeam from CERN to Fréjus. The two setups are sensitive to
the T-conjugated channels, providing a clean measurement of the CP-violating phase �, see Fig. 15.
Moreover the betabeam–superbeam combination o↵ers also improved sensitivity to the mass hierarchy,
even in the case of short baselines [69], see Fig. 6 and footnote 3.

5.3 Neutrino factory

In a Neutrino Factory [120, 121, 122] neutrinos are produced by highly accelerated muons which decay
producing a highly collimated beam of muon and electron neutrinos. The spectrum is very well known
and high energies can be achieved: the wide beam and high energies allow to reconstruct with precision
the oscillatory pattern and typically achieve a superior performance with respect to the other options.
Let’s consider the decay of µ� (µ+): it will generate an initial beam with two neutrino components, ⌫

µ

and ⌫
e

(⌫
µ

and ⌫
e

). These will oscillate inducing also ⌫
e

and ⌫̄
µ

(⌫
e

and ⌫
µ

). At the detector, for muon-
like events, two di↵erent signals will be present: the right-sign muon events which derive from the
observation of ⌫

µ

coming from the disappearance channel, ⌫
µ

! ⌫
µ

, and the wrong-sign muon events
which are due to ⌫̄

e

! ⌫̄
µ

oscillations. As the appearance oscillation is sensitive to matter e↵ects
and CPV, it is necessary to distinguish the two signals. This is achieved by means of magnetised
detectors which can distinguish µ+- from µ�-events. The mis-id rate is typically very low at a level of
10�4–10�3, depending on the detector technology. The detector of choice [124] is an iron magnetized
detector (MIND) which provides excellent background rejection and very good energy resolution but
low detection e�ciency for neutrinos with energies in the few GeV range. This detector performs very
well for high energies and is the default choice for muon energies above 8 GeV. For lower energies,
detectors with lower-Z would be preferred, such as a magnetized Totally-Active Scintillator Detector
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Good energy 
resolution, wide band 

beam, additional 
input will help in 

reducing the impact 
of systematic errors. 
The near detector(s) 
will play an important 

role.
Comparison between 
facilities needs to be 

done with care.
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Figure 5: Dependence of the achievable precision in � (at 1�, for sin2 2✓13 = 0.1) for the benchmark

setups in Table 1 on systematic uncertainties, exposure, and near detectors. The bars show the improvement

in the precision of � compared to the default scenario if the dominant systematic errors are switched o↵

separately. Here “all o↵” refers to the statistics-only limit, “matter uncertainty o↵” to no matter density

uncertainty, “flux o↵” to no flux errors, “DIS ⌫µ cross section o↵” to no DIS e↵ective cross section errors

for neutrinos and antineutrinos, “cross section ratio o↵” to fully correlated e↵ective cross section errors

for ⌫e and ⌫µ, and for ⌫̄e and ⌫̄µ, and “intrinsic background o↵” to no uncertainty on the intrinsic beam

backgrounds. The e↵ect of doubling the exposure is also shown, as well as two sets of results without a

near detector: for “no ND” systematic uncertainties are still correlated between oscillation channels at the

far detector, while for “no ND, unc”, also correlations between appearance and disappearance channels are

not included. The �� values shown here correspond to the median value of � (i.e., for 50% of � values, the

precision would be better, for the other 50% it would be worse).
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The precision measurement of the oscillation 
parameters will become very important once the mass 
hierarchy and CPV are established. LBL experiments can 

give information on                      . 

Precision measurements of oscillation 
parameters

⇥23, ⇥13, �

The expected precision on theta13 can be related to

If the statistical error dominates:

If the systematic error on the signal does:

If that on the background:

Nevents ⇠ Pµe ⇠ sin2 2✓13 ⇠ (✓13)
2 ) �N ⇠ ✓13�✓13

�✓13
✓13

⇠ 1

✓13
�✓13
✓13

⇠ constant

�✓13
✓13

⇠ 1

✓213
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✓13 precision

Triangle: current 1� precision of Daya Bay. Star: best attainable precision. C2P= CERN to Pyhäsalmi
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arXiv:1203.5651.

Within the Daya bay 3� region, we can see that the scaling with ✓13 of �r✓13
of “short” (T2HK and the SPL) and “long” (LBNE and C2P) baseline super-beams
is di↵erent: for short baseline super-beams, the relative precision on ✓13 is roughly
independent of ✓13, indicating that precision in these facilities is limited by the sys-
tematics of the signal in this regime; for long baseline super-beams the precision
improves with ✓13, instead, as expected when the error is statistics-dominated. Be-
low the Daya Bay 3� bound, on the other hand, all super-beams show a significant
degradation of �r✓13. This is due to the fact that, for such small values of ✓13, the
signal is considerably reduced and the systematics on the background start to dom-
inate the error instead. The bands are in all cases relatively narrow, which means
that the precision on ✓13 does not depend significantly on �.
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Figure 5: Relative error on ✓13 as a function of ✓13 at 1� (1 d.o.f.) at the considered beta-

beam (left) and neutrino factory (right) setups. Left panel: results for BB100 (blue, dashed

lines) and BB350 (red, solid lines). Right panel: results for LENF (blue, dashed lines) and

IDS1b (red, solid lines). The width of the bands shows the dependence with the value

of �. The empty triangle shows the present precision at 1� for Daya Bay, while the star

represents the ultimate attainable precision, corresponding only to the quoted systematic

error. Both points are shown for the present best fit. The vertical line corresponds to the

present Daya Bay 3� lower bound. A true normal hierarchy has been assumed and no sign

degeneracies have been taken into account.

In Fig. 5 we compare the precision on ✓13 attainable in the beta-beam and neu-
trino factory setups. For all of these setups we can see that the precision improves
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improved by 
LENF.
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In addition to delta, the study of sum rules and possible 
mixing patterns requires a precise measurement of the 

atmospheric and solar mixing angles. 
Useful parameterisation: 

2

lation amongst the mixing angles and phases. We refer
to this relation as a sum-rule and it provides a constraint
which reduces the number of degrees of freedom in the
leptonic mixing sector. It is convenient to parameterize
these relations by employing the notation of Ref. [1], and
introduce the parameters s, r and a defined by

sin θ12 =
1 + s√

3
, sin θ13 =

r√
2
, sin θ23 =

1 + a√
2

.

These parameters, originating from studies of tribimaxi-
mality, provide a close phenomenological fit to the known
mixing angles. A recent global fit [2] provides the follow-
ing 1σ intervals

−0.07 ≤ s ≤ −0.01,

0.21 ≤ r ≤ 0.23,

−0.15 ≤ a ≤ −0.07.

In this paper, we will focus on a specific set of correla-
tions which are primarily dependent on the atmospheric
mixing angle θ23, reactor mixing angle θ13 and the cosine
of the Dirac CP-phase, cos δ. It will be useful to work
with the first-order expansion of the complete sum-rule
in the small parameters s, r and a, which we call the lin-
earized sum-rule. For the models that we are interested
in, these will take the general form

a = σr cos δ, (1)

and we will treat σ as a new model-dependent constant.
Although we will consider questions based on a range
of values of this general parameter, there are two specific
values which we would like to highlight. These two values
have a degree of universality, having arisen in the liter-
ature from fully consistent models, whilst also remain-
ing the only simple rules that we’ve found in our more
phenomenological treatments: the first of these rules has
σ = 1, and the second is given by σ = −1/2. A dis-
cussion of higher-order effects, correcting the linearized
sum-rule, is presented in Section III.
We will quickly illustrate this discussion with an ex-

ample from the literature. A recent model presented in
Ref. [3] imposes an A4 symmetry, broken at low energies
by a set of flavons, which leads to the second column of
the PMNS fixed at its tribimaximal value,

|Uµ2| ≡
∣

∣cos θ12 cos θ23 − sin θ12 sin θ13 sin θ23e
iδ
∣

∣ ,

=
1√
3
.

This complete sum-rule can be linearized in terms of the
s, r and a parameters,

a = −
r

2
cos δ,

which is a specific realization of our general rule, Eq. 1,
with σ = 1.

A. Hernandez-Smirnov framework

A novel approach was recently introduced in Ref. [4] to
find flavour-symmetric correlations amongst the PMNS
mixing matrix elements, whilst making minimal assump-
tions about the details of the model. This approach
was built around the assumption that there exists a dis-
crete flavour group which is broken into two subgroups
at low-energy. These subgroups act independently on the
charged lepton and neutrino sectors of the theory, and
their misalignment leads to a non-trivial PMNS matrix.
If we assume, in this framework, that some of the known
symmetries of the leptonic mass terms are in fact residual
symmetries arising from this larger broken group, con-
straints can be placed on the PMNS matrix in a general
manner, regardless of the precise implementation of the
symmetry breaking. Some correlations were reported in
Ref. [4]; however, these correlations lead to linearized
sum-rules identical to those reported in previous studies.
In this section, we weaken some of the assumptions made
in the derivations of these relations and generate ad-
dtional sum-rules with distinct linearized relations. We
refer the reader to Ref. [4] for a detailed discussion of the
method for finding parameter correlations in the “sym-
metry building” approach, and we will only summarize
the steps here, highlighting where we alter the derivation.
The approach in Ref. [4] assumes that grand flavour

group is a von Dyck group, D(2,m, p). These are defined
by the presentation

S2
iU = Tm

αU = W p
U = SiUTαUWU = 1.

The choice of m and p dictates the unbroken group that
we are considering, and the assumption that the un-
broken group is finite restricts these to specific values.
Representing each choice by the ordered pair (m, p), the
choices which lead to finite groups are exhausted by 5
special pairs

(3, 3), (3, 4), (3, 5), (4, 3), (5, 3),

and 2 infinite sequences

(2, N) and (N, 2) ∀N ≥ 2.

For a given (m, p), two generators of symmetries
present in the leptonic mass terms must be chosen which
are assumed to be residual symmetries, remaining after
the breakdown of the full group Gf . In this work, we will
focus on the specific choice of Te which is given by

Te =





1 0 0
0 ei

2πk

m 0
0 0 e−i 2πk

m



 ,

where m is specified by the choice of group, and k ∈ Zm.
The second generator, governing the neutrino sector, will
be taken to be either S1 or S2, given by

S1 =





1 0 0
0 −1 0
0 0 −1



 , S2 =





−1 0 0
0 1 0
0 0 −1



 .

King, 0710.0530
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FIG. 3. The sensitivity of the next-generation facilities to the a, r and cos δ parameters. In all of the plots, the shaded regions
progressivley show the 1σ, 3σ and 5σ regions for the LENF, whilst the dashed lines are the equivalent envelopes for C2P. The
leftmost plot shows the sensitivity to a, whilst the central (rightmost) plot shows the sensitivity to r (cos δ).

resolution taken to be a flat 150 MeV for electrons and
0.2

√
E for muons. An error of 5% has been imposed on

the signal and background, and a 2% uncertainity on the
matter density.

A. Precision for a, r and cos δ

We start our study by computing the precision with
which the next-generation facilities can individually mea-
sure the parameters a, r and cos δ. An understanding of
this precision should give us an indication of the poten-
tial precision towards generic sum-rules in these variables
and help us to identify the dominant uncertainties and
functional dependence of such a measurement. In the
following analysis, we will refer to the parameter values
which are used to generate the simulated data as the
true values and the parameters which are extracted by
fitting our models to the data as the fitted values. When
necessary, true and fitted values will be distinguished by
subscripts i.e. ∆a ≡ aF − aT. For each parameter of
interest, we have scanned over a range of true values and
then computed the allowed region (at 1, 3 and 5σ) in the
fitted value of this parameter for both experimental set-
ups. We marginalize over all of the otherwise unspecified
oscillation parameters in each case. We then subtract
off the true value from the fitted values to produce the
allowed region expressed in terms of the permitted devi-
ation from the true parameter value as a function of the
true value itself.
The lefthand panel in Fig. 3 shows the sensitivity to

a for both the LENF and C2P experiments. For large
value of aT we find the magnitude of ∆a ≡ aF − aT to
be around 0.01 (0.015) at 3σ for the LENF (C2P); how-
ever, this increases notably around |aT| ! 0.05 possibly
up to around 0.06 (0.09). This increase is due to the pres-
ence of a degeneracy: for a given value of aT we get two
reasonably good solutions for the fit aF ≈ ±aT: a man-
ifestation of the θ23 octant degeneracy [33]. This is not
an exact degeneracy of the 3-neutrino oscillation prob-
ability, and the ambiguity only appears for the smallest

deviations from θ23-maximality. For all values of aT, C2P
performs worse than the LENF. However, if we focus on
the best-fit values for a given by recent global fits, at
around a = −0.12 [2], this discrepancy is negligible with
a difference of around ±0.003 at 1σ, less than 3%.
In the central panel of Fig. 3, we have computed the

sensitivity of the LENF and C2P to the parameter r.
Over the region of rT that is phenomenologically inter-
esting, this sensitivity is relatively constant at about 0.01
(0.02) for the LENF (C2P) at 3σ. There is a slight
broadening of the allowed region towards larger values
of r which as before, arises because of the presence of
a degenerate solution; an effect which is less marked for
weaker confidence levels. Once again, we see that LENF
uniformly out-performs C2P. The discrepancy is partic-
ularly marked at 5σ where the C2P allowed region is
around 3.5 times broader than the corresponding region
for the LENF. In recent work on the precision of next-
generation facilities, it has been shown [18] that only the
LENF will be able to surpass the precision on θ13 that
is expected to be attained by the current generation of
reactor experiments. However, this improvement in pre-
cision possible with the LENF is rather small, at around
1%, and effectively the constraints on θ13 will be set by
the reactor expeiments alone. For this reason, the ob-
served discrepancy in precision for r between the LENF
and C2P is only expected to influence the ability of the
experiments to place individual constaints on sum-rules,
and should not influence constraints exracted from global
analyses of the oscillation data.
The righthand panel of Fig. 3 shows the expected sen-

sitivity to cos δ for the LENF and C2P. This measure-
ment has a precision of at least 0.40 (0.55) for the LENF
(C2P) at 3σ, except for at the extreme points where the
true value of cos δ approaches ±1 and the uncertainty
becomes very small for the LENF, and is reduced but
remains sizable for C2P. We see that the LENF performs
significantly better at this measurement than C2P: at
5σ, C2P offers little discriminatory power, with a region
that almost covers the whole parameter space, while the
LENF offers a reasonable precision which becomes ex-

Dashed: WBB
Blue: LENF

Ballett, King, Luhn, Pascoli, 
Schmidt, in prep
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ample is the tribimaximal (TB) mixing matrix,
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CAP, (2)

which has received much attention by model builders.
Another viable option, referred to as golden ratio (GR)
mixing, is given by the following matrix:

UGR =

0

@
cos# sin# 0

� 1
p

2
sin# 1

p

2
cos# 1

p

2
1
p

2
sin# � 1

p

2
cos# 1

p

2

1

AP, (3)

where tan# = 1/' with ' given by the golden ratio
(1 +

p
5)/2. It is clear that these patterns must receive

corrections to be consistent with the known phenomeno-
logical data: in particular, both patterns predict ✓13 = 0.
However, as we shall show later, these patterns provide
a helpful framework for classifying a large class of mod-
els with phenomenologically viable mixing angles. Dif-
ferent modifications to the TB and GR mixing patterns
generically lead to relations among the parameters of the
PMNS matrix, which are commonly refered to as sum-
rules.

The main aim of this work is to investigate the exper-
imental prospects to confirm or exclude these sum-rules.
We focus on the atmospheric sum-rule, which relates the
atmospheric mixing angle ✓23 with the recently measured
reactor angle ✓13. After a study of the compatibility of
di↵erent sum-rules with the current experimental results
as well as the projected sensitivity of the running ex-
periments, we study two di↵erent experimental propos-
als explicitly, namely a superbeam from CERN to Pyh-
salmi (C2P) as well as the Low-Energy Neutrino Factory
(LENF) and demonstrate that the LENF provides the
best option for the precision determination of mixing pa-
rameters.

In Section II, we are discussing the predicted sumrules
in di↵erent models. Technical details of the group theory
are deferred to the appendix. The current experimental
constraints on the sum-rules and the projected sensitivity
of the current experimental program is discussed in Sec-
tion III, while prospects of next-generation experiments
are discussed in Section IV. Finally, we conclude in Sec-
tion V.

II. DISCRETE FLAVOUR SYMMETRIES AND
SUM-RULES

Many models have been proposed which invoke dis-
crete symmetries to help resolve the problem of leptonic
flavour. These models vary greatly in their complexity
and naturalness; however, most of them follow the same
essential steps. At some scale a group, Gf , must be
specified; common choices for this group include A4, S4

and �(27). These are small discrete groups with three-
dimensional representations, and frequently, the leptonic
SU(2) doublets are assigned to a three-dimensional rep-
resentation ensuring that their mixing is highly con-
strained. New scalar fields are then introduced, called
flavons, which are also assigned to representations of Gf .
The lagrangian can then be written down in the conven-
tional fashion, with all terms included that are consis-
tent with the symmetries of the theory. The terms which
constitute the flavon-flavon interactions are referred to as
the flavon potential; in successful models the minimum
of this potential will require non-zero VEVs for a subset
of the flavon fields, a feature which will spontaneously
break Gf . A pattern of masses and mixings should then
emerge, shaped by the breaking procedure and the pos-
sible presence of residual symmetries.
The incorporation of discrete flavour symmetries into

any extension of the standard model can only further
our understanding of flavour if it manages to reduce the
number of free parameters in the theory. It is, there-
fore, necessary that these models generate correlations
amongst the known parameters governing the leptonic
Yukawa sector. For a given model based on discrete
flavour symmetries, the correlations between the PMNS
matrix elements will, in general, correspond to a com-
plicated relation amongst the mixing angles and phases.
We refer to this relation as a sum-rule and it provides a
constraint which reduces the number of degrees of free-
dom in the leptonic mixing sector. It is convenient to
parameterize these relations by employing the notation
of Ref. [7], and introduce the parameters s, r and a de-
fined by

sin ✓12 ⌘ 1 + sp
3

, sin ✓13 ⌘ rp
2
, sin ✓23 ⌘ 1 + ap

2
.

These parameters, originating from studies of tribimaxi-
mality, provide a close phenomenological fit to the known
mixing angles. A recent global fit [8] provides the follow-
ing 1� intervals

�0.07  s  �0.01,

0.21  r  0.23,

�0.15  a  �0.07.

In this paper, we will focus on a specific set of correla-
tions which are primarily dependent on the atmospheric
mixing angle ✓23, reactor mixing angle ✓13 and the cosine
of the Dirac CP-phase, cos �. It will be useful to work
with the first-order expansion of the exact sum-rule in
the small parameters s, r and a, which we call the lin-

earized sum-rule. For the models that we are interested
in, these will take the general form

a = a0 + �r cos � +O(r2, a2), (4)

where we will treat a0 and � as new model-dependent
constants. As the mixing angles have already been mea-
sured, the linearized sum-rule can be turned in a predic-
tion of the Dirac CP phase �. For phenomenologically
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As the        required to explain these experiments is 
different from          and           , this means that there 
are at least 4 neutrinos. The fourth one needs to be 

sterile, i.e. it does not have SM interactions.

Clarification: 4 flavour states 
 4 mass states

�m2

�m2
sol �m2

A

Sterile neutrinos could be present in extensions of the 
SM with masses from sub-eV to GUT scale. 

Their existence would have signatures in other 
experiments (e.g. neutrinoless double beta decay) and 
in cosmology. See S. Hannestad’s talk.
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P (�e ⇥ �e) = 1� 4|Ue4|2(1� |Ue4|2) sin2(�m2L/4E)
P (�µ ⇥ �µ) = 1� 4|Uµ4|2(1� |Uµ4|2) sin2(�m2L/4E)

P (�µ � �e) = 4|Ue4|2|Uµ4|2 sin2(�m2L/4E)

Disappearance experiments

Appearance experiments
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Figure 10: Allowed regions for 3+2 in the plane of |Ue4Uµ4| vs. |Ue5Uµ5| for fixed values of �m2

41

and

�m2

51

at 90% and 99% CL (2 dof). We minimize over all undisplayed mixing parameters. We show the

regions for appearance data (blue), disappearance data (green), and the global data (red).

global fit compared to 3+1 by

�2

3+1,glob

� �2

3+2,glob

= 10.7 . (23)

Evaluated for 4 additional parameters relevant for SBL data in 3+2 compared to 3+1 this
corresponds to 96.9% CL.

The origin of the very low parameter goodness of fit can be understood by looking at the
contributions of appearance and disappearance data to �2

PG

. Tab. 7 shows that the �2 of
appearance data at the global best fit point, �2

app,glob

, changes only by about 3 units between
3+1 and 3+2. However, if appearance data is fitted alone, an improvement of 15.2 units
in �2 is obtained when going from 3+1 to 3+2, see Eq. (19). The fact that appearance
data by themselves are fitted much better in 3+2 than in 3+1 leads to the large value of
�2

PG

= 25.8, with a contribution of 19.7 from appearance data. In other words: the fit to
appearance data at the global 3+2 best fit point (�2

app,glob

= 92.4/68, p-value 2.6%) is much
worse than at the appearance-only 3+2 best fit point (�2

min,app

/dof = 72.7/63, p-value 19%).
This interpretation is also supported by Fig. 6, showing an equally bad fit to MiniBooNE
neutrino data at the 3+1 and 3+2 global best fit points (black solid and red solid histograms,
respectively).

We further investigate the origin of the tension in the 3+2 fit in Figs. 9 and 10. In Fig. 9
we show the allowed regions in the multi-dimensional parameter space projected onto the
plane of the two mass-squared di↵erences for appearance and disappearance data separately,
as well as the combined region. The 3+2 global best fit point happens close to an overlap
region of appearance and disappearance data at 95% CL in that plot. However, an overlap in
the projection does not imply that the multi-dimensional regions overlap. In the left panel of
Fig. 10 we fix the mass-squared di↵erences to values close to the global 3+2 best fit point and
show allowed regions in the plane of |U

e4

U
µ4

| and |U
e5

U
µ5

|. These are the 5-neutrino analogs
to the 4-neutrino SBL amplitude sin 2✓

µe

. Similar as in the 3+1 case we observe a tension
between appearance and disappearance data, with no overlap at 99% CL. This explains the

25

Some tension is present between appearance and 
disappearance data.  Adding 2 extra sterile neutrinos 
gives more freedom but moderately improves the fit to 
the data. Present and future searches will test these 
effects.

Kopp et al.,  1303.3011
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Figure 8: Results of the global fit in the 3+1 scenario, shown as exclusion limits and allowed regions for the

e↵ective mixing angle sin2 2✓µe = 4|Ue4|2|Uµ4|2 and the mass squared di↵erence �m2
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. Left: Comparison

of the parameter region preferred by appearance data (LSND, MiniBooNE appearance analysis, NOMAD,

KARMEN, ICARUS, E776) to the exclusion limit from disappearance data (atmospheric, solar, reactors,

Gallium, CDHS, MINOS, MiniBooNE disappearance, KARMEN and LSND ⌫e �12 C scattering). Right:

Regions preferred by experiments reporting a signal for sterile neutrinos (LSND, MiniBooNE, SBL reactors,

Gallium) versus the constraints from all other data, shown separately for disappearance and appearance

experiments, as well as their combination.

at the best fit point of the global data. �2

PG

should be evaluated with the number of dof cor-
responding to the number of parameters in common between appearance and disappearance
data (2 in the case of 3+1). From the numbers given in Tab. 7 we observe that the global
3+1 fit leads to �2

min

/dof = 712/680 with a p-value 19%, whereas the PG test indicates that
appearance and disappearance data are consistent with each other only with a p-value of
about 10�4. The strong tension in the fit is not reflected in the global �2 minimum, since
there is a large number of data points not sensitive to the tension, which leads to the “dilu-
tion” of the GOF value in the global fit, see [121] for a discussion. In contrast, the PG test
is designed to test the consistency of di↵erent parts of the global data.

The conflict between the hints for eV2-scale oscillations and null-result data is also il-
lustrated in the right panel of Fig. 8. In red we show the parameter regions indicated by

�2

min

/dof GOF �2

PG

/dof PG �2

app,glob

��2

app

�2

dis,glob

��2

dis

3+1 712/(689� 9) 19% 18.0/2 1.2⇥ 10�4 95.8/68 7.9 616/621 10.1
3+2 701/(689� 14) 23% 25.8/4 3.4⇥ 10�5 92.4/68 19.7 609/621 6.1

1+3+1 694/(689� 14) 30% 16.8/4 2.1⇥ 10�3 82.4/68 7.8 611/621 9.0

Table 7: Global �2 minima, GOF values, and parameter goodness-of-fit (PG) test [121] for the consistency

of appearance versus disappearance experiments in the 3+1, 3+2, and 1+3+1 schemes. The corresponding

parameter values at the global best fit points are given in Tab. 8. The last four columns give the contributions

of appearance and disappearance data to �2

PG

, see Eq. (22).
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Disappearance exps put strong bounds on masses and 
mixing angles (CDHS, Atm, MiniBooNE, MINOS).

See J. E. Kisiel’s, K. Long’s, A.Olshevskiy’s, J. Thomas’ talks
Thursday, 23 May 13



MicroBooNE: a 86 ton LAr TPC searching for nue 
appearance in the Booster beam. Cryostat deployed 
in March, data taking in 2014.

Jennet Dickinson, for MicroBooNE collaboration at APS 2013.
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nuSTORM: uses a muon beam, E=2 GeV and 10^19 
muons, and two detectors (200 t ND and1 kton FD). 

nuSTORM LoI
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Figure 19: Contours of the �2 deviation from the no-sterile neutrino hypothesis corresponding to 5� (�2 = 25)
and 10�(�2 = 100) variations. Two different sets of systematic uncertainties are represented; the default
systematics with 1% signal uncertainty and a 10% background uncertainty and a conservative set that is five
times larger. The 99% confidence level contours from experiments showing evidence for unknown signals and
contours derived from the accumulated data from all applicable neutrino appearance experiments, as described
in figure 3.

decay straight [34, 201]. These effects are illustrated in figure 20(a). An optimisation of the baseline distances
are shown in figure 20(b). The optimisation shows that all options preform equally well for �m2 ' 1 eV2,
while larger values of �m2 ' 1 eV2 prefer shorter distances (from the end of the decay straight) for the far
detector.

3.3 Detectors for neutrino scattering studies

To explore fully the broad programme of ⌫N scattering studies described in section 2.1 will require a number
of detectors optimised to address different aspects of the programme. The two detectors described below are
intended to indicate possible options for further development. The development of a detailed specification
for the ⌫N -scattering detector suite is part of the programme of work we propose to carry out (see section
5.3). Physics topics offered by a high resolution detector such as the options described below in ⌫STORM are
summarised in Appendix A.

3.3.1 HIRESMNU: A High Resolution Near Detector à la LBNE

Precision measurements of neutrino-interactions at the near-detector (ND) are necessary to ensure the high-
est possible sensitivity to the neutrino-oscillation studies in this proposal. Regardless of the process under
study—⌫µ ! ⌫e (⌫̄µ ! ⌫̄e) appearance or ⌫µ (⌫̄µ) disappearance—the systematic error should be less than the
corresponding statistical error. The ND design must achieve the four principal goals:
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(b) Baseline optimisation

Figure 20: Exclusion region in sin2 2✓-�m2 (right hand sides of curves) for ⌫e disappearance for different
geometry assumptions (left panel) and optimisation points (right panel); 90% CL, 2 d.o.f. (a): The curve “no
systematics” represents a single detector at d = 500m using statistics only, whereas the other curves correspond
to near-far detector setups, where the red thick curves include (conservative) full systematics, including a 10%
shape error, and geometry effects. (b): Systematics are fully included, different two-distance optimisation
points shown (distances to the end of the decay straight). Both panels: Eµ = 2GeV, 1019 useful muon decays
per polarity, d

1

= 20m (200 t) and d
2

= 500m (1 kt), unless noted otherwise. Figure taken from reference
[34].

• Measurement of the absolute and the relative abundance of the four species of neutrinos, ⌫µ, ⌫̄µ, ⌫e, and
⌫̄e, as a function of energy (E⌫). Accurate determination of the angle and the momentum of the electron
in neutrino-electron neutral current scattering which will provide the absolute flux;

• Determination of the absolute E⌫-scale, a factor which determines the value of the oscillation-parameter
�m2;

• Measurement of ⇡0s and of ⇡+ and ⇡� produced in the NC and CC interactions. The pions are the
predominant source of background for any oscillation study; and

• Measurement of ⌫-nucleus cross-sections. The cross-section measurements of exclusive and inclusive
CC and NC processes will furnish a rich panoply of physics relevant for most neutrino research. Knowing
the cross sections at the E⌫ typical of the ⌫STORM beam is essential for predicting both the signal and
the background.

A high-resolution detector, the HIRESMNU, has been proposed as the near detector for the LBNE project
[202, 203]. Figure 21 shows a schematic of this the HIRESMNU design. The architecture of the detector
[202, 203] builds upon the experience of NOMAD [204]. It embeds a 4 ⇥ 4 ⇥ 7 m3 Straw-tube tracker (STT),
surrounded by a 4⇡ electromagnetic calorimeter (ECAL) in a dipole magnet with B ' 0.4 T. Downstream of
the magnet, and within the magnet yoke, are detectors for muon identification. The STT will have a low average
density similar to liquid hydrogen, about 0.1 gm/cm3, which is essential for momentum determination and the
identification of electrons, protons, and pions. The foil layers, up- and down-stream of the straw tubes, provide
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Winter, PRD85

It would easily confirm/disprove the oscillation 
hypothesis. See K. Long’s talk.35
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Neutrino Factory: Sensitivities to the sterile 
neutrino parameters using a near detector at 2.3 km.
See e.g. Meloni, Tang, Winter, 1007.2419. Also, Donini et al.,  Antusch et al., Tang and Winter...

detector and far detector) and this detector has an e�ciency of 80% on all channels [49], instead of the e�ciency of
e± detection in TASD of only 37% below 1 GeV, and 47% above. If such a Liquid Argon Detector is achievable in the
future, it could further improve the physics reach of the LENF.

4.4. Changing the Energy Scale

In this subsection, di↵erent muon energies will be discussed. For fixed baseline, higher muon energy is always
expected to provide a better sensitivity. This is because, although the oscillation probability ⇠ sin2(�m2

41L/4E),
roughly / 1/E2, the beam collimation / E2 and cross section / E, and the net e↵ect of the sensitivity is roughly
proportional to E.
Recently, a new baseline configuration for the LENF has been chosen by the IDS-NF study: 10 GeV muon beams,
with 1.0⇥ 1022 total useful muon decays per polarity 8, while the far detector is located at 2000 km from the source.
Moreover, a Very Low Energy Neutrino Factory (VLENF, called now nuSTORM) has also been proposed recently
[50]. It is suggested that with a combination of very near detectors at 50 m and 800 m, a 2 GeV neutrino factory
would provide an excellent search of eV-scale sterile neutrinos. We have compared the performance of these di↵erent
options in our choice of setup with a near detector at 2 km, see Fig. 5.
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Figure 5: Sensitivity to sin2 2✓14–�m2
41 (left) and sin2 2✓24–�m2

41 (right) at 90% C.L. for di↵erent muon energies: 4.5 GeV (red, solid
line), 10 GeV (green, dashed line) and 2 GeV (blue, dot-dashed).

For the same distance of the near detector, the updated IDS-NF configuration, with a muon energy of 10 GeV
would provide a much better sensitivity. However, the comparison above also shows that if �m2

41 is just around O(eV)
order, as for instance suggested by the Reactor Anomaly to be discussed in the following section, then 4.5 GeV NF
has a very good reach, down to 10�3 for sin22✓i4, i = 1, 2. If, in the future, there are hints that light sterile neutrinos
are heavier than O(10 eV), then a 10 GeV or higher energy NF would be necessary.

Higher energy muons also allow to detect ⌫
⌧

s, and thus provide sensitivity to ✓34, thanks to the far detector, as
shown in Fig. 6. Since the statistics at the far detector are much lower than at the ND and the ⌫

⌧

measurements
are based on the appearance channels only, the sensitivity for ✓34 is very poor. In fact, we have also tried to add the
Emulsion Cloud Chamber in the near detector, but the inclusion does not lead to any significant improvement of the
sensitivities. Moreover, as the e↵ect of large �m2

41 is averaged out in FD, the sensitivity of ✓34 is almost a constant
to �m2

41 [except when �m2
41 ⇡ �m2

31. In this range, Eq. (2.3) also applies to �m2
41 and thus ✓34 is related to �m2

41,
but such a small �m2

41 is not our interest in this paper.]

5. Testing the Sterile Neutrino Anomaly

In 2011, T.A.Mueller et al. [51] have provided new reactor antineutrino spectra and found a significant upward
shift in the previous predicted fluxes. This result implies a weakening of existing reactor bounds on the absence of ⌫

e

disappearance and suggests the existence of ⌫
s

with �m2
sterile & 1 eV2 [10].

As mentioned in Section 1, MiniBooNE data suggest no-oscillation for ⌫, despite the excess in the ⌫̄ measurement.
Moreover, there exists tension between the data from LSND, MiniBooNE and short-baseline experiments. Sterile

8Similar to before, in our simulation in GLoBES, we set up the flux as 1.0⇥ 1021 useful muon decays per year, per polarity, running for
10 years in order to produce 1.0⇥ 1022 muons in total.

10

Pascoli, Wong, in preparation

The NF would provide the ultimate sensitivity and, in 
case they exist, the best parameter measurement. 
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Non Standard Interactions (NSI)

NSI appear as additional effects in the H:

NSI can arise in extensions of the SM. For instance D=6 
operators typically lead to

Strong bounds arise from oscillations, pion decay, CKM 
unitarity..., typically <0.001, 0.1, and at the loop-level, if 
charged current processes cannot be avoided.
         

� � g2M2
W /(g2

NSIM
2
NSI)O6 =

1
�2

�
L⌅�⇥L⇤

⇥
(L⇧�⇥L�)
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LBL experiments are also sensitive to NSI at source, 
propagation and detection (Grossman, 95):

 The longer baseline (higher energy), the better the 
physics reach as NSI effects become more important.

matter effects
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The effects are enhanced at high energies. MINOS+ 
will have very good sensitivity to these effects.MINOS 2010 data sample shown in black. Realistic estimates for the MINOS e�ciency and energy

resolution have been applied in the following studies.

Figure 2: The energy spectra of neutrinos produced with the NUMI-NO⌫A beam (left). The black
points show the spectrum of CC events which would be seen at MINOS, the red histogram is the
spectrum of the events at the NO⌫A experiment. The ratio of oscillated to un-oscillated rates is
shown at right for MINOS+ with the present data points from the MINOS 5 year period up to
2010 overlaid in black.

4 Physics reach of MINOS+

What follows are the results of studies of the reach of the measurements which could be made in
the NuMI-NO⌫A beam. They are ordered in terms of probability of success, starting o↵ with the
measurements which are certain to contribute to world knowledge and ending with examples of
much more speculative new physics which could be identified in the high energy neutrino energy
spectrum. What is interesting is the very wide range of disparate new physics which could show
up in this energy range :

• Measurement of sin22✓ and �m2 with higher precision

• Measurement of sin2 2✓23 and �m2with higher precision

• Study of High Energy Neutrinos

• Search for Sterile Neutrinos

• Search for Tau Neutrinos

• Non-Standard Interactions

• Measurement of the Neutrino Time of Flight

5

Figure 11: Predictions of the Kopp, Machado and Parke non-standard interaction probability for di↵erent
values of the model parameters. The blue lines are the NSI expectation for neutrinos, the red dashed lines
are anti-neutrinos and the black dotted line is the standard expectation for no NSI.

Figure 12: The sensitivity to ✏µ⌧ with 3.5e20 POT of RHC (see text) and 7.1e20POT FHC running.

17

Kopp, Machado, Parke, PRD82

MINOS+ Proposal

See J. Thomas’ talk
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The HENF provides the best sensitivity to NSI

Kopp, Ota, Winter, 0804.2261

The LENF has also good sensitivity. The inclusion of the 
platinum channel helps in resolving degeneracies and to 

improve the sensitivity.40
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In the past few years, the neutrino oscillation 
parameters have been measured with good precision. 
The recent discovery of non-zero      has important 
implications for neutrino oscillation experiments. 

Next generation oscillation experiments will address 
the mass hierarchy, CPV searches and precision 
measurements of the oscillation parameters. The 
physics reach of a facility depends on beams, detector 
performance, systematic errors and backgrounds. 
Comparisons should be done with great care.

Anomalies have been found (LSND, MiniBooNE, 
reactors) but tension between appearance and 
disappearance data is present for sterile neutrinos.

Conclusions

�13

•

•

•
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