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The experimental knowledge about fusion-fission reactions at sub- and near-
barrier energies has grown considerably in the last twenty years.  

   The theoretical models are able to reproduce and predict the main features 
of such processes, even the cross sections for synthesis of superheavy 
elements estimated more or less to the experimental data. But properly 
understanding the fusion dynamics for heavy systems requires many more 
ingredients. The need for more experimental data to disentangle various 
concurrent effects, is clearly felt. A full understanding of all steps of the 
reaction dynamics is very important for the challenging issue of superheavy 
elements production and new isotopes far from the valley of stability.  

  

The mixing of deep-inelastic collisions and quasifission products, as well as the mixing 
of the quasifission and fusion-fission products in the experimental data causes the 
difficulties in the theoretical estimation the hindrance to complete fusion of nuclei. 

Introduction 
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Topicality of the problem 

      Experimental data are subject to study and to be interpret. The main problem is 
to install universal physical laws to  describe  and to make conclusions about  the 
reaction mechanism  on the base of measured   mass, charge, energy  and 
angular distribution of products.  

 Theory of 
nucleus-nucleus 

collisions  

Mechanism of  dissipation 
of kinetic energy  and 
excitation of nucleus  

Role of the nuclear shell 
structure at formation of 

reaction products  

Competition between complete 
fusion and quasifission 

Theory: nucleus-nucleus interaction potential, friction coefficient, deformation parameters of  
interacting nuclei and coupling of the relevant  degrees of freedom leading to dissipation of 
kinetic energy  and angular momentum.   
    Complete microscopic calculations seem not  to be possible if  we would like to describe 
experimental data observed  for different characteristics of reaction products.  There are strong 
correlations  between collective motion of nuclei and  microscopic  degrees of freedom of 
nucleons.  Therefore, there is not  established nature of friction coefficients  and tensors of 
masses which are universal for  the wide energy range of collision and  large amplitude of  
collective motion.    



Reaction types in heavy ion collisions 

For collisions near the Coulomb barrier, R  is the most important collective variable.  

It is used to classify collisions into several types, depending on its time evolution.  

If the nuclear surfaces never touch, we have either elastic scattering   or  Coulomb 
excitation .  

If the surfaces barely touch, we have a grazing collision .  

If the nuclei make firm contact with each other, but still separate afterwards, we have 
a deeply inelastic collision  or quasifission .  

 Finally, if the nuclei become sufficiently attached to each other, they may form a 
compound nucleus in a fusion reaction .  

If the angular momentum and total charge are both very large, this combined nucleus 
may not live long enough to reach its equilibrium shape before it fissions into two or 
more large fragments in incomplete fusion .  

Of course, in all these collisions  except  elastic scattering , other collective degrees of 
freedom also come into play;  in the fusion reactions and incomplete fusion processes, 
R eventually loses not only its dominant role but even its meaning as the nuclear state 
evolves in time until the projectile and target nuclei can no longer be distinguished. 



Basic quantities for colliding nuclei 
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The density distributions of the nuclei I60 and 208Pb when their centers 
are separated by the strong absorption radius appropriate for 
scattering at energies between about 100 and 200 MeV . 
some information about its slope [ 1821. This is the situation 
pertaining to much of heavy-ion elastic 



The differential cross section 
observed for electrons of 153 MeV 
scattered from a gold target. It is 
seen that, for the angles studied, the 
intensity of the scattering is at least 
an order of magnitude weaker than 
for a point charge of Z = 79. The 
angular distribution exhibits mild 
oscillations characteristic of 
scattering by a system with a rather 
well-defined radius The experimental 
data and the theoretical analysis are 
taken from B.Hahn, et al. Phys. Rev. 
101, 1131 (1956); D. R. Yennie, et al, 
Phys. Rev. 95,500 (1954); R. Herman 
and R. Hofstadter, High Energy 
Electron Scattering Tables, Stanford 
Univ. Press, Stanford, California, 
1960.  

 Validity of the mean-field  approximation based on the 
analysis  of the experimental data 



 



Dependence of energy distribution of reaction products 
on the initial angular momentum at given beam energy 



Elastic scattering   and  Coulomb excitation .  
  Elastic scattering is the main reaction channel of heavy-ion 

collisions at all incident energies and, thus, it is a useful 

experimental tool for study of nuclear structure and nucleus-

nucleus interaction potential.                                                                                   

 In the elastic scattering channel both nuclei remain in their 

ground states because total energy and momentum are conserved.  

 

. 

At above barrier incident energies  and when distances between 

colliding nuclei reaches small values a considerable part of incoming 

flux goes away from the elastic scattering into the other reaction 

channels. due to  strongly coupled to other degrees of freedom. 
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Elastic scattering   and  Coulomb excitation 
 For all nuclear particles, with the exception of neutrons, the Coulomb 

repulsive interaction dominates at large distances: . When nuclei 

approach each other, the attractive nuclear forces have an effect. 

Resulting nucleus-nucleus interaction potential looks as shown in Figure. 

 



Grazing angular momentum gr  

Inelastic processes play a large role  if the projectile's energy is large 
enough to surmount the Coulomb barrier and  the angular momentum 
of the relative motion is small enough for the nuclear surfaces to 
touch:  then the strong-interaction forces come into play.  

The distance of closest approach RL for a Coulomb trajectory of angular 
momentum ℏ  and energy E is given implicitly by  

                                      𝐸 =
ℓ ℓ+1 ℏ2

2𝜇𝑅
𝐿
2 +

𝑍1𝑍2𝑒
2

𝑅
𝐿

.  

The value of  for which RL is equal to the sum of the nuclear radii 

𝑅𝑔𝑟 = 𝑟0 𝐴1
1
3 + 𝐴2

1
3   is called the grazing angular momentum gr.  

It can be find 
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Rutherford’s formula describes 
elastic scattering  
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The value of L for which the closest distance between nuclei is  equal to the sum 
of the nuclear radii    

1/3 1/3

0 1 2( )LR r A A 
is called  grazing value of the orbital angular momentum.    
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Grazing collisions 
Grazing collisions are board between elastic and inelastic 
collisions. Geometrical cross section for the reactions dominated 
by the strong nuclear interaction may be estimated by adding 
the contributions to the absorptive cross section. The grazing 
angle is found from the condition between the reaction cross 
section and  Rutherford cross section: 

𝜎𝑅(𝜃𝑔𝑟)

𝜎𝑅𝑢𝑡ℎ𝑒𝑟𝑓𝑜𝑟𝑑(𝜃𝑔𝑟)
=1/4 

An effective nuclear interaction radius R can be determined 
based on the total reaction cross section σ  and the observed 
quarter-point angle 𝜃1/4 , defined as the angle which satisfies a 

condition  σelastic / σRutherford=1/4.  



The scattering angle as a function of impact parameter b, or 
angular momentum (ℓ +1/2) = P b, is called the deflection 
function Θ(ℓ) and is shown on the right  figure. Trajectories with 
positive Θ, in this case the peripheral ones that are dominated by 
the Coulomb repulsion, constitute nearside scattering, while those 
drawn to negative Θ by the attractive nuclear potential represent 
far side scattering. 
 



Classical differential cross section becomes infinitive at 
Θ≈Θr ,  

 

 

because many classical trajectories lead to the same  
scattering angle ,  

  

Theoretical distinguish of the rainbow from the differential 
cross section depending on angular momentum 
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Since  the flux of incident  particles  is smoothly  distributed   
in the angular momentum  L  and dσ/dL is finite number.  



Classical trajectories, deflection function, and differential cross section of 
3He elastic scattering  by 14C target at beam energy of 24 MeV/nucleon 

 



 For larger ℓ,  the deflection angle is smaller because the 
Coulomb trajectories keep the nuclei farther from each other:   
𝑏 ≫ 𝑅1 + 𝑅2   , where R1 and R2   are radii of colliding nuclei.  
For smaller ℓ, the deflection angle is reduced because the 
attractive nuclear force pulls the nuclei together, reversing  the 
deflection due to the Coulomb force. 𝜃r is called the rainbow 
angle.  

 

Appearance of inelastic collisions in the angular distribution of 
the elastic scattering  

b 

𝜃r 

𝜃r 



 Atmospheric rainbow with both the primary and secondary rainbows  and  in the insert the 
elastic 16O+16O scattering data as function of momentum transfer measured at different 
laboratory energies. 

W. von Oertzen W, et al. Europhysicsnews 31 (2000) p.5; Acta Physica Polonica B 
33 (2002 )93. 



Atmospherical Rainbow=Refraction+Reflection+Refraction 

At angle  Θmax  the  intensity 
of outgoing  light rays  
increase due to thickening  
after reflection and refraction 
in the drop of water.   

Drop of water 
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The interference  of the refractive nucleus-nucleus scattering 
gives rise to the nuclear rainbow which is similar to the 
atmospheric rainbow. 



Absorption of elastic channel partial waves 
 

 Any excitation of colliding nuclei takes out them from the 

elastic channel. Such decreasing of in-coming flux (number of 

elastically scattered particles) can be simulated by additional 

imaginary (absorptive) potential iW(r), iW(r) < 0 and          

iW( r → ∞) → 0 .  

     This potential defines the mean free path of relative motion 

of nuclei:                                      

 

 which, in turn, defines the probability for the nuclear system 

to remain in the elastic channel . 

/ 2 ( )free v W r  



Differential cross section for elastic scattering 

P.  Fröbrich,  R. Lipperheide,  Theory of Nuclear Reactions,  Clarendon Press. 1996 



Estimation of nuclear radius by the elastic scattering of neutrons 

𝑒𝑖𝑘𝑧 ≈
𝜋

𝑘𝑟
 2ℓ + 1𝑖ℓ+1 𝑒−𝑖 𝑘𝑟−ℓ𝜋 − 𝑒+𝑖 𝑘𝑟−ℓ𝜋 𝑌ℓ

0(𝜃)

∞

ℓ=0

 

Incident beam of neutrons is described by a plane wave which is expended in the  
angular momentum eigenstates (we neglect spin) 

The scattering process  modifies the wave function at small  r;  in turn this leads to a  
change of the outgoing wave  far away from the target nucleus.  

𝑒𝑖𝑘𝑧 ≈
𝜋

𝑘𝑟
 2ℓ + 1𝑖ℓ+1 𝑒−𝑖 𝑘𝑟−ℓ𝜋 − 𝜂 𝑒+𝑖 𝑘𝑟−ℓ𝜋 𝑌ℓ

0(𝜃)

∞

ℓ=0

 

 η is the amplitude of the outgoing wave and it characterizes the scattering process  

𝜑 𝑟 =  𝑒𝑖𝑘𝑟+𝑓(𝜃) 
𝑒−𝑖𝑘𝑟

𝑟
 



 Nearside and farside scattering 
The significance of the terms nearside and farside is perhaps more 
obvious if one looks at the trajectories that can contribute to a 
given scattering angle, as indicated in Figure 

 

 

 

 

 

The quanta1 scattering amplitude f(θ) can always be decomposed 
into two parts by using the partial-wave expansion  

   0( ) (2 1) 1 ( )f i Y
k


    

Its square is differential cross section for  elastic scattering 

𝑑𝜎

𝑑Ω el= 𝑓(𝜗) 
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Interaction barrier as a threshold 
 



 



 



Nucleus-nucleus interaction potential 



Nucleus-nucleus interaction potential 
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Dynamics of capture of  projectile by target-nucleus 

cap (Elab,L; 1 ,2)=  (2L +1) T(Elab, L; 1 ,2)  
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Ldyn  and Lmin are determined by dynamics of collision and calculated by 

solution of equations of motion for the collision trajectory:  
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Description of the nucleus-nucleus collision at  energies < 10A MeV  
as the 3 stage  process. 

Deep – inelastic                                                                                           (I) 

Collision 

                                                                                                                   

 Capture                                                                         quasifission             (II) 

                                                                                                                           

Dinuclear system                         

                                                      Compound nucleus          F1                     F2                                                                       

                                                                (CN) 

              Complete  fusion                                                        Fission (III) 

 

                                    Superheavy element                      ER-evaporation   

                                                                                            residue           (IV) 

 

                                                   

 ER (ELab ,L) =cap(ELab ,L) PCN(ELab ,L) Wsurv (ELab ,L {} 

P 
T P’ 

T’ 
P” 

T” 
Ec.m. =Elab  
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Partial cross sections of compound nucleus (CN), fusion-
like (FL), damped (D), quasielastic (QE), Coulomb 

excitation (CE) and elastic (EL) processes. 



S. Hofmann et al, Rev. Mod. Phys., 72, 733-767 2000 



Mastertitelformat bearbeiten 

     Velocity separator SHIP 
 

SHIP 
 

  Separation time:          1 – 2 μs 
  Transmission:            20 – 50 % 
  Background:              10 – 50 Hz 
  Det. E. resolution:      18 – 25 keV 
  Det. Pos. resolution:     150 μm  
  Dead time:                      25 μs 
 



Velocity filter  

he reaction products leave the target with velocities which are smaller  
than the  velocity of the projectiles passing the target without  
interaction. This is due to the conservation of momentum:  
The heavy evaporation residues have the same momentum as the  
light projectiles and therefore less velocity. The velocity of the  
compound nucleus (VCN )  is much smaller than velocities of other  
products. 
  VCN = [Mp/(Mp+Mt)]

.Vp  
A velocity filter exploits this fact to separate the reaction products 



Velocity filter  

The comparison of the (magnetic) Lorentzian force and the electric 
force of perpendicular magnetic and electric fields (crossed fields) 
yields a velocity dependence in the sense that  for each velocity vi 
a combination of forces can be found with a resulting force Ftot: 
                   
 Fmag = q.v.B  
 
 Fel = q.E  
 
 Fmag = Fel → Ftot = 0 
 

v Fmag 

B 

E 



Time of flight detectors 



      Position-Time Correlation 

S.Saro,   Large size foil-microchannel plate timing detectors   
Nucl. Instr. Methods in Phys. Research A 381 (1996) 520 
 



Excitation functions of 
the evaporation residue 
cross section at synthesis 
of superheavy elements 

 GSI 
Cold fusion 

 

Dubna 
Hot fusion 

 

48Ca  + 244Pu 

Projectiles  
50Ti, 54Cr, 58Fe, 64Ni, 70Zn 

                             + 208Pb  

                               Target                        

         
  

 



Capture and fusion cross sections for the 48Ca+238U reaction. 

 G.G. Adamian, G. Giardina, A.K. Nasirov, in Cont. of "XIV Int. Workshop  
on Nuclear Fission" Physics, Obninsk, 1998, Russia, 2000  

W.Q. Shen et al Phys.Rev. C36. 
115 (1987) GSI experiment 



 G.G. Adamian, G. Giardina, A.K. Nasirov, 
in Cont. of "XIV Int. Workshop  
on Nuclear Fission" Physics, Obninsk, 
1998, Russia, 2000  

Yu.Ts Oganessian et al,Phys.Rev.C 70 064609  (2004)  
 

W.Q. Shen et al Phys.Rev. C36. 
115 (1987) GSI experiment 

Capture and fusion cross sections for the 48Ca+238U reaction. 



Results of calculation and comparison of them with the experimental 
data for the “cold”  64Ni+208Pb and 70Zn+208Pb reactions.  

.  

* 

RIKEN 
* GSI  

  G.Giardina, et al. 
Eur. Phys. J. A 8, 205–216 (2000) 
 

S. Hofmann,  
Rep. Progr. Phys. 61, 639 (1998);  
 



Comparison of conditions at cold and hot fusion 

   Hot fusion Cold Fusion 

SHE  experiments showed:   ER (E1 )   >  ER(E2)  

But recent experiment 48Ca+238U showed opposite  σER (E1 )  <  σER(E2)  

cap(ELab ,L)    >  cap(ELab ,L) : 

 

Wsurv (ELab,L)  <  Wsurv (ELab ,L):  

  Main reason 

Bqfis > Bqfis 

Bfus < Bfus 

E*CN  >  E*CN 

 ER (ELab ,L) =cap(ELab ,L) PCN(ELab ,L) Wsurv (ELab ,L )  

PCN(ELab ,L)    >   PCN(ELab ,L):  





The estimation of the nucleus radius by the 
elastic scattering of neutrons  

The diffraction pattern of neutrons scattered from nuclei. The 
classical turning point for collision with momentum p=k and 
angular momentum ℓ occurs when 

 k2= ℓ(ℓ+1)/R2≈ (ℓ+1/2)2/R2 

We suppose that neutrons which pass within a distance R of 
the nucleus are absorbed then there will be not outgoing 
wave for small angular momentum, 

  ηℓ =0  for ℓ< k R - 
1

2
 , 

while for large angular momentum, the outgoing wave will be 
as in the plane wave: 

 ηℓ =1  for ℓ> k R - 
1

2
 



Thus the cross section is found by  
                                                                     
 
 
 
If kR is small the sum has only a few terms and we have small cross section; if kR is large 
we may use the analytical approximation for the spherical harmonics,  
for large θℓ: 
 
 
for small θℓ: 
 
   
 
Then the sum may be is approximated by the integral  

The estimation of the nucleus radius by the 
elastic scattering of neutrons  
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 For large values of Rkθ>>1  

 

 

For small values of Rkθ<<1 

 

 

 Estimations showed that cross section has maximum at the 
forward direction and its minimum is at angle  

𝜃𝑚𝑖𝑛 ≈ 
5𝜋

4𝑘𝑅
 ≈15○.  At k=2 fm-1, we have R=7.5 fm for Pb  
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The estimation of the nucleus radius by the 
elastic scattering of neutrons  
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Total cross section of elastic scattering 

 A. Messiah , Quantum Mechanics, Vol. 1. 
P.  Fröbrich,  R. Lipperheide,  Theory of Nuclear Reactions,  Clarendon Press. 1996 

𝑆ℓ=𝑒
2𝑖𝛿ℓ  where  ,   so cross section is determined by  phase shift which depends  

on the peculiarities of the interaction potential.  



M. Sefarraza, et al.,  
 Phys.Rev. C 55 (1997) p.2541  

 Angular distributions normalized to 
Rutherford scattering for the “elastic” 
and low-lying  (2+ and 4+) inelastic 
excitations of the target and projectile. 
The bold curve corresponds to the sum 
of the elastic and inelastic distributions 
of the coupled channel Born  
approximation calculation.  

An effective interaction radius R can be 
determined based on ‘‘quarter-point 
recipe” [Bass] which assumes  

 
𝜎𝑅(𝜃𝑔𝑟)

𝜎𝑅𝑢𝑡ℎ𝑒𝑟𝑓𝑜𝑟𝑑(𝜃𝑔𝑟)
=1/4 



Main characteristics of elastic collisions and 
rainbow scattering 

• The product mass and charge numbers are very close 
or the same values as ones of the projectile and target 
nuclei; 

• Angular distribution of the reaction products extends 
in the wide range 0 < 𝜃 < 𝜋 /2 but its maxima are 
placed near grazing angle and rainbow angles; 

• Energy loss is small and consists some MeV’s; 

• The cross section of elastic scattering is very large in 
comparison with inelastic and deep-inelastic collisions 
which take place at smaller values of angular 
momentum.   



b=L / P,  is an impact 
parameter, where  L is the 
orbital angular momentum and  
P  is momentum of relative 
motion. 

Quasifission 



Semiclassical interpretation of potential scattering 

• The wavelengths associated with heavy-ion scattering are 
usually short enough, and consequently the number of 
partial waves involved is sufficiently large, that use of the 
language of semiclassical trajectories becomes meaningful 
and very useful for understanding the characteristics of the 
scattering.  

• The presence of absorption plays a very important role in 
determining the outcome of the collision. but in practice 
does not destroy the underlying trajectory picture. 
Qualitatively, absorption can be thought of as simply 
damping the flux as the system traverses the classical path. 

• Description of the deep-inelastic collisions allows to analyze 
the behavior of interacting system  formed at trajectories 
corresponding to the absorbed partial waves.   
 



Heavy ions are many body system  
Atomic nucleus is a quantum object 
which consists from protons and 
neutrons binding by strong 
nucleon-nucleon interaction.  The 
reaction taking place in collisions  
of atomic nuclei  should be 
described  adequately. The 
application of classical picture 
requires consideration of nucleus  
as localized wave packets. The role 
of the electron shell is not so 
important in nucleus-nucleus 
interaction because of smallness of 
the electron’s mass  me/mN=0.0005 
.  



Basic quantities for colliding nuclei 

 

P 

b 

Ec.m., L=[b x P] 

R 

Ec.m.=Elab AT /(AP +AT) 

AP AT 

𝜌P(𝑟−R) 
𝜌T(𝑟) 

0.17 fm-3 0.17 fm-3 



The spread of energies in a wave packet of width ΔR may be estimated by 

                                                 ∆𝐸 =
∆𝑃2

2𝑀
  , 

where  M  is a reduced mass of the colliding nuclei  𝑀 =
𝑀1𝑀2

𝑀1+𝑀2
 . From the 

Heisenberg uncertainty principle for the coordinate and momentum we have   

∆𝑃∆𝑅 ≥
ℏ

2
 

that  allows us to find connection between widths  of energy and space 

coordinate   ∆𝐸 =
ℏ2

2 ·4 𝑀(∆𝑅)2
=

(ℏ𝑐)2

8𝐴 m𝑁 𝑐
2(∆𝑅)2
≅
(197)2(MeV fm)2

8 𝐴 939 MeV(∆𝑅)2
≅
5 MeVfm2

𝐴(∆𝑅)2
 

 In the last expression  𝐴 =
𝐴1𝐴2

𝐴1+𝐴2
 .   Thus,  for example 16O+208Pb reaction we 

have A=14 and                      
                                                  ∆𝐸(∆𝑅)2≥ 0.3  MeV fm2.   
 
As light as oxygen may be localized to within 0.5  fm by a wave packet with an 
energy spread of 1 MeV. For heavier ions the energy spread decreases like A-1. 
We conclude that a classical description of the relative motion is appropriate. 
 

Adequacy of the classical description the reaction dynamics  
in heavy ion collisions 



The conditions of application of the classical approaches 

The most important parameter  pertaining to  semiclassical  considerations  is  

 the  reduced wave length       of the system of two interacting heavy ions  

                                                                                                                           (1) 

 

Here,  µ is the reduced  mass;   𝑃 𝑟  is momentum of relative motion;     

 Ec.m.  and  V(r)  are  the center-of-mass energy  and the interaction potential,  

respectively.  The classical approximation is generally valid  if the  radius  R  of   

 curvature  of  the trajectory to be large    

                                                                                                                            (2) 

                                        

  The condition for the centrifugal forces is found as                                          . 

   Putting R  found here into (2)  we have   

                                                                                                                               (3)                                     

Finding                      from (1)   we find condition for  wave length                               , 

which means that the wave transverse size is large in comparison with        .  
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Application of classical physics to description of  
Coulomb scattering in heavy ion collisions 

    The smallness of the wave length of the relative motion in heavy ion collisions in 
comparison with the size of colliding nuclei allows  to use the classical physics 
presentations to study dynamics of heavy ion  trajectory determined by Coulomb 
and nuclear forces.  

                                                                                                                            (4) 
 
       The criterion of application  of the classical mechanics to the Coulomb 
trajectory is ratio of the wave length of the relative motion to the closest distance 
between nuclear centers rmin : 

                                                                                                                            (5) 
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Study of the inelastic and deep-inelastic collisions of heavy 

ions at Coulomb barrier energies (Elab=5-10 MeV/nucleon) 

 It is natural that the stronger the absorption, the smaller the 
chance to observe the rainbow pattern. Due to the strong 
absorption, most of the elastic HI scattering is dominated by the 
surface scattering and the information about the nucleus-
nucleus interaction is obtained for peripheral trajectories only. 
Here,  the term “surface” means the region where the nuclear 
forces begin to act strongly. It corresponds to the distance: 

 

Values of Δ between 2 and 3 fm are typical separations at 
bombarding energies with E/A = l0-20MeV. 
P.J. Siemens, A.S. Jensen, Elements of Nuclei , Addison Wesley Publ. Comp. 1987 



 
 
 
 
 
 
 

Philip J. Siemens and Aksel S. Jensen, Elements of Nuclei.  
Many- Body Physics with the Strong Interaction, Addison –Wesley  
Publishing Company, 1987.  

Grazing angular momentum gr  
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Scheme of setup COMBAS of the Flerov  Laboratory of Nuclear 
Reaction at Joint Institute for Nuclear Research to register the 
binary reaction products in coincidence.  

http://flerovlab.jinr.ru/linkc/eng_1/corset.html 
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Dependence of the reaction types on the initial beam energy 
and orbital angular momentum. 



Importance of  correct  separation of fusion-fission fragments 
from the quasifission and fast-fission products 

 

Well known approach is that angular 
momentum distribution allows us to  
differ  products  of  reaction channels if 
it is possible to estimate key values of 

angular momentum, as  crit,  f,  D.  



The total cross section of inelastic collisions 

 The total cross section for reactions dominated by the strong interaction 
(inelastic collisions) may be estimated by  expression  

𝜎𝑔𝑒𝑜𝑚 =
𝜋

𝑘2
 2ℓ + 1 =

𝜋

𝑘2
ℓ𝑔𝑟 + 1

2

ℓ𝑔𝑟

0

 

≈ 𝜋𝑟0
2 𝐴1

1
3 + 𝐴2

1
3 
2
1 − 𝑈C 𝐸  

This is called the geometric cross section.   

Trajectories with angular momenta larger than ℓ𝑔𝑟  will still lead to Coulomb  
scattering. Trajectories with angular momenta near ℓ𝑔𝑟 are likely to lead to  
inelastic reactions, but they may also lead to elastic scattering.  

The elastic scattering angle corresponding to these trajectories will be 
reduced by the attractive nuclear  force between the target and projectile. 
Thus there is, classically, a maximum angle of deflection θr corresponding to a 
Coulomb trajectory with angular momentum just larger than ℓ𝑔𝑟 ·  



Deep inelastic collisions : macroscopic view  seems to be OLD ?! 

concept of dinuclear system  
diffusion effects on nucleons    

angular dependence of energy loss     

Wilczynski 
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Fission products 



Energy-mass distribution of the reaction products in 
the  238U (7.5 MeV/u) +35Cl reaction 

2d

dEdM





Mixing of the distribution of fragment masses versus total kinetic 
energy  

W.Q. Shen et al (GSI) Phys.Rev.C36, 115 (1987) 



Charge and mass transfer from light  64Ni to 238U is hindered in 
the 64Ni + 238U reaction 
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About ambiguity of separation of fusion-fission (ff) and quasifission (qf) 
products at the analysis of experimental data.  

 



Fission fragment angular distribution for the 32S+184W reaction. Incident energies are 
shown in the figure. The experimental data are shown with the fitting curve, which is used to determine the 
anisotropy Aexp of the fragment angular distribution and mean square values of angular momentum from 
these events. 

H. Q. Zhang et al,  
Phys. Rev. C 81, 034611 (2010) 
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Interpretation of the experimental data presented as fusion-
fission data in the 32S+184W reaction 
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Dependence of competition between complete fusion and quasifission on energy and 
orbital angular momentum allows us to determine the angular momentum 

distribution of dinuclear system and compound nucleus. 



Dependence of competition between complete fusion and quasifission 
on energy and orbital angular momentum 

? 

! 
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 Angular momentum 
distribution of 
compound nuclei 
formed in collisions with 
different orientations of 
the target 154Sm at 
different values of the 
beam energy.  
G. Fazio et al. Jour. Phys. 
Soc. of Japan., Vol. 77, 
No. 12, No. 12, 
December, 2008, 
124201 
 
 



Interpretation of the measured capture and fusion excitation functions 
by description of evaporation residue cross sections. 



Characteristic Properties of Deeply Inelastic Collisions 
and Quasifission reactions 

 In this section we discuss an experimental evidence is 
provided for the characteristic reaction patterns of strongly 
damped collisions. Apart from their basic two-body nature  
(𝐴 + 𝑋 ⇾ 𝐵 + 𝑌), other gross properties of these 
processes, such as angular distributions, cross sections, 
mass and energy distributions, are discussed, with 
emphasis on their dependence on the projectile-target 
system and the bombarding energy.  
      The binary nature of the deep inelastic collisions and 
quasifission reactions is proved  by the experiments where 
two reaction fragments are measured in coincidence.  
The reaction-product mass distributions are bimodal with 
centroids near the target and projectile masses. 
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Non-equilibrium processes in heavy ion collisions  

 
At  А1 +А2 → А1’ +А2’    usually  Е1

* : Е2
* ≠ А1’ : А2’  (even at fission!).   

   At  thermodynamic equilibrium  must be  Т1=Т2 →  Е1
* : Е2

* = А1’ : А2’  

ii AET
i

/46.3 *

i=P,T 

R.V. Jolos,  Eur.  Phys. Jour. A7, 2000, p.115-224  



Theoretical methods to describe multinucleon 
transfer reactions at low energies 
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Hamiltonian for calculation of the transport coefficients 

    The macroscopic motion of nucleus and microscopic motion of 
nucleons must be calculated simultaneously.   
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    Master equations for the nucleon occupation numbers  and  
Equation of motion for the relative distance     

TPi ,(5) 

(6) 

(7) 

(8) 

(9) 

. G.G. Adamian, et al. Phys. Rev. C53,   (1996) p.871-879 
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Evolution operator for  the macroscopic and 
microscopic degrees of freedom 

),,(ˆˆ),(ˆ

1
1

ii
ii ttUH

t

ttU
i 

 



 )10(),('ˆ),(ˆ),(ˆ 11

)0(

1 iiiiii ttUttUttU  

is defined by solution of the Schroedinger equation with initial condition 
U(ti,ti)=1 :  
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 U’  is defined by coupling term between collective and microscopic variables 
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A.Messia, “Quantum mechanics” Vol.1 
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Calculation of the transport coefficients. 

      The dissipation of kinetic energy of the relative motion occurs due to 
interaction between macroscopic and microscopic degrees of freedom.  An 
estimation of the averaged values of dynamical variables :  
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allows us to obtain expression for the kinetic coefficients:  
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The s.p. states of 
nucleons of dinuclear 
system 

Relative motion  
of nuclei 

Dynamical forces caused by 
interaction of multinucleon systems 



93 

The change of nuclear shape 
 

The change of the nuclear shape was taken into account by solving of equations of 
motion for the quadrupole (2+) and octupole (3-) collective excitations in nucleus  i  
(i=1,2): 
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where     ,      and  D  are the frequency,  damping  and mass coefficients 
for the surface vibration multipolarity ,  respectively;  
 R0 is radius of the spherical nucleus. The values of      and reduced electric-
multipole transition rate BE  are obtained from the Tables in G. Audi, A.H. 
Wapstra, Nucl. Phys. A  595, 509 (1995).        
The damping coefficient    is calculated from the estimation of the coupling 
term between surface vibrations and nucleon motion in nuclei  
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Friction  coefficients 
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j and k  are single particle energies of 

components of dinuclear system; 
 

jj /

  is  a width  of the excited  single-particle  states 
 due to residual interaction between nucleons. 
 

G.G. Adamian,  et al. Phys. Rev.  C56 No.2,  (1997) p.373-380  
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Comparison of the friction coefficients calculated by the 
different methods 

-- Gross-Kalinovski       

Solid line – semi-microscopic method   

Long dashed __  
 
Short dashed.- -  

 
    Dotted …. 

Temperature= 2  МэВ  
 
Temperature = 1  МэВ 

 
Temperature = 0.5 МэВ 
 

Linear response theory by Yamaji      

Phys. Rev.  C56 No.2,  (1997) p.373-380 
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      The  friction coefficient depends on 
the relative distance between centers 
of nuclei and increases by 
temperature of nuclei.  

    Dotted curve   

    Solid curve     

    …...  

    ___     
    Incoming path   

    Outgoing path     



Angular distribution of the nucleon transfer products in 
reaction 103Rh (16O,15O)104Rh at different beam energies. 

• W.U. Schröder, J.R. 
Huizenga,  Ann. Rev. Nucl. 
Sci. 1977. 27: 465-547 



Deeply Inelastic Collisions & Quasifission 

 For angular momenta 

somewhat less than ℓ𝑔𝑟, 

a part of the energy of 

relative motion  is 

turned into internal 

excitation.  The most 

striking experimental 

evidence for this  is seen 

in the Wilczynski plot 

which displays  the 

doubly-differential cross 

section    d2σ/ dθdE. 



Dependence of the collision 
trajectory on the orbital angular 

momentum.  

The yield of a particular projectile-like  
fragment  is a function  of  the beam   
energy Ec.m. , impact parameter b  
(or orbital angular momentum                    )  
 and deflection angle θ.  
Contours of equal cross section are  
plotted in  the (E, θ) plane. 

L b P  
 



 

Polarization of photons from target 
remnants in the reaction of 284 MeV 
(dots) and 303 MeV (circles) 40Ar on Ag. 
The count-rate asymmetry measures the 
circular polarization of the photons, shown 
as a function of the laboratory energy of 
the ejectiles. The ejectiles, whose charges 
range from Z = 11 to 21, are detected at 
35° in the laboratory,  about 10° outside 
the grazing angle. Their spectrum is shown 
in the upper part of the figure.  
[ from W. Trautman, J. de Boer, W. Dunn 
weber, G. Graw, R. Kopp, C. Lauterbach,   
H. Puchta, and U. Lynen, Phys. Rev. Lett. 39 
{1977} 1062 ]. 


