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H =
N∑

i=1

T (ri) +
1

2

N∑

i 6=j=1

V (ri, rj),

H =
∑

k,l

〈k|T |l〉a†kal +
1

2

∑

k,l,m,n

〈kl|V |mn〉a†ka
†
l anam,

where

〈k|T |l〉 =
∫

φ∗k(r)T (r)φl(r) dr,

〈kl|V |mn〉 =
∫

φ∗k(r1)φ
∗
l (r2)V (r1, r2)φm(r1)φn(r2) dr1 dr2.

Creation and annihilation operators

a
†
ka

†
l + a

†
l a

†
k = 0, akal + alak = 0, aka

†
l + a

†
l ak = δk,l.



Many-body wave function
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|Φ〉 =
N∏

h=1

a
†
h|0〉 and ak|0〉 = 0 for any k

Φ(r1, . . . , rN ) =
1√
N !

∣
∣
∣
∣
∣
∣
∣
∣

φ1(r1) φ1(r2) . . . φ1(rN )
φ2(r1) φ2(r2) . . . φ2(rN )
. . . . . . . . . . . .

φN (r1) φN (r2) . . . φN (rN )

∣
∣
∣
∣
∣
∣
∣
∣

.

Single-particle wave functions φk(r) are determined by

δ〈Φ|H|Φ〉 = 0 ⇐⇒
{

〈δΦ|H|Φ〉 = 0,

〈Φ|H|δΦ〉 = 0.
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φh(r) → φh(r) + ηφp(r) with 1 6 h 6 N and p > N.

|δΦ〉 = ηa†pah|Φ〉
and

〈Φ|Ha†pah|Φ〉 = 0 and 〈Φ|a†hapH|Φ〉 = 0.

for any pair h and p.



Ground state averages
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〈Φ|a†hapa
†
kal|Φ〉 = 〈Φ|a†h

(

δk,p − a
†
kap

)

al|Φ〉

= δk,p〈Φ|a†hal|Φ〉 − 〈Φ|a†ha
†
kapal|Φ〉 = δk,pδl,h

〈Φ|a†hapa
†
ka

†
l anam|Φ〉 = 〈Φ|a†h

(

δk,p − a
†
kap

)

a
†
l anam|Φ〉

= −δk,pδn,h〈Φ|a†lam|Φ〉+ δl,p〈Φ|a†ka
†
hanam|Φ〉+ δk,p〈Φ|a†lana

†
ham|Φ〉

〈Φ|a†l am|Φ〉 = δ̄l,m, δ̄l,m =

{
δl,m, if 1 6 l,m 6 N ;
0, any else

= δk,pδm,hδ̄l,n − δk,pδn,hδ̄l,m + δl,pδn,hδ̄k,n − δl,pδm,hδ̄k,n



Interaction part
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〈Φ|a†hap
∑

k,l,m,n

〈kl|V |mn〉a†ka
†
l anam|Φ〉

=
N∑

g=1

〈pg|V |hg〉 −
N∑

g=1

〈pg|V |gh〉+
N∑

g=1

〈gp|V |gh〉 −
N∑

g=1

〈gp|V |hg〉

Using the definition of matrix element

〈kl|V |mn〉 =
∫

φ∗k(r1)φ
∗
l (r2)V (r1, r2)φm(r1)φn(r2) dr1 dr2,

(k, l)(m,n) (r1, r2) ↔ (l, k)(n,m) (r2, r1) ⇒ 〈kl|V |mn〉 = 〈lk|V |nm〉
〈gp|V |gh〉 − 〈gp|V |hg〉 = 〈pg|V |hg〉 − 〈pg|V |gh〉

〈Φ|a†hap
∑

k,l,m,n

〈kl|V |mn〉a†ka
†
l anam|Φ〉 = 2





N∑

g=1

〈pg|V |hg〉 −
N∑

g=1

〈pg|V |gh〉



 .



Stationary conditions

Hartree-Fock

Method

Hamiltonian

Slater determinant

Variations
Ground state

averages

Interaction part

⊲
Stationary

conditions

HF Hamiltonian
Coordinate

representation

Properties of HF

potential

HF energy I

HF energy II

Energy of p-h state I

Energy of p-h state

II
Energy of p-h state

III
Phenomenological

approach

Effective

Interactions a
Effective

Interactions b

W.f. parametrisation

HF Stability I

HF Stability II

HF Stability III

HF Stability IV

8

First equation

〈Φ|a†hapH|Φ〉 = 〈p|T |h〉+
N∑

g=1

[〈pg|V |hg〉 − 〈pg|V |gh〉] = 0

and the second equation

〈Φ|Ha†pah|Φ〉 = 〈h|T |p〉+
N∑

g=1

[〈hg|V |pg〉 − 〈hg|V |gp〉] = 0

for any p and h.



HF Hamiltonian
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One can define the Hamiltonian of Hartree-Fock method

〈k|HHF|l〉 ≡ 〈k|T |l〉+
N∑

g=1

[〈kg|V |lg〉 − 〈kg|V |gl〉]

with property

〈k|HHF|l〉 = 0 if (1 6 k 6 N and l > N) or (k > N and 1 6 l 6 N).

The equations to determine φk(r)

〈k|HHF|l〉 = εkδk,l

〈k|T |l〉+
N∑

h=1

[〈kh|V |lh〉 − 〈kh|V |hl〉] = εkδk,l



Coordinate representation
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In coordinate representation

− ~
2

2m
∇2φk(r) +

N∑

h=1

∫

φ∗h(r
′)V (r′, r)φh(r

′)φk(r) dr
′

−
N∑

h=1

∫

φ∗h(r
′)V (r′, r)φh(r)φk(r

′) dr′ = εkφk(r)

Single-particle effective potentials:

Direct Exchange

U(r) ≡
N∑

h=1

∫

φ∗h(r
′)V (r′, r)φh(r

′) dr′ W (r′, r) ≡
N∑

h=1

φ∗h(r
′)V (r′, r)φh(r)
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Effective Hartree-Fock potential

[UHFφk] (r) ≡ U(r)φk(r)−
∫

W (r′, r)φk(r
′) dr′

and

− ~
2

2m
∇2φk(r) + [UHFφk] (r) = εkφk(r).

As W ∗(r′, r) =W (r, r′)

• εk — real;
• φk(r) — normalized and mutually orthogonal .
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E0 = 〈Φ|H|Φ〉

〈Φ|a†kal|Φ〉 6= 0, if 1 6 k, l 6 N

〈Φ|a†kal|Φ〉 = δ̄k,l

〈Φ|a†ka
†
l anam|Φ〉, 6= 0 if 1 6 k, l,m, n 6 N

〈Φ|a†ka
†
l anam|Φ〉 = 〈Φ|a†k

(

δ̄l,n − ana
†
l

)

am|Φ〉

= δ̄l,n〈Φ|a†kam|Φ〉 − 〈Φ|a†kana
†
l am|Φ〉

= δ̄k,mδ̄l,n − δ̄k,nδ̄l,n

= 〈Φ|a†kam|Φ〉〈Φ|a†lan|Φ〉 − 〈Φ|a†kan|Φ〉〈Φ|a
†
lam|Φ〉.
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E0 = 〈Φ|H|Φ〉 =
N∑

h=1

〈h|T |h〉+ 1

2

∑

h,g

(〈hg|V |hg〉 − 〈hg|V |gh〉)

=

N∑

h=1

εh −
1

2

∑

h,g

(〈hg|V |hg〉 − 〈hg|V |gh〉)

=
N∑

h=1

εh −
1

2

N∑

h=1

〈h|UHF|h〉



Energy of particle-hole excitation — I
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|ph) ≡ a†pah|Φ〉

(ph|H|ph) = 〈Φ|a†hapHa
†
pah|Φ〉

= 〈Φ|
[

a
†
hap, Ha

†
pah

]

−
+Ha

†
paha

†
hap|Φ〉

= 〈Φ|
[

a
†
hap, Ha

†
pah

]

−
|Φ〉

= 〈Φ|
[

a
†
hap, H

]

−
a
†
pah +H

[

a
†
hap, a

†
pah

]

−
|Φ〉

as
[

a
†
hap, a

†
pah

]

−
= a

†
hapa

†
pah − a

†
paha

†
hap = a

†
hah − a

†
pap

= 〈Φ|
[

a
†
hap, H

]

−
a
†
pah|Φ〉+ 〈Φ|Ha†hah|Φ〉

= 〈Φ|H|Φ〉+ 〈Φ|a†pah
[

a
†
hap, H

]

−
+

[[

a
†
hap, H

]

−
, a

†
pah

]

−

|Φ〉

= E0 + 〈Φ|
[[

a
†
hap, H

]

−
, a

†
pah

]

−

|Φ〉



Energy of particle-hole excitation — II
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〈Φ|
[[

a
†
hap, H

]

−
, a†pah

]

−

|Φ〉 = 〈p|T |p〉 − 〈h|T |h〉

+

N∑

g=1,g 6=h

(〈pg|V |pg〉 − 〈pg|V |gp〉)−
N∑

g=1

(〈hg|V |hg〉 − 〈hg|V |gh〉)

But

〈p|T |p〉+
N∑

g=1

(〈pg|V |pg〉 − 〈pg|V |gp〉) = εp

〈h|T |h〉+
N∑

g=1

(〈hg|V |hg〉 − 〈hg|V |gh〉) = εh
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(ph|H|ph) = E0 + εp − εh + (〈ph|V |ph〉 − 〈ph|V |hp〉)
If one removes a particle infinitely far, then
〈ph|V |ph〉 = 〈ph|V |hp〉 = 0. The energy required to remove
particle from the state h and to put it at infinity with εp = 0,
(“ionization” energy) is equal to (−εh) (Koopmans’ theorem).
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H =
N∑

i=1

T (ri) +
1

2

N∑

i 6=j=1

V (ri, rj)

=
N∑

i=1

T (ri) + UHF

︸ ︷︷ ︸

Hmean field

+
1

2

N∑

i 6=j=1

V (ri, rj)− UHF

︸ ︷︷ ︸

Hresidual interaction

Hmean field(~r) ≈ − ~
2

2M
∆+ U(r)− κ

1

r

d

d r
U(r)(l, s),

U(r) = − U0

1 + exp[α(r −R0)]]
,

R0 = r0A
1/3.
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VSk(r1, r2) = t0
(
1 + x0Pσ

)
δ(r1,2)

+
t1

2

(
1 + x1Pσ

)(
k
†
1,2

2
δ(r1,2) + δ(r1,2)k

2
1,2

)

+ t2
(
1 + x2Pσ

)
k
†
1,2δ(r1,2)k1,2

+
t3

6

(
1 + x3Pσ

)
ρ
(r1 + r2

2

)
δ(r1,2)

+ it4(σ1 + σ2)× k
†
1,2 · δ(r1,2)k1,2;

Pσ ≡ (1 + σ1 · σ2),
r1,2 ≡ r1 − r2,

k1,2 ≡ − i

2

(
∇1 −∇2

)
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VGogny(r1, r2) =
2∑

j=1

e
−

(

r1,2

µj

)2

(
Wj +BjPσ −HjPτ −MjPσPτ

)

+ t3
(
1 + x0Pσ

)
δ(r1,2)ρ

α
(r1 + r2

2

)

+ iWls(σ1 + σ2)× k
†
1,2 · δ(r1,2)k1,2;

Pτ ≡ (1 + τ1 · τ2).



Thouless theorem
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|Φ〉 =
N∏

h=1

a
†
h|0〉 and ak|0〉 = 0 for any k;

Theorem. Any N -particle Slater determinant |Ψ〉 which is not orthogonal to
|Φ〉 can written in the form

|Ψ〉 =





N∏

h=1

∞∏

p=N+1

(

1 + Ch,pa
†
pah

)



 |Φ〉 =



exp





N∑

h=1

∞∑

p=N+1

Ch,pa
†
pah







 |Φ〉,

where the coefficients Ch,p are uniquely determined. Controversely, any wave
function |Ψ〉 written in this form with N -particle Slater determinant |Φ〉 is an
N -particle Slater determinant
(D. J. Thouless, Nucl. Phys. 21 (1960) 225).
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|φ〉 = exp

(
∑

p,h

χp,h a
†
pah

)

|Φ〉 =
∏

p,h

(
1 + χp,h a

†
pah
)
|Φ〉 ,

|φ〉 ≈
(

1 +
∑

p,h

χp,h a
†
pah +

1

2

(∑

p,h

χp,h a
†
pah
)2

+O(χ3)

)

|Φ〉 ,

〈φ|φ〉 ≈ 〈Φ|
(

1 +
∑

p,h

χ∗
p,h a

†
hap +

1

2

(∑

p,h

χ∗
p,h a

†
hap
)2

)

×
(

1 +
∑

p,h

χp,h a
†
pah +

1

2

(∑

p,h

χp,h a
†
pah
)2

)

|Φ〉 .



HF Stability Condition — II
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As

〈Φ|a†hapa†p1ah1
|Φ〉 = δp,p1δh,h1

,

〈Φ|a†hapa
†
h1
ap1 |Φ〉 = 〈Φ|a†paha†p1ah1

|Φ〉 = 0

〈φ|φ〉 =
(
1 +

∑

p,h

χ∗
p,h χp,h

)
〈Φ|Φ〉 , 〈Φ|Φ〉 = 1.

HF property of Φ: 〈ph|H|Φ〉 = 0, with |ph〉 ≡ a
†
pah|Φ〉.

〈φ|H|φ〉 = 〈Φ|
(
1 + χ∗

p,h a
†
hap +

1

2
χ∗
p,h χ

∗
p1,h1

a
†
hapa

†
h1
ap1
)

×H
(
1 + χp,h a

†
pah +

1

2
χp,h χp1,h1

a†paha
†
p1ah1

)
|Φ〉+O(χ3)
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〈φ|H|φ〉 = 〈Φ|H|Φ〉+ 1

2
〈Φ|Ha†paha†p1ah1

)
|Φ〉χp,h χp1,h1

+ χ∗
p,h 〈Φ|a†hapHa†p1ah1

|Φ〉χp1,h1

+
1

2
χ∗
p,h χ

∗
p1,h1

〈Φ|a†hapa
†
h1
ap1H|Φ〉+O(χ3) ,

〈φ|H|φ〉
〈φ|φ〉 = 〈Φ|H|Φ〉

(
1− χ∗

p,h χp,h

)

+
1

2
〈Φ|Ha†paha†p1ah1

)
|Φ〉χp,h χp1,h1

+ χ∗
p,h 〈Φ|a†hapHa†p1ah1

|Φ〉χp1,h1

+
1

2
χ∗
p,h χ

∗
p1,h1

〈Φ|a†hapa
†
h1
ap1H|Φ〉+O(χ3)
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〈φ|H|φ〉
〈φ|φ〉 = 〈Φ|H|Φ〉+ 1

2

(
χ† χ

)
(
A B

B∗ A∗

)(
χ

χ∗

)

+O(χ3)

where

Aph,p1h1
= 〈Φ|a†hapHa†p1ah1

|Φ〉 − 〈Φ|H|Φ〉δp,p1δh,h1

= 〈ph|H|p1h1〉 − 〈Φ|H|Φ〉δp,p1δh,h1
,

Bph,p1h1
= 〈Φ|a†hapa

†
h1
ap1H|Φ〉 = 〈ph, p1h1|H|Φ〉 .

A† = A or Aph,p1h1
= A∗

p1h1,ph

B̃ = B or Bph,p1h1
= Bp1h1,ph.

Index q to label particle-hole pairs (p, h): Aq,q1 = A∗
q1,q
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|Φ〉 minimizes the expectation value of H

if

(
A B

B∗ A∗

)

is positive definite matrix.
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One-body perturbation

W (t) =We−iωt + Ueiωt, W † = U.

For the optimum Slater determinant

〈δΨ|H +W (t)− i~
∂

∂t
|Ψ〉 = 0.

Introducing

Ψ = φ e−iE0t/~,

E0 = 〈Φ|H|Φ〉,

i~
∂

∂t
Ψ = E0Ψ+ e−iE0t/~ i~

∂

∂t
φ.
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〈δφ|H − E0 +W (t)− i~
∂

∂t
|φ〉 = 0.

Let φ be a Slater determinant

φ =
(
1 + χp,h a

†
pah +

1

2
χp,h χp1,h1

a†paha
†
p1ah1

+O(χ3)
)
Φ ,

δφ = δχp,h

(
a†pah + χp1,h1

a†paha
†
p1ah1

+ . . .
)
Φ ,

〈δφ| = δχ∗
p,h 〈Φ|

(
a
†
hap + χ∗

p1,h1
a
†
h1
ap1 + . . .

)
.



Time Dependent HF Variational Principle II
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〈δφ|H −E0 +W (t)− i~
∂

∂t
|φ〉

= δχ∗
p,h 〈Φ|

(
a
†
hap + χ∗

p1,h1
a
†
h1
ap1 + . . .

)

×
(
H − E0 +W (t)− i~

∂

∂t

)(
1 + χp1,h1

a†p1ah1
+ . . .

)
|Φ〉

= δχ∗
q

(

〈q|H−E0|q1〉χq1+χ
∗
q1〈qq1|H|Φ〉+〈q|W (t)|Φ〉−i~χ̇q1〈q|q1〉

)

= 0 .

Assuming that χ and W are of the same order

Aq,q1χq1 +Bq,q1χ
∗
q1 +Wq(t)− i~χ̇q = 0,

or

Aχ +Bχ∗ +W (t)− i~χ̇ = 0 ,
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where W (t) is the vector with elements:

Wq(t) = 〈p, h|We−iωt + Ueiωt|Φ〉 =Wqe
−iωt + Uqe

iωt.

Attempt solution as

χ = Xe−iωt + Y ∗eiωt

−i~χ̇q = −~ωXqe
−iωt + ~ωY ∗eiωt,

Aq,q1Xq1e
−iωt +Aq,q1Y

∗
q1e

iωt +Bq,q1X
∗
q1e

iωt +Bq,q1Yq1e
−iωt

+Wqe
−iωt + Uqe

iωt − ~ωXqe
−iωt + ~ωY ∗

q e
iωt = 0 ,
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(

Aq,q1Xq1 +Bq,q1Yq1 − ~ωXq +Wq

)

e−iωt

+

(

Aq,q1Y
∗
q1 +Bq,q1X

∗
q1 + ~ωY ∗

q + Uq

)

eiωt = 0 ,

(
A B

B∗ A∗

)(
X

Y

)

− ~ω

(
X

−Y

)

= −
(
W

−U∗

)

.
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The properties of solution of the eigenvalue problem:

(
A B

B∗ A∗

)(
X

Y

)

= λ

(
1̂ 0̂

0̂ −1̂

)(
X

Y

)

or

AX +BY = λY

B∗Y +A∗Y = −λY ,

here A, B, 1̂, 0̂ are the square m×m matrices; 1̂, 0̂ are the
diagonal matrices having 1 and 0 at their main diagonals,
correspondingly. X and Y are the unknown m× 1 column
matrices (vectors): X̃ = (x1, . . . , xm) and Ỹ = (y1, . . . , ym).
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The following properties of the matrices are assumed.
1. Matrix A is Hermitian: A† = A or Ai,j = A∗

j,i.

2. Matrix B is symmetric: B̃ = B or Bi,j = Bj,i.

Consequence of (1) and (2). Matrix

(
A B

B∗ A∗

)

is Hermitian:

(
A B

B∗ A∗

)†

=

(
A† B∗†

B† A∗†

)

=

(
A B̃

B̃∗ A∗

)

=

(
A B

B∗ A∗

)

.

The matrix

(
A B

B∗ A∗

)

has the full set of eigenvectors:

(
A B

B∗ A∗

)

zk = ηkzk ,

z̃k = (z1,k, . . . , z2m,k) , (k = 1, 2, . . . 2m) ,
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z
†
kzl =

2m∑

q=1

z∗q,kzq,l = δk,l

2m∑

k=1

zq,k z
∗
r,k = δq,r .

The eigenvalues ηk are the real numbers.

3. Matrix

(
A B

B∗ A∗

)

is the positive definite matrix, or ηk > 0.
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The Hermitian matrix F exists, such

F 2 = F · F =

(
A B

B∗ A∗

)

.

The eigenvectors xk form the full set in the 2m-dimension vector
space

2m∑

k=1

zq,k z
∗
r,k = δq,r ,

2m∑

k=1

ηk zq,k z
∗
r,k =

(
A B

B∗ A∗

)

q,r

,

Fq,r =
2m∑

k=1

√
ηk zq,k z

∗
r,k .
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(
A B

B∗ A∗

)(
X

Y

)

= λ

(
1̂ 0̂

0̂ −1̂

)(
X

Y

)

,

(
1̂ 0̂

0̂ −1̂

)(
A B

B∗ A∗

)(
X

Y

)

=

(
1̂ 0̂

0̂ −1̂

)

F · F
(
X

Y

)

= λ

(
X

Y

)

,

F

(
1̂ 0̂

0̂ −1̂

)

F

[

F

(
X

Y

)]

= λ

[

F

(
X

Y

)]

.

The matrix F

(
1̂ 0̂

0̂ −1̂

)

F is Hermitian matrix, and vector

z = F

(
X

Y

)

is the solution of standard eigenvalue problem :

[
F

(
1̂ 0̂

0̂ −1̂

)

F
]
zi = λizi .
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det

[

F

(
1̂ 0̂

0̂ −1̂

)

F

]

= det

(
A B

B∗ A∗

)

det

(
1̂ 0̂

0̂ −1̂

)

6= 0 ,

1. There are 2m non-zero eigenvalues λi and eigenvectors zi
corresponding to them;
2. z†i zk = 0 if i 6= k;

3. it is possible to normalize eigenvectors: z†i zi = 1.
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Ei ≡ ziz
†
i with z†i zi = 1

EiEj =
[

ziz
†
i

] [

zjz
†
j

]

= zi

[

z
†
i zj

]

z
†
j = δi,jEj ,

2m∑

i=1

Ei = Î ,

2m∑

i=1

λkEi =

[

F

(
1̂ 0̂

0̂ −1̂

)

F

]k

for any integer k .
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δi,k = z
†
i zk =

=

(
X

†
i Y

†
i

)

F †F

(
Xk

Yk

)

=

(
X

†
i Y

†
i

)(
A B

B∗ A∗

)(
Xk

Yk

)

= λi

(
X

†
i Y

†
i

)(
1̂ 0̂

0̂ −1̂

)(
Xk

Yk

)

= λi
(
X

†
iXk − Y

†
i Yk

)
.

As λi 6= 0, for any i 6= k
(
X

†
iXk − Y

†
i Yk

)
= 0.
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Norm: λi
(
X

†
iXi − Y

†
i Yi
)
= 1.

(
A B

B∗ A∗

)(
Xk

Yk

)

= λk

(
Xk

−Yk

)

.

AY ∗
k +BX∗

k = −λkY ∗
k

B∗Y ∗
k +A∗X∗

k = λkX
∗
k ,

(
A B

B∗ A∗

)(
Y ∗
k

X∗
k

)

= −λk
(

Y ∗
k

−X∗
k

)

.

For any solution (X̃, Ỹ ) with λi > 0 exists solution (Y †, X†)
with negative eigenvalue, (−λi) These two eigenvectors are
mutually orthogonal due to trivial cancellation
X

†
i Y

∗
i − Y

†
i X

∗
i = ỸiXi − X̃iYi = 0 .
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X
†
iXi − Y

†
i Yi = sign(λi) =

λi

|λi|
.

And for z-vectors: z†i zi = abs(λi).
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For z†i zi = 1

F

(
1̂ 0̂

0̂ −1̂

)

F =
2m∑

i=1

λi zi z
†
i

= F

[
2m∑

i=1

λi

(
Xi

Yi

)(
X

†
i Y

†
i

)
]

F ,

as detF 6= 0

2m∑

i=1

(

λiXiX
†
i λiXiY

†
i

λiYiX
†
i λiYiY

†
i

)

=

(
1̂ 0̂

0̂ −1̂

)

.
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As the eigenvalues appear by the pairs ±λi

∑

i:λı>0

(

λi
(
XiX

†
i − Y ∗

i Ỹi
)

λi
(
XiY

†
i − Y ∗

i X̃i

)

λi
(
YiX

†
i −X∗

i Ỹi
)

λi
(
YiY

†
i −X∗

i X̃i

)

)

=

(
1̂ 0̂

0̂ −1̂

)

.

And finally the closure relation for the positive energy solutions
only

∑

i:λı>0

λi
(
XiX

†
i − Y ∗

i Ỹi
)
= 1̂,

∑

i:λı>0

λi
(
XiY

†
i − Y ∗

i X̃i

)
= 0̂.
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With the norms z†i zi = λi (λi are positive numbers here) and

X
†
iXi − Y

†
i Yi = 1 these relations will be

∑

i:λı>0

(
XiX

†
i − Y ∗

i Ỹi
)
= 1̂,

∑

i:λı>0

(
XiY

†
i − Y ∗

i X̃i

)
= 0̂.
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For any integer k (with z†i zi = 1)

2m∑

i=1

λki zi z
†
i =

[

F

(
1̂ 0̂

0̂ −1̂

)

F

]k

= F

(
1̂ 0̂

0̂ −1̂

)

F F

(
1̂ 0̂

0̂ −1̂

)

F . . . F

(
1̂ 0̂

0̂ −1̂

)

F

= F

[(
1̂ 0̂

0̂ −1̂

)

F 2

]k−1(
1̂ 0̂

0̂ −1̂

)

F

= F

[(
1̂ 0̂

0̂ −1̂

)(
A B

B∗ A∗

)]k−1(
1̂ 0̂

0̂ −1̂

)

F

= F

(
A B

−B∗ −A∗

)k−1(
1̂ 0̂

0̂ −1̂

)

F .
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The transition to another normalization (z†i zi = sign(λi)λi) can
be done by substitution of the

2m∑

i=1

sign(λi)λ
k−1
i zi z

†
i instead of

2m∑

i=1

λki zi z
†
i

as the factor sign(λi)λi is used to change the normalization of zi:

2m∑

i=1

sign(λi)λ
k−1
i zi z

†
i = F

(
A B

−B∗ −A∗

)k−1(
1̂ 0̂

0̂ −1̂

)

F .
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For Xi and Yi, normalized by X†
iXi − Y

†
i Yi = sign(λi),

2m∑

i=1

sign(λi)λ
k
i F

(
Xi

Yi

)(

X
†
i Y

†
i

)

F =

F

(
A B

−B∗ −A∗

)k (
1̂ 0̂

0̂ −1̂

)

F ,
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F is non-degenerate matrix

2m∑

i=1

sign(λi)λ
k
i

(
Xi

Yi

)(

X
†
i Y

†
i

)

=
∑

i:λı>0

λki

(

XiX
†
i − (−1)kY ∗

i Ỹi XiY
†
i − (−1)kY ∗

i X̃i

YiX
†
i − (−1)kX∗

i Ỹi YiY
†
i − (−1)kX∗

i X̃i

)

=

(
A B

−B∗ −A∗

)k (
1̂ 0̂

0̂ −1̂

)

.
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(
A B

B∗ A∗

)(
Xα

Yα

)

= Eα

(
Xα

−Yα

)

If
(

A B
B∗ A∗

)
is positive definite all Eα 6= 0; and the eigenvectors

form a complete set;

(
X

Y

)

=
∑

α

cα

(
Xα

Yα

)

.

(
A B

B∗ A∗

)(
X

Y

)

− ~ω

(
X

Y

)

=
∑

β

cβ
(
Eβ − ~ω

)
(
Xβ

Yβ

)

= −
(
W

−U∗

)

.
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Using the orthogonality conditions

X†
αXβ − Y †

αYβ =
Eα

|Eα|
δα,β = sign(Eα)δα,β,

∑

β

cβ(Eβ − ~ω)
(
X†

α Y
†
α

)
(
Xβ

Yβ

)

= −
(
X†

α Y
†
α

)
(
W

U∗

)

,

cα = −sign(Eα)
X

†
αW + Y

†
αU

∗

Eα − ~ω
,

(
X

Y

)

= −
∑

α

sign(Eα)
X

†
αW + Y

†
αU

∗

Eα − ~ω

(
Xα

Yα

)

If Eα, (X̃ Ỹ ) with Eα > 0 is the solution of homogeneous
system, then (−Eα), (Y

† X†) is a solution too.
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(
X

Y

)

=
∑

α:Eα>0

{
X

†
αW + Y

†
αU

∗

~ω − Eα

(
Xα

Yα

)

− ỸαW + X̃αU
∗

Eα + ~ω

(
Y ∗
α

X∗
α

)}

Lets introduce

Wα ≡ X†
αW + Y †

αU
∗,

then

W ∗
α = X̃αW

∗ + ỸαU,

Uα ≡ X†
αU + Y †

αW
∗,

U∗
α = X̃αU

∗ + ỸαW .

(
X

Y

)

=
∑

α:Eα>0

{
Wα

~ω − Eα

(
Xα

Yα

)

− U∗
α

~ω + Eα

(
Y ∗
α

X∗
α

)}

.
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|φ〉 =
(
1 +

∑

p,h

χp,h a
†
pah
)
|Φ〉, χp,h = Xp,he

−iωt + Y ∗
p,he

iωt

〈φ|W (t)|φ〉 = 〈Φ|
(
1 +

∑

p,h

χ∗
p,h a

†
hap
)
W
(
1 +

∑

p,h

χp,h a
†
pah
)
|Φ〉

=
∑

p,h

(
χ∗
p,h 〈p, h|W (t)|Φ〉+ χp,h〈Φ|W (t)|p, h〉

)

=
∑

q

[
χ∗
q(t)
(
Wqe

−iωt + Uqe
iωt
)

+
(
W ∗

q e
iωt + U∗

q e
−iωt

)
χq(t)

]
.
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〈φ|W (t)|φ〉 =
∑

α:Eα>0

(
2|Wα|2 + ei2ωtW ∗

αUα + e−i2ωtWαU
∗
α

~ω − Eα

− 2|Uα|2 + ei2ωtW ∗
αUα + e−i2ωtWαU

∗
α

~ω + Eα

)

.

We will

interpret Eα as an 〈α|H|α〉RPA − 〈0|H|0〉RPA ,

and Wα as an 〈α|W |0〉RPA .

The agreement establishes the recipe to calculate the excitation energy
and the one-body transition operator matrix elements, There is no
explicit calculations of wave functions of the ground and the excited
states.
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Any quantum mechanical system

Hψα = Eαψα,

R, S — transitional operators.

∑

β

(

〈α|R|β〉〈β|S|α〉 − 〈α|S|β〉〈β|R|α〉
)

= 〈α|RS − SR|α〉 = 〈α|[R, S]−|α〉;
∑

β

(Eβ − Eα)

(

〈α|R|β〉〈β|S|α〉+ 〈α|S|β〉〈β|R|α〉
)

= 〈α|[R, [H, S]−]−|α〉



Sum Rule I a

Hartree-Fock

Method

Random Phase

Approximation

TDHF I

TDHF II

TDHF III

TDHF IV

TDHF V

Spectral I

Spectral II

Spectral III

Spectral IV

Spectral V

Spectral VI

Spectral VII

Spectral VIII

Spectral IX

Spectral X

Spectral XI

Spectral XII

Spectral XIII

Spectral XIV

Spectral XV

Spectral XVI

Spectral XVII

TDHF VI

TDHF Solutions I

TDHF Solutions II

55

∑

α:Eα>0

(

〈0|R|α〉〈α|S|0〉 − 〈0|S|α〉〈α|R|0〉
)

= 〈Φ|[R, S]−|Φ〉

for any one-body operators R and S, where all matrix elements
are RPA matrix elements:

〈α|S|0〉 ≡
∑

q

(
X∗

q,αSq + Y ∗
q,αS

+
q
∗)

= X†
αS + Y †

αS
+∗
,

〈0|S|α〉 = 〈α|S†|0〉∗ =
(
X†

αS
+ + Y †

αS
∗
)∗

= X̃αS
+∗

+ ỸαS ,

here S+
q are the matrix elements of the operator Hermite

conjugated to operator S.
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∑

α:Eα>0

(
〈0|R|α〉〈α|S|0〉 − 〈0|S|α〉〈α|R|0〉

)

=
∑

α:Eα>0

[(
X̃αR

+∗
+ ỸαR

)(
X†

αS + Y †
αS

+∗)−
(
X̃αS

+∗
+ ỸαS

)(
X†

αR+ Y †
αR

+∗)]

=
∑

α:Eα>0

∑

q,q1

(
R+

q
∗
Xq,αX

∗
q1,αSq1

−Sq1Yq1,αY ∗
q,αR

+
q
∗
+R+

q
∗
Xq,αY

∗
q1,αS

+
q1

∗ − S+
q1

∗
Xq1,αY

∗
q,αR

+
q
∗

+RqYq,αX
∗
q1,αSq1 − Sq1Yq1,αX

∗
q,αRq +RqYq,αY

∗
q1,αS

+
q1

∗ − S+
q1

∗
Xq1,αX

∗
q,αRq

)

=
∑

q,q1

∑

α:Eα>0

[
R+

q
∗(
Xq,αX

∗
q1,α − Y ∗

q,αYq1,α
)
Sq1

+R+
q
∗(
Xq,αY

∗
q1,α − Y ∗

q,αXq1,α

)
S+
q1

∗

+Rq

(
Yq,αX

∗
q1,α −X∗

q,αYq1,α
)
Sq1 +Rq

(
Yq,αY

∗
q1,α −X∗

q,αXq1,α

)
S+
q1

∗]
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∑

α:Eα>0

(
Xq,αX

∗
q1,α − Y ∗

q,αYq1,α
)
= δq,q1 ,

∑

α:Eα>0

(
Xq,αY

∗
q1,α − Y ∗

q,αXq1,α

)
= 0.

∑

α:Eα>0

(
〈0|R|α〉〈α|S|0〉 − 〈0|S|α〉〈α|R|0〉

)

=
∑

q

(
R+

q
∗
Sq −RqS

+
q
∗)

=
∑

q

(
〈q|R†|Φ〉∗〈q|S|Φ〉 − 〈q|R|Φ〉〈q|S†|Φ〉∗

)

=
∑

q

(
〈Φ|R|q〉〈q|S|Φ〉 − 〈Φ|S|q〉〈q|R|Φ〉

)

= 〈Φ|RS|Φ〉 − 〈Φ|SR|Φ〉 = 〈Φ|[R, S]−|Φ〉 ,
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∑

α:Eα>0

Eα

(
〈0|R|α〉〈α|S|0〉+〈0|S|α〉〈α|R|0〉

)
= 〈Φ|[R, [H, S]−]−|Φ〉

With help of

∑

α:Eα>0

Eα

(
Xq,αX

∗
q1,α + Y ∗

q,αYq1,α
)
= Aq,q1 ,

∑

α:Eα>0

Eα

(
X∗

q,αXq1,α + Yq,αY
∗
q1,α

)
= A∗

q,q1 ,

∑

α:Eα>0

Eα

(
Xq,αY

∗
q1,α + Y ∗

q,αXq1,α

)
= −Bq,q1 ,

∑

α:Eα>0

Eα

(
X∗

q,αYq1,α + Yq,αX
∗
q1,α

)
= −B∗

q,q1
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〈Φ|RHS|Φ〉 − 〈Φ|H|Φ〉〈Φ|RS|Φ〉
+〈Φ|SHR|Φ〉 − 〈Φ|H|Φ〉〈Φ|SR|Φ〉

−〈Φ|H|q, q1〉〈q|R|Φ〉〈q1|S|Φ〉
−〈Φ|R|q〉〈Φ|S|q1〉〈q, q1|H|Φ〉

= 〈Φ|RHS + SHR|Φ〉
−
(
〈Φ|H|q1, q〉〈q1|S|Φ〉〈q|R|Φ〉+ 〈Φ|H|Φ〉〈Φ|SR|Φ〉

)

−
(
〈Φ|R|q〉〈Φ|S|q1〉〈q, q1|H|Φ〉+ 〈Φ|RS|Φ〉〈Φ|H|Φ〉

)

= 〈Φ|RHS −RSH + SHR −HSR|Φ〉
= 〈Φ|[R, [H, S]−]−|Φ〉.



Sum Rule II c

60

For R = S = P ≡
A∑

k=1

Pk

∑

α:Eα>0

Eα|〈α|P |0〉RPA|2 =
1

2
〈Φ|[P, [H, P ]−]−|Φ〉.

∑

α

sign(Eα)E
k
α

(
Xα

Yα

)
(
X†

α Y
†
α

)
=

(
A B

−B∗ −A∗

)k (
1̂ 0̂

0̂ −1̂

)

∑

α:Eα>0

Ek
α

(
|Wα|2−(−1)k|W+

α |2
)
=
(
W † W̃+

)
(

A B

−B∗ −A∗

)k (
1̂ 0̂

0̂ −1̂

)(
W

W+∗

)

.
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For any one-body operator W

Wα = 〈α|W |0〉RPA = X†W + Y †W+∗
,

W †
α = 〈α|W †|0〉RPA = X†W+ + Y †W ∗,

with
(
A B

B∗ A∗

)(
Xα

Yα

)

= Eα

(
1̂ 0̂

0̂ −1̂

)(
Xα

Yα

)

,

X†
αXβ − Y †

αYβ = sign (Eα) δα,β.

Positive-energy solution. Let W = a
†
pah

Wq1 = 〈p1h1|a†pah|Φ〉 = 〈Φ|a†h1
ap1a

†
pah|Φ〉 = δp,p1δh,h1

,

W+
q1 = 〈p1h1|a†hap|Φ〉 = 〈Φ|a†h1

ap1a
†
hap|Φ〉 = 0 ,
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〈α|a†pah|0〉RPA = X∗
ph,α,

〈α|a†hap|0〉RPA = Y ∗
ph,α.

Definition of phonon operators:

O†
α =

∑

ph

(
Xph,αa

†
pah − Yph,αa

†
hap
)
,

Oα =
∑

ph

(
X∗

ph,αa
†
hap − Y ∗

ph,αa
†
pah
)
.

Inverse transformation:

a†pah =
∑

α

(
X∗

ph,αO
†
α + Yph,αOα

)
,

a
†
hap =

∑

α

(
Xph,αOα + Y ∗

ph,αO
†
α

)
.
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∑

α

(
X∗

ph,αO
†
α + Yph,αOα

)

=
∑

p1h1

∑

α

[(
X∗

ph,αXp1h1,α − Yph,αY
∗
p1h1,α

)
a†p1ah1

+
(
Yph,αX

∗
p1h1,α −X∗

ph,αYp1h1,α

)
a
†
hap
]
= a†pah .

Main advantage:

〈β|O†
α|0〉RPA =

∑

ph

(
Xph,α〈β|a†pah|0〉 − Yph,α〈β|a†hap|0〉

)

=
∑

ph

(
Xph,αX

∗
ph,β − Yph,αY

∗
ph,β

)
= δα,β ,

〈β|Oα|0〉RPA = 0 .
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〈α|R|0〉RPA =
∑

ph

(
X∗

ph,α〈ph|R|Φ〉+ 〈Φ|R|ph〉Y ∗
ph,α

)
,

〈Φ|Oα|ph〉 =
∑

p1h1

(
X∗

p1h1,α〈Φ|a
†
h1
ap1a

†
pah|Φ〉 − Y ∗

p1h1,α〈Φ|a
†
p1ah1

a†pah|Φ〉
)

=
∑

p1h1

X∗
p1h1,αδp,p1δh,h1

= X∗
ph,α ,

〈ph|Oα|Φ〉 =
∑

p1h1

(
X∗

p1h1,α〈Φ|a
†
hapa

†
h1
ap1 |Φ〉 − Y ∗

p1h1,α〈Φ|a
†
hapa

†
p1ah1

|Φ〉
)

= −
∑

p1h1

Y ∗
p1h1,αδp,p1δh,h1

= −Y ∗
ph,α ,

〈α|R|0〉RPA =
∑

ph

(
〈Φ|Oα|ph〉〈ph|R|Φ〉 − 〈Φ|R|ph〉〈ph|Oα|Φ〉

)

= 〈Φ|OαR−ROα|Φ〉 = 〈Φ|[Oα, R]−|Φ〉.
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Phonon operators as boson ones.

For R = O
†
β : 〈Φ|

[
Oα, O

†
β

]

−
|Φ〉 = 〈α|O†

β|0〉RPA = δα,β,

〈Φ|
[
Oα, Oβ

]

−
|Φ〉 = 〈α|Oβ|0〉RPA = 0.

Eα〈α|R|0〉RPA = Eα

(
X†

αR+ Y †
αR

+∗)
,

(
A B

B∗ A∗

)(
Xα

Yα

)

= Eα

(
Xα

−Yα

)

,

(
X†

α, Y
†
α

)
(
A B

B∗ A∗

)†

= Eα

(
X†

α, −Y †
α

)
,

EαX
†
α = X†

αA+ Y †
αB

∗ ,

EαY
†
α = −

(
X†

αB + Y †
αA

∗
)
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Eα〈α|R|0〉RPA =
(
X†

αA+ Y †
αB

∗
)
R−

(
X†

αB + Y †
αA

∗
)
R+∗

= 〈Φ|
(
OαH −HOα

)
R+R

(
HOα −OαH

)
|Φ〉

= 〈Φ|
[
[Oα, H]−, R

]

−
|Φ〉.



Formal development
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Phonon operator definition:

Oα =
∑

p,h

(
X∗

ph,αa
†
hap − Y ∗

ph,αa
†
pah
)
, O†

α =
∑

p,h

(
Xph,αa

†
pah − Yph,αa

†
hap
)
,

p (h) label the unoccupied (occupied) orbitals in the mean field

ap|Φ〉 = 0 and a
†
h|Φ〉 = 0, Φ is non-degenerated

Phonon amplitudes Xph,α and Yph,α:

〈Φ|
[
[Oα, H], a†pah

]
|Φ〉 = Eα〈Φ|

[
Oα, a

†
pah
]
|Φ〉,

〈Φ|
[
[Oα, H], a†hap

]
|Φ〉 = Eα〈Φ|

[
Oα, a

†
hap
]
|Φ〉.

Norm conditions: 〈Φ|
[
Oα, O

†
β

]

−
|Φ〉 = sign(Eα) δα,β ;

Positive Eα — excitation energies.

Transition amplitudes: 〈α|R|0〉RPA ≡ 〈Φ|
[
Oα, R

]
|Φ〉 .
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Closed shell. Hartree-Fock conditions

〈Φ|a†hapH|Φ〉 = 0.

Non-closed (open) shells:

∃h : ah|Φ〉 = 0,

∃p : a†p|Φ〉 = 0

Hartree-Fock conditions may be replaced by

〈C|αα′H|C〉 = 0,

where operators α and α′ are the supperpositions of particle
creation and destruction operators.
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H =
∑

k,l

T (k, l)a†kal +
1

2

∑

k,l,n,m

U(k, l;m,n)a†ka
†
l anam

H† = H −→ T ∗(k, l) = T (l, k) and

U∗(k, l;n,m) = U(m,n; l, k)

U(k, l;nm) = −U(k, l;m,n) = −U(l, k;n,m) = U(l, k;m,n)

[

ak, a
†
l

]

+
≡ aka

†
l + a

†
l ak = δk,l; [ak, al]+ =

[

a
†
k, a

†
l

]

+
= 0.

T (k, l) = T0(k, l)− λ δk,l.
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ak =
∑

ν

(

uk,ναν + vk,να
†
ν

)

,

a
†
l =

∑

ν

(

u∗l,µα
†
µ + v∗l,µαµ

)

.

[

αν , α
†
µ

]

+
= δν,µ; [αν , αµ]+ =

[

α†
ν , α

†
µ

]

+
= 0
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To keep the anticommutation relations:

[

ak, a
†
l

]

+
=
∑

ν,µ

(

uk,νu
∗
l,µ

[

αν , α
†
µ

]

+
+ vk,νv

∗
l,µ

[

α†
ν , αµ

]

+

)

=
∑

ν,µ

(
uk,νu

∗
l,µδν,µ + vk,νv

∗
l,µδν,µ

)

=
∑

ν

(
uk,νu

∗
l,ν + vk,νv

∗
l,ν

)
= δk,l

[ak, al]+ = 0 −→
∑

ν

(uk,νvl,ν + vk,νul,ν) = 0

[

a
†
k, a

†
l

]

+
= 0 −→

∑

ν

(
u∗k,νv

∗
l,ν + v∗k,νu

∗
l,ν

)
= 0.
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Collect the coefficients of B-V transformation

‖U‖k,ν = uk,ν and ‖V‖k,ν = vk,ν
∑

ν

(
uk,νu

∗
l,ν + vk,νv

∗
l,ν

)
= ‖UU† + VV†‖k,l = δk,l

‖U †‖ν,k = ‖U‖∗k,ν = u∗k,ν and ‖V †‖ν,k = v∗k,ν

UU† + VV† = I,
UṼ + VŨ = 0,

U∗V† + V∗U† = 0.
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U =

∥
∥
∥
∥

U V
V∗ U∗

∥
∥
∥
∥
,

UU
† =

∥
∥
∥
∥

U V
V∗ U∗

∥
∥
∥
∥

∥
∥
∥
∥

U† Ṽ
V† Ũ

∥
∥
∥
∥

=

∥
∥
∥
∥

UU† + VV† UṼ + VŨ
V∗U† + U∗V† V∗Ṽ + U∗Ũ

∥
∥
∥
∥

=

∥
∥
∥
∥

I 0
0 I

∥
∥
∥
∥
,

and

U
†
U =

∥
∥
∥
∥

U† Ṽ
V† Ũ

∥
∥
∥
∥

∥
∥
∥
∥

U V
V∗ U∗

∥
∥
∥
∥
=

∥
∥
∥
∥

I 0
0 I

∥
∥
∥
∥
.
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〈αναµH〉0 ≡ (C∗
0 , αναµHC0) = 0,

where ανC0 = 0 and C∗
0α

†
ν = 0.

Quasiparticle vacuum state C0 =
∏

ν

αν |0〉

with ak|0〉 = 0

(compare to 〈Φ|a†hapH|Φ〉 = 0).

A(k, l) ≡ 〈[akal, H]〉0 ,

B(k, l) ≡
〈[

a
†
kal, H

]〉

0
.



Compensation of dangerous diagrams II
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A(k, l) =
∑

ν,µ

〈[(

uk,ναν + vk,να
†
ν

)(

ul,µαµ + vl,µα
†
µ

)

, H
]〉

0

=
∑

ν,µ

(

uk,νul,µ 〈αναµH −Hαναµ〉0 + uk,νvl,µ

〈

ανα
†
µH −Hανα

†
µ

〉

0

+ vk,νul,µ

〈

α†
ναµH −Hα†

ναµ

〉

0
+ vk,νvl,µ

〈

α†
να

†
µH −Hα†

να
†
µ

〉

0

)

=
∑

ν,µ

(

uk,νul,µ 〈αναµH〉+ uk,νvl,µ

〈

ανα
†
µH −Hανα

†
µ

〉

0

− vk,νvl,µ

〈

Hα†
να

†
µ

〉

0

)

,



Compensation of dangerous diagrams III
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but
〈

ανα
†
µH −Hανα

†
µ

〉

0
=
〈(

δν,µ − α†
µαν

)

H −H
(

δν,µ − α†
µαν

)〉

0

= δν,µ 〈H −H〉0 = 0.

A(k, l) =
∑

ν,µ

(

uk,νul,µ 〈αναµH〉+ vk,νvl,µ 〈αναµH〉∗0
)

= 0,

if 〈αναµH〉
0
= 0;

B(k, l) ≡
〈[

a
†
kal, H

]〉

0

=
∑

ν,µ

(

−u∗k,νvl,µ
〈

Hα†
να

†
µ

〉

0
+ v∗k,νul,µ 〈αναµH〉0

)

= 0
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Therefore,

〈αναµH〉
0
= 0 −→

{
A(k, l) = 0,
B(k, l) = 0.

One can show that

A(k, l) = 0
B(k, l) = 0

}

−→ 〈αναµH〉0 = 0.

The forms A(k, l) and B(k, l) are not independent:

〈

α†
ναµH −Hα†

ναµ

〉

0
=
〈[

α†
ναµ, H

]〉

0
= 0.
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From the unitarity of matrix U

U
† · U =

∥
∥
∥
∥

U† Ṽ
V† Ũ

∥
∥
∥
∥
·
∥
∥
∥
∥

U V
V∗ U∗

∥
∥
∥
∥
=

∥
∥
∥
∥

I 0
0 I

∥
∥
∥
∥

∑

l

(
u∗l,νul,µ + vl,νv

∗
l,µ

)
= δν,µ,

∑

l

(
v∗l,νul,µ + ul,νv

∗
l,µ

)
= 0.

u∗k,ν ak =
∑

µ

(

uk,µαµ + vk,µα
†
µ

)

vk,ν a
†
k =

∑

µ

(

u∗k,µα
†
µ + v∗k,µαµ

)
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∑

k

(

u∗k,νak + vk,νa
†
k

)

=
∑

µ

∑

k

[
(
u∗k,νuk,µ + vk,νv

∗
k,µ

)
αµ

+
(
u∗k,νvk,µ + vk,νu

∗
k,µ

)
α†
µ

]

= αν ;

αν =
∑

k

(

u∗k,νak + vk,νa
†
k

)

,

α†
ν =

∑

k

(

uk,νa
†
k + v∗k,νak

)

.

The identity
〈[

α
†
ναµ, H

]〉

0
= 0 shows that the forms A(k, l)

and B(k, l) are not independent.



Evaluation of the forms
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A(k, l) = 〈



akal,
∑

m,n

T (m,n) a†man +
1

2

∑

m,n,n′,m′

U(m,n;n′,m′) a†ma
†
nan′am′





−

〉0

=
∑

m

{T (k,m)〈amal〉0 + T (l,m)〈akam〉0}+
∑

m,n

U(k, l;n,m)〈aman〉0

+
∑

m,n′,m′

{

U(k,m;n′,m′)〈a†malan′am′〉0 + U(m, l;n′,m′)〈a†makan′am′〉0
}

,

B(k, l) = 〈
[

a
†
kal, H

]

−
〉0

=
∑

m

{

T (l,m)〈a†kam〉0 − T (m, k)〈a†mal〉0
}

+
∑

m,n′,m′

{

U(l,m;n′,m′)〈a†ka†man′am′〉0 − U(m′, n′;m, k)〈a†m′a
†
n′amal〉0

}

.
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F (k, l) ≡ 〈a†kal〉0 =
∑

ν,µ

〈(u∗k,να†
ν + v∗k,ναν)(ul,µαµ + vl,µα

†
µ)〉0

=
∑

ν,µ

v∗k,νvl,µ〈ανα
†
µ〉0

=
∑

ν

v∗k,νvl,ν

Φ(k, l) ≡ 〈akal〉0 =
∑

ν,µ

〈(uk,ναν + vk,να
†
ν)(ul,µαµ + vl,µα

†
µ)〉0

=
∑

ν,µ

uk,νvl,µ〈ανα
†
µ〉0

=
∑

ν

uk,νvl,ν



Two-body densities I
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F2(k, l;n,m) ≡ 〈a†ka
†
l anam〉0

=
∑

ν,ν′

〈(u∗k,να†
ν + v∗k,ναν)a

†
l an(um,ν′αν′ + vm,ν′α

†
ν′)〉0

=
∑

ν,µ,µ′ν′

v∗k,νvm,ν′〈αν(u
∗
l,µα

†
µ + v∗l,µαµ)(un,µ′αµ′ + vn,µ′α

†
µ′)α

†
ν′〉0

=
∑

ν,µ,µ′ν′

v∗k,νvm,ν′〈αν

{

u∗l,µun,µ′α†
µαµ′ + v∗l,µvn,µ′αµα

†
µ′

}

α
†
ν′〉0

=
∑

ν,µ,µ′ν′

{

v∗k,νvm,ν′u
∗
l,µun,µ′〈ανα

†
µαµ′α

†
ν′〉0

+ v∗k,νvm,ν′v
∗
l,µvn,µ′〈αναµα

†
µ′α

†
ν′〉0
}



Two-body densities II
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〈ανα
†
µαµ′α

†
ν′〉0 = δν,µδµ′,ν′ , 〈αναµα

†
µ′α

†
ν′〉0 = δν,ν′δµ,µ′ − δν,µ′δν,µ′

F2(k, l;n,m) =
(∑

ν

v∗k,νu
∗
l,ν

)(∑

µ

vn,µum,µ

)

+
(∑

ν

v∗l,νvn,ν
)(∑

µ

v∗k,µvm,µ

)
−
(∑

ν

v∗k,νvn,ν
)(∑

µ

v∗l,µvm,µ

)

= F (k,m)F (l, n)− F (k, n)F (l,m) + Φ∗(k, l) Φ(m,n),

Φ2(k; l,m, n) ≡ 〈a†kalaman〉0
= F (k, l) Φ(m,n)− F (k,m) Φ(l, n) + F (k, n) Φ(l,m).
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A(k, l|FΦ) =
∑

m

{E(k,m)Φ(m, l) + E(l,m)Φ(k,m)}

+ S(k, l)−
∑

m

{F (m, k)S(m, l) + S(k,m)F (m, l)} ,

where

E(k, l) ≡ T (k, l) +
∑

m,n

{U(k,m;n, l)− U(k,m; l, n)}F (m,n),

S(k, l) ≡
∑

n,m

U(k, l;n,m) Φ(m,n).

Number of particles in the system

(C∗
0 ,
∑

k

a
†
kakC0) =

∑

k

F (k, k) = N.
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Finally:

〈αkαlH〉0 = 0 −→
{

A(k, l|F,Φ) = 0
B(k, l|F,Φ) = 0

with subsidiary conditions

F (k, l) =
∑

ν

v∗k,νvl,ν ,

Φ(k, l) =
∑

ν

uk,νvl,ν ,

where uk,ν and vk,ν are the coefficients of B-V transformation.
The problem: to express the subsidiary conditions for densities
F (k, l) and Φ(k, l) in terms of the densities.
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The coefficients of B-V transformations form a unitary matrix

U =

∥
∥
∥
∥

U V
V∗ U∗

∥
∥
∥
∥
, ‖U‖k,ν = uk,ν and ‖V‖k,ν = vk,ν .

Unitarity — rows of U are orthonormal:

U · U† = I or







∑

ν

(uk,νu
∗
l,ν + vk,νv

∗
l,ν) = δk,l

∑

ν

(uk,νvl,ν + vk,νul,ν) = 0

and h.c.

K1 ≡
∑

ν

∥
∥
∥
∥

uk,ν
v∗k,ν

∥
∥
∥
∥

‖u∗l,ν vl,ν ‖
, K

†
1 = K1, K1 ·K1 = K1

K1 — projection matrix
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K1 =

∥
∥
∥
∥
∥
∥
∥

∑

ν

uk,νu
∗
l,ν

∑

ν

uk,νvl,ν

∑

ν

v∗k,νu
∗
l,ν

∑

ν

v∗k,νvl,ν

∥
∥
∥
∥
∥
∥
∥

=

∥
∥
∥
∥

δk,l − F ∗(k, l) Φ(k, l)
−Φ∗(k, l) F (k, l)

∥
∥
∥
∥

K2 ≡
∑

ν

∥
∥
∥
∥

vk,ν
u∗k,ν

∥
∥
∥
∥

‖ v∗l,ν ul,ν ‖
, K

†
2 = K2, K2 ·K2 = K2

K2 =

∥
∥
∥
∥

F ∗(k, l) −Φ(k, l)
Φ∗(k, l) δk,l − F (k, l)

∥
∥
∥
∥

K1 +K2 = I −→ K1 ·K2 = 0
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∥
∥
∥
∥

δk,m − F ∗(k,m) Φ(k,m)
−Φ∗(k,m) F (k,m)

∥
∥
∥
∥
·
∥
∥
∥
∥

F ∗(m, l) −Φ(m, l)
Φ∗(m, l) δm,l − F (m, l)

∥
∥
∥
∥
= 0

Matrix element (2, 2):
∑

m

Φ∗(k,m) Φ(m, l) + F (k, l)−
∑

m

F (k,m)F (m, l) = 0

F (k, l) =
∑

m

{F (k,m)F (m, l) + Φ∗(m, k) Φ(m, l)}

Matrix element (1, 2):

−Φ(k, l) +
∑

m

F ∗(k,m) Φ(m, l) + Φ(k, l)−
∑

m

Φ(k,m)F (m, l) = 0

∑

m

{Φ(l,m)F (m, k) + Φ(k,m)F (m, l)} = 0



In opposide direction

Hartree-Fock

Method

Random Phase

Approximation

Open Shell Nuclei.

Pairing correlations.

Canonical

transformations

Hamiltonian

BV transformation

BV transformation

Unitary matrix I

Unitary matrix II

Compensation

principle I

Compensation

principle II

Compensation

principle III

Compensation

principle IV

Compensation

principle V

Compensation

principle VI

Compensation

principle VII

Densities I

Densities II

Densities III

Forms

91

Also valid: any F (k, l) and Φ(k, l) such as

F ∗(k, l) = F (l,m),

Φ(k, l) = −Φ(l, k),

F (k, l) =
∑

m

{F (k,m)F (m, l) + Φ∗(m, k) Φ(m, l)} ,
∑

m

{Φ(l,m)F (m, k) + Φ(k,m)F (m, l)} = 0

can be expressed as

F (k, l) =
∑

ν

v∗k,νvl,ν , Φ(k, l) =
∑

ν

uk,νvl,ν

where uk,ν and vk,ν are coefficients of a B-V transformation.



Equations

Hartree-Fock

Method

Random Phase

Approximation

Open Shell Nuclei.

Pairing correlations.

Canonical

transformations

Hamiltonian

BV transformation

BV transformation

Unitary matrix I

Unitary matrix II

Compensation

principle I

Compensation

principle II

Compensation

principle III

Compensation

principle IV

Compensation

principle V

Compensation

principle VI

Compensation

principle VII

Densities I

Densities II

Densities III

Forms

92

The set of equation.

A(k, l|F,Φ) = 0,

B(k, l|F,Φ) = 0,
∑

k

F (k, k) = N,

F † = F,

Φ̃ = −Φ,

F = F 2 +Φ†Φ,

−F̃ Φ+ ΦF = 0.
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Eigenvalue problem:

K1x = λx, K
2
1x = λ2x,

K
2
1 = K1, , λ2 = λ, λ = 0, 1

Vectors (columns of matrix U)

∥
∥
∥
∥

uk,ν
vk,ν

∥
∥
∥
∥
belong to λ = 1. Any

unitary transformation among them conserve the matrix K1, and
the forms F (k, l|FΦ) and Φ(k, l|FΦ). This freedom allows one
to simplify B-V transformation.
Spherical symmetry:
akj,m = ukjαkj,m + (−1)j−mvkjα

†
kj,−m , m = −j,−j +1, . . . j.

Axial symmetry:
ar,σ = urαr,σ + σvrα

†
r,−σ, σ = ±1.
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H0 =
∑

s,σ

E0(s)a
†
sσasσ −G

∑

s,s′

a
†
s,+a

†
s,−as′,−aa′,+,

E0(s) 6= E0(s
′) if s 6= s′, σ = ±1,

Number of particles, N , is even.

as,σ = usαs,−σ + σvsα
†
s,σ and a†s,σ = usα

†
s,−σ + σvsαs,σ,

ηs ≡ u2s + v2s − 1 = 0

δ

{

〈H〉0 − λ

(

〈
∑

s,σ

a†s,σas,σ〉0 −N

)

−
∑

s

µsηs

}

= 0

where 〈. . .〉0 = (C∗
0 , . . . C0), with αs,σC0 = 0

2

[

E0(s)−
G

2
v2s − λ

]

usvs −
(
u2s − v2s

)
G
∑

s′

us′vs′ = 0



Trivial solution

Hartree-Fock

Method

Random Phase

Approximation

Open Shell Nuclei.

Pairing correlations.

Canonical

transformations

Hamiltonian

BV transformation

BV transformation

Unitary matrix I

Unitary matrix II

Compensation

principle I

Compensation

principle II

Compensation

principle III

Compensation

principle IV

Compensation

principle V

Compensation

principle VI

Compensation

principle VII

Densities I

Densities II

Densities III

Forms

95

E0(s)−
G

2
v2s is replaced by E(s)

〈
∑

s,σ

a†s,σas,σ〉0 =
∑

s,σ

v2s = N

Trivial solution usvs = 0:

us = 1−ΘF(s)

vs = ΘF(s),

ΘF(s) ≡
{
1, if E(s) ≤ λ,

0, if E(s) > λ.
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Correlation function:

∆ = G
∑

s

usvs,

assuming:

u2s =
1

2

[

1 +
E(s)− λ

Ω(s)

]

, v2s =
1

2

[

1− E(s)− λ

Ω(s)

]

,

from the equation:

Ωs =
√

(Es − λ)2 +∆2.

1 =
G

2

∑

s

1
√

∆2 + [E(s)− λ]2
,

N =
∑

s

{

1− E(s)− λ
√

∆2 + [E(s)− λ]2

}

.
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Phonon operator definition:

Ok =
∑

ν,µ

(
X∗

νµ,kαµαν − Y ∗
νµ,kα

†
να

†
µ

)
, O

†
k =

∑

ν,µ

(
Xνµ,kα

†
να

†
µ − Yνµ,kαµαν

)
,

ν, µ run over all orbitals in the mean field

αν |C0〉 = 0

Phonon amplitudes:
〈
[
[Ok, H]−, α

†
να

†
µ

]

−
〉0 = Ek〈

[
Ok, α

†
να

†
µ

]

−
〉0,

〈
[
[Ok, H]−, αµαν

]

−
〉0 = Ek〈

[
Ok, αµαν

]

−
〉0.

Norm conditions: 〈
[
Ok, O

†
l

]

−
〉0 = sign(Ek) δk,l ;

Positive Ek — excitation energies.

Transition amplitudes: 〈k|R|0〉QRPA ≡ 〈
[
Ok, R

]

−
〉0 .
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