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Linear Evolution equations in QCD

DGL AP evolution equation

QZ
m Resum agln v

m Eigenfunctions at any order: Powers of xg
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Linear Evolution equations in QCD

DGLAP evolution equation

‘

Q
m Resum agln Rod

m Eigenfunctions at any order: Powers of xg

BFKL evolution equation

m LO: resum (asIns)”.  NLO: resum as(asIns)”
m Eigenfunctions:
m LO: (K3)71
m NLO and higher order: Perturbative eigenfunctions (G.A.C. and
Kovchegov).
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Balitsky-Fadin-Kuraev-Lipatov equation

Ok k.Y) = [ Fak(a) 6@ K.Y

1
kK,Y=0)=-—4dk—K
Gk K, Y =0) = 54 )
k=|k.| and K = |K/|

Y:Ini and s= (qg + )2

m Resum (asY)" — LO BFKL eq.
m Resum as(asY)" — NLO BFKL eq.

m The kernel is real and symmetric: K(k, k') = K(K', k) = K(k, k') is Hermitian
and the eigenvalues are real.
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LO BFKL equation

Ok K.Y) = [ gkt g) 6@k V)

N
/ 2K Ok, q) (A = a, vo(v) (K Gy = L

m (k%) are eigenfunctions.

m For v =1 +iv and v real parameter = (k%) form a complete set.

m = LOeigenvalues xo(v) = 2¢(1) — ¥(3 +iv) — (3 —iv) arerealand
sym. v« —v

m LO BFKL is Conformal invariant.

dv (KR\Y oy
G(k,k/,Y):/zﬂ_zkk/ (W) exel”)
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BFKL equation in the N'=4 SYM case

m In A = 4 SYM theory the coupling constant does not run.

= (kz)*%“” are eigenfunctions at any order.

K(a,k) = a,K"(q,k) + a5KNO(q, k) + ...

/ d2qK(a.k) (@) 2 = [asxo(v) + aZxa(v) . ..] (K]) "2

Gk K.Y) = / % donot b)) (W)

m The eigenvalues @, xo(v) + dﬁ x1(v) + ... are real and symmetric for
V < —U.

G. A. Chirilli (The Ohio State Uni.) Solution of the NLO BFKL Equation 1S2013 12 Sptember, 2013 6/26



NLO Amplitude in A'=4 SYM I. Balitsky and G.A.C. (2009)

Factorization in rapidity and composite conformal operator

__Ya

Yg<Y<Ya

SCTh
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NLO Amplitude in A'=4 SYM I. Balitsky and G.A.C. (2009)

Factorization in rapidity and composite conformal operator
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NLO Amplitude in A'=4 SYM I. Balitsky and G.A.C. (2009)

Factorization in rapidity and composite conformal operator

® ®

<

__Ya

Yg<Y<Ya >

SCTh

x =)' = Y){T{OX)OT(y)O(X)OT(¥)})
= /dzzudzzndzzludzzlulFao(xv ¥; 21, 22) [DD]™ (21, 25,24, 2) IF* (X Y ; 2, 2)

ap = % by = % < impact factors do not scale with energy

= all energy dependence is contained in [DD]%:%
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BFKL equation at NLO in QCD

KLOJrNLO(k7 q) = dP« KLO(k, q) 4 O—éi KNLO(k, q)

k2 o(n
[ dPaxtomogcg) 2~ [@u x0(1) =4, B xo() In =5+, %} e

o N 1IN - 2N
W T 27 TT12N,
| —@ﬁ B2 xo0(7) Infb—z2 1-loop running coupling.
mo(y) = —2032x5(7v) +4x1(y) NLO Conformal terms  Fadin-Lipatov (1998)

m x1(7) Realand symmetriciny < 1—~v 5 =23 +iv.

[ %Xo('y) = xp(7y) imaginary and not symmetric.
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NLO BFKL eigenfunctions G.A.C. and Yu. Kovchegov

Perturbative eigenfunctions  H., (k) = k¥~2 + a,, F, (k)

= we have to determine F, (k) so that

/ d2qKLONO(k ) H (6) = A(7) Hy (K)

m A(v) eigenvalues to be determined.
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NLO BFKL eigenfunctions G.A.C. and Yu. Kovchegov

Perturbative eigenfunctions  H., (k) = k¥~2 + a,, F, (k)

= we have to determine F, (k) so that

/ d2qKLONO(k ) H (6) = A(7) Hy (K)

m A(v) eigenvalues to be determined.

m Ansatz

F, (k) = k*~2 [%(7)+C1( )|nk_+c2( ) In? k—+c3( )|n3l'j_i+...

cn(7y) complex valued functions
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NLO eigenfunctions

m Truncate the seriesatn=2 =

2 2
P00 =17 aala) + ca2) In 2 + o) < |
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NLO eigenfunctions

m Truncate the seriessatn=2 =

2 2
P00 =172 aaly) + car) In 2 + o) 1 <

m = For c(y) = %)Z"((J)) and for any co(y) and c1(vy) the eigenfunction is

B2 xo(7)
o)

H, (k) = k?7=2 {1+aﬂ< In? k—+c (y)lnk—+cO( ))]

and eigenvalues

Bo X0(7)>

A0 = a0 + 6 (—5 A6+ xala) + ea()6o) + o0
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NLO eigenfunctions

m Truncate the seriesatn=2 =

2 2
P00 =72 o) +€1(3) In 5+ o) 2|

m = For c(y) = “Zﬁ% and for any co(vy) and c1(y) the eigenfunction is

B2 xo0(7) | 2 K k? )}

H, (k) = k2 [l—i— ay ( 2007) n? 2 +ci(v) InF +Co(v)

and eigenvalues

M)

A7) = . xo(y) + &4 (% B2 x0(7) + x1(v) + c1(v)xo(7) + 230(7)

m Next step is to impose Completeness relation.
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Completeness of the NLO eigenfunctions

o+ico
dry * L0\ 2 102
/ L H2(K) = 60 — k)

o—ioco

m Completeness relation has to be satisfied order-by-order in o,.
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Completeness of the NLO eigenfunctions

o+ioco

dy o |
/ > Hy (O H(K) = 6k — k?)

o—ioco

m Completeness relation has to be satisfied order-by-order in o,.

[ Completeness relation at LO is satisfied with o = % and

Y=3 L4+iv with v real parameter.
= we have to impose «a,-orderto be 0 =

~—

B2 9 xolv le[cl(u)] + 2Relco(v)] = 0

Relcy(v)] = 2 v xh(v) o
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Completeness of the NLO eigenfunctions

o+ioco

dy o |
/ > Hy (O H(K) = 6k — k?)

o—ioco

m Completeness relation has to be satisfied order-by-order in o,.

[ Completeness relation at LO is satisfied with o = % and

Y=3 L4+iv with v real parameter.
= we have to impose «a,-orderto be 0 =

~—

B2 9 xolv le[cl(u)] + 2Relco(v)] = 0

Relcy(v)] = 2 v xh(v) o

m If completeness relation is satisfied then orthogonality relation is
also satisfied.
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Completeness of the NLO H-eigenfunctions

m provided that %Im[cl(u)} + 2Relcp(r)] =0  the eigenfunctions are

Hap, (K) = k2727 {1+ ay, ( é’z((”)) In? k—2 + % <3Xf’(”)> |n/'j—2 +ilmley(v)] In ;—i + Re[co(z/)])]
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Completeness of the NLO H-eigenfunctions

m provided that %Im[cl(u)} + 2Relcp(r)] =0  the eigenfunctions are

v xp(v)

_ L2 _(iBaxov) | oK B2 (9 xolv)
Hy () =k {1+au (. 2 Tt ;

Ko K2
. ) In 2 +ilmlca(v)]In 2 + Re[co(z/)])]

m and the eigenvalues are real (Imci ()| x(») is real function of v)

Aw) = i xolv) + a2 [xm e ()] xa<u>]
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Completeness of the NLO H-eigenfunctions

m provided that %Im[cl(u)} + 2Relcp(r)] =0  the eigenfunctions are

v xp(v)

_ L2 _(iBaxov) | oK B2 (9 xolv)
Hy () =k {1+au (. 2 Tt ;

Ko K2
. ) In 2 +ilmlca(v)]In 2 + Re[co(z/)])]

m and the eigenvalues are real (Imci ()| x(») is real function of v)
AW) = r0(0) + a2 [xa(0) + 1mies)] 50|

m The imaginary term —2 3, @ixlo('y) has canceled.
m We have freedom to chose Re[cy(v)] and Im[cy(v)]

m This freedom will not affect the solution. It is just an artifact of the phase and
v-reparametrization freedom of the H; ;,, function.
2
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Phase freedom and v-reparametrization

m Phase freedom of the H-functions:

H:—ZL—i—iy

(K) — @i (Imlco(v)]~Im{ey ()] |nu2)|_|%+iy(k)
m v-reparametrization: v/ = v + a,lm{ci(v)]

=
The Phase freedom and v-reparametrization allow us to put cp(v) =0
and Imici(v)] = 0.
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Solution of NLO BFKL equation

m NLO eigenfunctions: perturbation around the conformal LO eigenfunctions

Hiyi, (k) = k4217 [1+Oéuﬂ2 < ZX;EE(V,B) '“2,5—2 *3 <<‘fy iﬂﬁii) '”Z_Zﬂ

= NLO eigenvalues A(v) = a, xo(v) + a2 x1(v)
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Solution of NLO BFKL equation

m NLO eigenfunctions: perturbation around the conformal LO eigenfunctions

Hy,p, (k) = K327 [H%ﬂz < ZX;é(V,z) '“2,5—2 +3 (ei iZEZ;) '”5_22)}

= NLO eigenvalues A(v) = a, xo(v) + a2 x1(v)

Solution of NLO BFKL equation G.A.C. and Yu. Kovchegov

r dv a v)+a v
G(k7k/7Y) — / 2_71—2e[ 1w Xo(V)+ ﬁXl( )]YH%Jriy(k) |: +|,,(kl):|

m The perturbative expansion is in both the exponent and in the
eigenfunctions (contrary to DGLAP case and A'=4 BFKL).

G. A. Chirilli (The Ohio State Uni.) Solution of the NLO BFKL Equation 1S2013 12 Sptember, 2013



u-independence of the NLO solution

m The H, (k) eigenfunctions diagonalize the LO+NLO BFKL kernel

y
E—I—IOO
d
oK k) + aZKMOkd) = [ T AG)H, (H: (@
./
E—IOO

m LO+NLO BFKL kernel is u-independent up to O(af;) =

m Sois its diagonalization through H., (k) eigenfunctions.
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u-independence of the NLO solution

i dV [ v)+a? v *
Gk ) = [ gl et ok @

9] dv N o ) k2 iv ) KK
/ KK el xo()+67, xa(w)] Y (W) (l*aiﬂZXo(V)Y |nﬁ>

—0o0

m = G(k,K,Y) is u-independent up to order (’)(af;).
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u-independence of the NLO solution

i dv a v)+a? v *
G(k, k/7 Y) = / 27T2 K e[ u Xo(v)+ag, xa( )] fy(k)H,\/(q)
oo dv [au Yol u)+a Xl(V)] k2 iv L " v Kk’
- 272Kk © K2 —a;, B2 xo(v) nﬁ

m = G(k,K,Y) is u-independent up to order (’)(af;).

m At NLO we may write the solution as

r dv as(kk') xo(v)+a2(kk') x1(v)] Y k2 "
Gk K,Y) = /27r2kk'e[( ) xo(v)+a2(kK) xa ()] 2

m At this order the scale a2 (k%) ol (kK?)al 2" (kK') (for real \) works as well.
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General Form of the Solution of All-Order BFKL equation

Ansatz

oo

2\ v
Gk K.Y) = / % las(kk) X0 () +2(kK) x2 (1) +83(KK) x2(0)+..] ¥ (%)

—00

m x2(v) and higher-order coefficients indicated by the ellipsis in the exponent are the
scale-invariant (conformal) (v < —v)-even (real-valued) parts of the prefactor function
generated by the action of the next-to-next-to-leading-order (NNLO) (and higher-order)
kernels on the LO eigenfunctions.
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General Form of the Solution of All-Order BFKL equation

Ansatz

oo

e 2 S K2\
Gk K,Y) = / %e[as(kk)XO("Hag(kk)Xl(V)+a§(kk)X2(V)+.,.]Y (ﬁ)

—00

m To check the ansatz we have to plug it in the evolution eq. and we need the two-loop
beta-function gs:

da _ _
uzd—;; = — 205, + )

and

_ k2 k2 K2
/quKLO+NLO+NNLO(k7 Q) g = {07# Yolv) [1 —aufeIn ° + 622 In? . + a2 s In?}
i k2 . i
+6¢i {é B2 xo(v) + Xl(u)} [l —2a,621n ?} + 072 [x2(v) +i 62(y)]} Kk~ 1+2iv
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General Form of the Solution of All-Order BFKL equation

m The ansatz does not work, but it allows us to recover the structure of the NNLO
solution

[ee]

& ek 2Kk kK K2\
Gk K.Y) = / 27T21|: el k) o] (k_)

—00

(v 2 "y
. {1 + @) |~ (@ PrPE0) + @) (R 40 ) + 0,y 80| }

provided that the imaginary part idz(~) is

152(1) =~ X0 + X4 (1)

This solution satisfies also the initial condition: the solution is unique so it is the right one.
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General Form of the Solution of All-Order BFKL equation

m The ansatz does not work, but it allows us to recover the structure of the NNLO
solution

[ee]

& ek 2Kk kK K2\
Gk K.Y) = / 27T21|: el k) o] (k_)

—00

(v 2 "y
. {1 + @) |~ (@ PrPE0) + @) (R 40 ) + 0,y 80| }

provided that the imaginary part idz(~) is

. i .
102() = —5x0(v)B3 + ix1(v) 2
This solution satisfies also the initial condition: the solution is unique so it is the right one.

m The imaginary part ij>(v) has to be confirmed from the explicit calculation of the
NNLO eigenfunction.

m So, let us calculate explicitly the NNLO eigenfunction.
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General Form of the Solution of All-Order BFKL equation

The eigenfunction of the NNLO BFKL equation is

2 2
- el ()

k
+ aif (—,u) +...
I

m The function f(k/u, v) denotes the NNLO corrections to the eigenfunctions.

k) _ k71+2| v

+IV(

m Ansatz for fa(k/p, v):

K2 K2 K2
fa(k/pt, v) = &2 (v) + ¢ (v) In s+ & (v) |n2? +cPw) In3? ..
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NNLO BFKL Solution: the NNLO eigenfunction

m This time we truncated the series up to cf) and proceeding similarly to the NLO case

and we get
@ X)) xaxg®)  xi)xo®) Xo(V)X’l(V)XS(V))
Relc,”] = — — +
o= (30 - e~ o )
g (-1 x0ot)gw)
s\ 2 ¢ ()
@ g <§x82(V)x%(v) X)) 1)
2 8 X G (v) HGw) 8
5, (Xl(’/) N XO(V)XQ(V)> gy Xow)
Xo)  2xp(v) xo(¥)
o2 _igg (2 XU | xo(v)
2\ 12 xBw) (V)
2
@ _ g XoW)
C =05 8200
The Im[c(lz) (v)] is fixed to be 0 using again the v-reparametrization.
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Structure of the NNLO BFKL Solution

m From explicit calculation of f(v) we not only confirm the imaginary part

id2(v) = =3

Yo(v)Bs +ixi(v)Be

m but also confirm the structure of the NNLO BFKL solution obtained above in an indirect

way
[es] o\ iV
G(KK,Y) = / 2721 €l 00K ) s+ )] ¥ (%)
_ 1, 1 Xo(¥)? _ yXo)
x {1 (00 |~ 50 V070 + 30, V) (F 00 ) + 0,28

m It looks like QCD is not just conformal part and running coupling contributions.
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BFKL equation in DIS case

KgrkL isk < k' symmetric

s
sym _
Y Inkk’
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BFKL equation in DIS case

o
90

LI VS.

o
L 00000

DIS ;
KercL isk < K symmetric NLO Kgrg, is notlsymmetrlc

s DIS S
sym _ Y =In= ~In—
Y —Inkk’ k2
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BFKL equation in DIS case

o
90

LI VS.

o
L 00000

DIS ;
KercL isk < K symmetric NLO Kgrg, is notlsymmetrlc

s DIS S
sym _ Y =In= ~In—
Y —Inkk’ k2

1 _ (2 . . ,
KRS = KY'S — > /dD 29 KLo(qu, ) In ?1_2 Kio(a,qp)  Fadin — Lipatov(1998)

m KEI3, is not symmetric = eigenvalues not y « 1 — v symmetric.

m = Eigenvalues get an extra term: AP'S(y) = AYM(y) — $&2 xo(7)X'(7)

m Reproduced lower order and predicted (and later confirmed) the 3-loop
DGLAP anomalous dimension (Fadin-Lipatov (1998))
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DGLAP anomalous dimension from NLO BFKL solution

oo

dv o vo()4a2 vi(w)] (YO'Stin K
Gk ) = [ grpelmrstr bl by, g [y, 00]
= k
a v)+ag, DIS —
~ / o Y eldu xo)+a2 xa()] Y H1+|,,(k)[ +Iu(k,)] (1+%XO( )Ink,)

= perform partial integration and exponentiate the YP'S-dependent terms =

oo

Gk K. YP'S) / zd_ﬂ”ze{&mwai (><1<v>+2ixo<u>xa<v>)}YD'SH%+iy(k) [Hey, ()]

X (1 + 12 Qay, XB(W)
B = APS(y) =a, x0(7) + a2 xa(y) — 382 xo()x6(7)

m Agrees with DGLAP 3-loop anomalous dimension.
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~*-~v* scattering cross-section at NLO: work in progress

Using high-energy Operator Product Expansion in compaosite Wilson
line operator we get NLO Impact Factor that does non scale with
energy.
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Photon Impact Factor for BFKL pomeron in momentum space

kt-factorization form I. Balitsky and G.A.C.

S dsz

| xS BT 1P) = 3 [ @k Vass(ie)

where the evolution of the dipole gluon distribution at NLO is

d asNe [ Va(K) (K K)Va(k)
Za&Va(k) = 2 /d k/{ {(k* k/)Z B k/2(k_ k/)z}
asor, #?  Ne 67 72  10ny bas

< (1+ 4r {'”kZJ’ blo 3~ 9NC)D_ 4r

[ Va() | (k=K)?  KVa(K) (k—k’)z]
(

k— k)2 K2 K2(k — k)2 In K2

asNe [ In2(K2/K?)
4 [_ (k—K)2

+ F(kK)+ @(k K)| Va(K) | + 3

Vk) = [d?zi e ®D1y(z))  V(z1) = —0%[1— £ Tr{U(z)UT(0)}]
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Photon Impact Factor for BFKL pomeron in momentum space

kt-factorization form |. Balitsky and G.A.C.

IHV(CL kl)

[ () TG (s ey

+(% + 3u2> (1 + % + azss%(u)) Pg"]

1 2 -
+ 42‘:‘(21/ <1+ % n a;?ch(y)) [pﬂykz 4 p;wkZ]}
1
v v 0.9»
P = g f—‘qz
w1 P P
P — — (gt — 2 v __ M2
? q2<q q~pz)<q7 q-pz) .
pw — /,Llii‘uzi . 9 l/lii v2 W q
(" —ig P‘z*q_~p2)(g g pzfq_~p2)
|5;w _ ‘ul-i-i 12 q u1+i v2 q
(@ +ig7 =g @ e )
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Photon Impact Factor for BFKL pomeron in momentum space

kt-factorization form I. Balitsky and G.A.C.

1
Fira(v) = Q12 (v) +x,¥(v), Fa(v) = Fe(v) + <Xv - %>‘I’(V),
U(v) = (7) +20(2—7) — 2(4 - 27) — (2 + ),
2c 2 2 l4x,—-%
F =F(y)-=-1-5- 5~ ——n
) ) vy 72 3P 247y
3y 25 1 1 7 10
Pi(v) = F I+ 1+ + oo
1) +37 ¥y 824 27 2 181ty 311772
3x 1 7 X Xy (1+37)
P = F 24 1 - 24 2
2(v) O+ 255,71 55 22+37) 144 2437
22 212 Xy — 2

—2Cxy + ==
Y

FO) = 3 sn?my
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Conclusions

m The NLO BFKL eigenfunctions have been constructed: they satisfy
completeness and orthogonality condition = NLO BFKL solution.

m NNLO Eigenfunctions has also been presented = The structure of the
NNLO solution has been found up to the still unknown conformal
contribution x(v).

m Procedure to construct the solution of the BFKL equation to any order is
now available.

= With the shift YY™ — YPIS 4 In & one can obtain the solution with
non-symmetric kernel for DIS from the symmetric one.

m Using the High-Energy Product Expansion we have calculated the NLO
photon impact factor for pomeron exchange in ky-factorized form (Linear
case) and for DIS off a large nucleus (non-linear case for Electron lon
Collider).
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