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• S-matrix (partial wave decomposition)
• Correlation function of composite operators.

In a conformal field theory the OPE

O1(x)O2(y) =
∑
k

λ12k(x− y)Ok(y)

is a bona fide operator algebra.
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The conformal bootstrap

Idea: ‘solve’ the theory from crossing symmetry [Polyakov (1974)]
• Works often forn two dimensional CFTs (e.g. minimal models)
• Hard in higher-dimensional CFTs...

but constraining works!
[Rattazzi, Rychkov, Tonni, Vichi (2008), ...]

Od(x)Od(y) ∼ O∆(x2) + . . .
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Figure 1: The best current bound (1.4), obtained by the method described in Section 5.
The subscript in f6 refers to the order of derivatives used to compute this bound.

1 The problem and the result

Operator dimensions in unitary Conformal Field Theories (CFT) are subject to important con-
straints known as unitarity bounds. In the simplest case of a scalar primary operator �, the
unitarity bound states that1

d ⇥ [�] ⌅ 1, (1.1)

d = 1 ⌥� � is free. (1.2)

This classic result invites the following question: What happens if d = 1+⇥? In particular, is there
any sense in which the CFT (or at least its subsector not decoupled from �) should be close to
the free scalar theory if d is close to 1? For instance, do all operator dimensions in this subsector
approach their free scalar theory values in the limit d ⌃ 1? The standard proof of the unitarity
bound [1] does not shed light on this question.

In this paper we will show that such continuity indeed holds for the operator ‘�2’, by which
we mean the lowest dimension scalar primary which appears in the OPE of � with itself:

�(x)�(0) ⇧ (x2)�d(1 + C|x|�min�2(0) + . . .) , C  = 0 . (1.3)

In free theory �min ⇥ [�2] = 2, and we will show that �min ⌃ 2 in any CFT as d ⌃ 1. More
precisely, we will show that in any 4D CFT

�min ⇤ f(d), (1.4)

where f(d) is a certain continuous function such that f(1) = 2. We will evaluate this function
numerically; it is plotted in Fig. 1 for d near 1.

We stress that bound (1.4) applies to the OPE ��� of an arbitrary scalar primary �. However,
since the function f(d) is monotonically increasing, the bound is strongest for the scalar primary
of minimal dimension.

1Unless explicitly noted otherwise, all statements of this paper refer to D = 4 spacetime dimensions.
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Figure 3: Shaded: the part of the (��,�") plane allowed by the crossing symmetry constraint
(5.3). The boundary of this region has a kink remarkably close to the known 3D Ising model
operator dimensions (the tip of the arrow). The zoom of the dashed rectangle area is shown in
Fig. 4. This plot was obtained with the algorithm described in Appendix D with nmax = 11.

end of this interval is fixed by the unitarity bound, while the upper end has been chosen
arbitrarily. For each �� in this range, we ask: What is the maximal �" allowed by (5.3)?

The result is plotted in Fig. 3: only the points (��,�") in the shaded region are allowed.4

Just like similar plots in 4D and 2D [16, 17, 23] the curve bounding the allowed region starts
at the free theory point and rises steadily. Moreover, just like in 2D [17] the curve shows a
kink whose position looks remarkably close to the Ising model point.5 This is better seen in
Fig. 4 where we zoom in on the kink region. The boundary of the allowed region intersects
the red rectangle drawn using the �� and �" error bands given in Table 1.
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Figure 4: The zoom of the dashed rectangle area from Fig. 3. The small red rectangle is
drawn using the �� and �" error bands given in Table 1.

From this comparison, we can draw two solid conclusions. First of all, the old results
for the allowed dimensions are not inconsistent with conformal invariance, though they are

4To avoid possible confusion: we show only the upper boundary of the allowed region. 0.5  �"  1 is
also a priori allowed.

5In contrast, the 4D dimension bounds do not show kinks, except in supersymmetric theories [23].

12



The conformal bootstrap

What can we say about the space of conformal field theories?



The conformal bootstrap

What can we say about the space of superconformal field theories?



The conformal bootstrap

What can we say about the space of N -extended
superconformal field theories?



The conformal bootstrap

What can we say about the space of N = 4
superconformal field theories?



The N = 4 superconformal bootstrap

N = 4 super Yang-Mills is completely fixed by
• G ∈ {An, Bn, Cn, Dn, E6, E7, E8, F4, G2}
• τ ∈ H/SL(2,Z)

Very well-explored theory
• Lots of things protected by supersymmetry
• Large N : integrability / dual conformal symmetry (S-matrix)
• Also unprotected quantities

e.g. four-loop Konishi anomalous dimension

What can the bootstrap say about N = 4 superconformal theories?



The N = 4 superconformal bootstrap

Movie



Why the *u**?



Why the cube?

We are looking at bounds

→ there is a special solution to crossing symmetry at the corner

We conjecture that it corresponds to strongly coupled N = 4 SYM.

This leads e.g to
∆ . 2.90

for the Konishi operator Tr (ΦIΦI) in SU(2) N = 4 SYM at g = 1.



Outlook

• Find the rest of the conformal manifold H/SL(2,Z)

• What about N = 2 theories?
• A minibootstrap manifesto (to appear soon)
• Why the cube?

Collaborators:
Leonardo Rastelli
Christopher Beem
Pedro Liendo
Ashoke Sen
Madalena Lemos
Wolfger Peelaers
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