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I Why does number of produced particles fluctuate from
event-to-event ?

I Can we calculate how many particles are produced in an
ab-initio approach?
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Introduction to The Ridge
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Introduction to The Ridge

I How does collimation come? What is the source of intrinsic
ridge and long range correlation?
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I What is the scale of initial quantum fluctuations in the
mini-bang ?
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“Standard Model” of Heavy-Ion Collisions

initial state

pre-equilibrium

QGP and
hydrodynamic expansion

hadronization

hadronic phase
and freeze-out

• Initial State:
- fluctuates event-by-event
- classical color-field dynamics

• Pre-equilibrium:
- rapid change-over from glue-field dominated 

initial state to thermalized QGP
- time scale: 0.15 to 2 fm/c in duration
- build-up of transverse velocity fields?

• QGP and hydrodynamic expansion:
- proceeds via 3D viscous RFD
- EoS from Lattice QCD

• hadronic phase & freeze-out
- interacting hadron gas
- separation of chemical and 

kinetic freeze-out

Standard model of heavy ion collisions:

I How to get an ab initio description of the early stages of HIC?

I How to constrain the transport coefficients ?
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DIS process at HERA

k

p

proton

W

* (−q2 = Q2) High energy limit → small x limit of QCD

(x ≈ Q2

E2
cms

= Q2

s
)

Observa1onVI%

TPSC%seminar,%IIT%Roorkee%%

Why small-x?

 • x: fraction of longitudinal momentum carried by a parton inside a hadron. x =
kz

Pz

proton pdf’s extracted from HERA DIS data

 • At small-x the wave function of hadrons (nucleon/nuclei) is dominated by gluons. Really

Measuring the glue via Structure Functions

6

Scaling violation: dF2 
/dlnQ2 and linear DGLAP 
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HERA e-p scattering probes protons with :

Transverse resolution ∆r⊥ ∼ 1
Q

Time resolution ∆t ∼ 2xp
Q2

→ Rapid growth of gluons at small x
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High energy hadrons/nuclei

Hadron at rest

Boosted hadron

At high energies
interaction time
scales of
fluctuations
dilated well beyond
typical hadronic
time scales.
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DIS: Snapshot of hadrons/nuclei

∆r⊥ ∼ 1
Q , ∆t ∼ 2xp

Q2 , x = Q2

s

k

p

proton

W

* (−q2 = Q2)

TPSC%seminar,%IIT%Roorkee%%

DIS:%Take%a%snapshot%of%hadron%or%Nuclei%%
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s

Deep Inelastic Scattering: A microscope for hadron and nuclei

Q2 = �q2 �r� � 1

Q

�t � 2xP

Q2

transverse resolution:

time resolution: x � Q2

s

⇒
⇒

��, q

P

(x0, Q0)
s = (P + q)2

“In DIS reactions the photon sees the proton as a 
incoherent collection of non-interacting quarks and gluons 
(partons)”

���P �
⇤�

q(x,Q2) + q̄(x,q2)
⇥“In DIS reactions the photon sees the proton as a 

incoherent collection of non-interacting quarks and gluons 
(partons)”

Small-x ~ high-energy

7

s = (p + q)2

p

29/11/12% 25%

figure: Albacete QM′12
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DIS: Snapshot of hadrons/nuclei

∆r⊥ ∼ 1
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Deep Inelastic Scattering: A microscope for hadrons and nuclei
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• We do not know (yet) how to derive hadron structure from first principles

• We can (and need!), though, calculate its change with resolution scale by perturbative methods

8

p

29/11/12% 26%

figure: Albacete QM′12

Finer resolution reveals more sub structure (higher Fock states)
at smaller x , |H〉 = |qqq〉+ |qqqg〉+ · · ·+ |qqqgg . . . gg〉
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QCD evolution equations

dPq/g→g =
αsCF/A

π

dx

x

d2k⊥
k2
⊥

BFKL Evolution
Fixed Q2, x → 0

x
1
 =  k

1  z
 /  p

z

x
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 =  k

n z
 /  p

z

x
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 =  k

2  z
 /  p

z

p
z

(x, Q)

x
0

x
1
<<  x

0

x
2
<

x
n
<

<  x
1

<  x
n−1

Probability of emitting n gluons P(n) ∼ 1
n!

(
αs ln

(
x0
x

))n
→ enhanced by large logarithms
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QCD evolution equations
BFKL growth is linear

BFKL equation:

PDF xg(x) ≈
∫
d2k⊥φ(x , k⊥)

∂φ(x , k⊥)

∂ log(x0/x)
≈ K ⊗ φ(x , k⊥)

→ φbfkl ∼ xαs

⇒ σp+p
tot ∼ sαP−1

Observa1onVII%
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The Color Glass Condensate and Small x Physics: 4 Lectures. 9

the plot, corresponding to the left moving hadron in a collision in the center
of mass frame.

We shall later argue that there is in fact a relationship between the
structure functions as measured in deep inelastic scattering and the rapidity
distributions for particle production. We will argue that the gluon distribu-
tion function is in fact proportional to the pion rapidity distribution.

The small x problem is that in experiments at Hera, the rapidity dis-
tribution function for quarks grows as the rapidity difference between the
quark and the hadron grows. This growth appears to be more rapid than
simply | yproj − y | or (yproj − y)2, and various theoretical models based on
the original considerations of Lipatov and colleagues suggest it may grow as
an exponential in | yproj − y |.[1] (Consistency of the BFKL approach with
the more established DGLAP evolution equations remains an outstanding
theoretical problem.[2]) If the rapidity distribution grew at most as y2, then
there would be no small x problem. We shall try to explain the reasons for
this later in this lecture.

xG(x,Q 2)

x10-110-3 10-210-4

Q2 = 200 GeV2 

Q2 = 20 GeV 2

Q2= 5 GeV2

Fig. 9. The Zeus data for the gluon structure functions.

In Fig. 9, the Zeus data for the gluon structure function is shown.[3] I
have plotted the structure function for Q2 = 5 GeV 2, 20 GeV 2 and 200 GeV 2.
The structure function depends upon the resolution of the probe, that is Q2.
Note the rise of xg(x) at small x, this is the small x problem. If one had plotted
the total multiplicity of produced particles in pp and pp collisions on the
same plot, one would have found rough agreement in the shape of the curves.
Here I would use y = log(Ecm/1 GeV ) for the pion production data. This
is approximately the maximal value of rapidity difference between centrally
produced pions and the projectile rapidity. The total multiplicity would be
rescaled so that at small x, it matches the gluon structure functions. This
demonstrates the qualitative similarity between the gluon structure function
and the total multiplicity.

x
f
(x

,
Q

2
)
!

xf(x, Q2) !

proton

proton

Experimental%observa1on%:%Total%hadronic%crossVsec1on%
grows%logarithmically.%%%

Total%cross%sec1on%~%size%of%the%hadrons%%
%

Size%grows%logarithmically%but%it%is%getng%packet%up%by%gluons%with%increasing%energy.%
%

What%is%stopping%the%linear%growth%?%%
%%

4 Larry McLerran
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(Experimental σtot → grows logarithmically)

Linear Bremstrahlung growth of PDF → power law growth of cross section

→ Violates black disc limit as σtot ≤ 2πR2

Froissart - Martin unitarity bound (σtot ∼ ln2 s)
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QCD Evolution equations

Non-linear recombination processes constrain the growth
→ Saturation

p
z

(x, Q)

x
1
<<  x

0

x
2
<<  x

1

Bremstrahlung

(No. of gluons)

Recombination

(No. of gluons)2

∂φ(x , k⊥)

∂ log(x0/x)
≈ K ⊗ φ(x , k⊥)− φ(x , k⊥)2 BK/JIMWLK equation

Non-linear equation gives rise a scale, Q2
s (x)→ saturation scale.
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Gluon saturation Gribov, Levin, Ryskin 1983

No of gluons of a fixed size saturates due to phase space constrain.

many new
smaller partons
are produced

Proton
(x, Q2)

Proton
(x0, Q2)

x0 >> x

Low Energy High Energy

parton

“Color Glass Condensate” 

αs << 1αs ∼ 1 ΛQCD

know how to 

do physics here?

m
a

x
. 
d

e
n

s
it
y

Qs

kT

~ 1/kT

k
T
 φ

(x
, 

k
T2
)

figure: 1212.1701

Density saturates with max. occupancy ∼ O( 1
αs

) for kT ≤ QS(x)

Higher energy → larger Qs � ΛQCD , effective coupling αS(QS) is small
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Geometric scaling

DIS cross section scales with

τ = Q2

QS (x)2

σDIS (x,Q2) = σDIS

(
Q2/Q2

S (x)
)

p+p multiplicity scales with

τ =
p2
T

QS (x)2 or pT
QS
, (x ≡ pT√

s
e±y )

1
σ

dNch
dηd2pT

= F

(
pT

QS (pT /
√

s)

)NS60CH18-Venugopalan ARI 16 September 2010 20:34
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Figure 8
Geometrical scaling and limiting fragmentation. (a) σγ ∗ p data at HERA for x ≤ 0.01 and all Q2 up to 450 GeV2; τ is the scaling
variable, τ ≡ Q2/Q2

s (x) (25, 26). (b) Particle multiplicities for several collision energies at RHIC (76), compared with the computation
from Reference 77.

4.1. Deep-Inelastic Scattering in e+p and e+A Collisions
A remarkable observation (25) is that HERA data (25, 26) on the inclusive virtual photon-proton
cross section for x ≤ 0.01 scale as a function of the ratio Q2/Q2

s (x) (Figure 8a). This scaling is
violated for larger values of x. Here Q2

s = Q2
0(x0/x)λ is the saturation scale, where Q2

0 = 1 GeV2,
x0 = 3 · 10−4, and λ = 0.29. This scaling is referred to as geometrical scaling because the survival
probability of the color dipole into which the virtual photon fluctuates is close to unity or zero,
depending on whether the ratio of the saturation radius (∼1/Qs) to the size of the dipole (∼1/Q)
is large or small, respectively. Recall that the saturation radius denotes the typical size of regions
with strong color fields.

Geometric scaling has also been observed in inclusive diffraction, exclusive vector meson pro-
duction, and deeply virtual Compton scattering (DVCS) data at HERA (78). The data also show
violations of geometric scaling, which can be interpreted as consequences of BFKL diffusion (79),
nonzero quark masses (80), and possibly DGLAP evolution (81). Note that the best scaling is
obtained with a saturation scale that behaves like Q2

s (x) ∝ x−0.3, a slower x dependence than pre-
dicted by the LO BK equation. This discrepancy is resolved by a resummed NLO computation
of the saturation exponent (24), which indeed gives 0.3.

Although geometrical scaling is very suggestive of the presence of semihard dynamical scales
in the proton, it is not conclusive in and of itself (82); more detailed comparisons to the data
are essential. Despite their simplicity, saturation models (45, 79–81, 83–86) provide remarkably
good descriptions of HERA data at small x ≤ 0.01. The free parameters are fixed from fits to the
total cross-section data alone; once they are fixed, the models predict a large variety of results,
including the longitudinal (FL), diffractive (F D

2 ), and charm (F c
2 ) structure functions; the virtual

photon production of vector mesons (ρ, J/ψ); and DVCS. The most recent analysis of inclusive
data (45) of DIS in e+p collisions is quite sophisticated: The energy dependence is given by the
running-coupling BK equation, and the free parameters refer solely to the initial conditions and
to the proton transverse area.

The phenomenon of hard diffraction in DIS is particularly sensitive to saturation. The simplest
diffractive processes are events in which (a) the proton remains intact and (b) a large gap in rapidity

www.annualreviews.org • The Color Glass Condensate 479

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt.

 S
ci

. 2
01

0.
60

:4
63

-4
89

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 B
ro

ok
ha

ve
n 

N
at

io
na

l L
ab

or
at

or
y 

on
 0

7/
29

/1
2.

 F
or

 p
er

so
na

l u
se

 o
nl

y.

Stasto, Golec-Biernat & Kwiecinski 2001
Levin, Tuchin ‘99, Iancu, Itakura, McLerran ‘02

GS-epiphany-v1 printed on April 12, 2011 5

Hence, up to the logarithmic corrections due to the running coupling con-
stant, we arrive at geometrical scaling for the multiplicity distribution

dNch

d⌘d2pT
=

1

�inel
E

d�

d3p
=

1

Q2
0

F (⌧) (19)

where Q0 ⇠ 1 GeV and �inel is the inelastic cross-section. Although we
have used a very simple Ansatz (18) for unintegrated gluon distribution ',
it satisfies the generic property that xG(x, Q2

s ) ⇠ Q2
s which is enough for

GS to hold.
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Fig. 2. Charged particle multiplicity at mid rapidity |⌘| < 2.4 as measured by CMS

[2], plotted as functions of p2
T (left) and scaling variable ⌧ (right) for � = 0.27.

F (⌧) is a universal function of the scaling variable

⌧ =
p2
T

Q2
s

(20)

where in view of (3) and (15)

Q2
s = Q2

0

⇣pT

W

⌘��
(21)

where W =
p

s ⇥ 10�3. Here factor 10�3 corresponds to the (arbitrary at
this moment) choice of x0.

The power like growth of the multiplicity can be easily understood as a
consequence of geometrical scaling. Indeed

dNch

dy
=

Z
dp2

T

Q2
0

F (⌧). (22)
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McLerran & Praszalowicz 2010, PT & Venugoapalan 2010

Saturation scale QS(x) is the dominant scale controlling the
dynamics of particle production in e + p and p + p.
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Universality and Nuclear oomph

Gluon saturation → Universal phenomenon to hadrons/nuclei.

Boost

For large nucleus, thickness R ∼ A1/3 ,

S
i

p

Gluon momentum gets → A1/3 transverse momentum random “kicks”

Nuclear Saturation scale (QA
s )2 ≈ A1/3(Qp

s )2 → Nuclear oomph
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Saturation models of HERA DIS Bartels, Golec-Biernat, Kowalski
Kowalski, Teaney

How to extract satiation scales/hadronic wave functions from
HERA data?

Cross section in e + p collisions is parametrized
r

q

q
z

1-z

*a

The dipole scattering matrix for proton is b

Sp
dip(r⊥, x ,b⊥) = exp

(
−r2QS(x , b)2

)

.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0.1  1  10

Sp di
p(

r,x
,b

)

r [GeV-1]

b=0
b=2 GeV-1

b=4 GeV-1

x=10-4
1

rS51/QS

IP-Sat

Fourier

Transform

)2(GeV2 k

3
10 210 110 1 10 210

φ

0

1

2

3

4 Entries  0Entries  0

frame

IPSat

Y=

0

2

4b=0

rcBK

Saturation condition

Sp
dip(r⊥= rS , x ,b⊥) = exp(−1/2) =⇒ Q2

s =
2

r2
S
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Color charge distribution inside Nuclei

The nuclear scattering matrix is obtained as

SA
dip(r⊥, x ,b⊥) =

A∏

i=0

Sp
dip(r⊥, x ,b⊥) S

i

p

i → nucleons are distributed according to Fermi distribution.

SA
dip → distribution of nuclear saturation scale
→ distribution of color charge density.

Lumpy color charge density distribution g2µ(x⊥)∼Qs(x⊥)

Kowalski, Lappi, Venugopalan 0705.3047

Lappi, arXiv:0711.3039, 1104.3725
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Color Glass Condensate

McLerran & Venugopalan hep-ph/9309289

High energy Nuclei/hadrons → large parton density → classical
approx.

dx
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Figure 12: The longitudinal structure of the colour source ρ and of the classical
field solution Ai for the effective theory at the scale k+ . As functions of x−, α
and F+i are as localized as ρ.

(MV) [8], which takes into account the colour charge of the valence quarks
alone. That is, it ignores the quantum evolution of the colour sources with τ .
This model is expected to work better for a large nucleus, with atomic number
A ! 1 ; indeed, this has many valence quarks (A × Nc), and therefore as many
colour sources, which can create a strong colour field already at moderate values
of x, where the quantum evolution can be still neglected. In this model, τ is
fixed, but one can study the strong field effects (in particular, gluon saturation)
in the limit where A is large. Besides, the MV model provides a reasonable
initial condition for the quantum evolution towards small x, to be described
later.
The main assumption of the MV model is that the A × Nc valence quarks can
be treated as independent colour sources. This relies on confinement. Note first
that confinement plays no role for the dynamics in the transverse plane: Indeed,
we probe the nucleus with large transerse momenta Q2 ! Λ2

QCD, that is, over
distance scales much shorter than those where confinement sets in. On the other
hand, even at moderate values of x, we are still probing an integrated version
of the hadron in the longitudinal direction, i.e., we measure all the “partons”
(here, valence quarks) in a tube of transverse area ∆S⊥ ∼ 1/Q2 and longitudinal
extent ∆x− ∼ 1/xP+ > 1/P+. The number of valence quarks which are crossed
by this tube,

∆N ≈ n ∆S⊥ = ∆S⊥
ANc

πR2
A

∼ A1/3 , (2.46)

26

In the limit 1/QS << dx << 1 fm one can neglect

| [Qa,Qb] |=| if abcQc |� Q2

Random distribution of classical color charge.
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Color Glass Condensate

I Color: QCD (gluons carry color charge)

I Glass: Stochastic interactions, dynamics on very long time
scales (time dilation).

I Condensate: Fields with large occupation # ∼ 1/αS with
mom. peaked at kT ≈ QS

TPSC%seminar,%IIT%Roorkee%%29/11/12% 36%

Color%Glass%Condensate%

Color:%QCD%(gluons%carry%color%charge)%
%

Glass:%Stochas1c%interac1ons,%dynamics%on%very%long%1me%scales%(1me%dila1on%).%%
%

Condensate:%Fields%with%large%occupa1on%#%1/αS%with%mom.%peaked%at%pT≈%QS%

����""��������#� !�����
������!�!����	������

⇢Aµ
x0

x

Classical%Field% Sta1c%source%

1%

In%the%satura1on%regime%hadrons/nuclei%!%CGC%%

figure :Albacete

A weak coupling effective theory with

I Fast (large-x) partons → static classical color source ρ

I Slow (small-x) partons → classical gluon fields Aµ.

McLerran , Venugopalan 1994 (hep-ph/9309289)
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Color Glass Condensate

Quantum evolution of the color sources

I given by Renormalization Group description (BK/ JIMWLK).

TPSC%seminar,%IIT%Roorkee%%29/11/12% 37%

Color%Glass%Condensate%

Color:%QCD%(gluons%carry%color%charge)%

%

Glass:%Stochas1c%interac1ons,%dynamics%on%very%long%1me%scales%(1me%dila1on%).%%

%

Condensate:%Fields%with%large%occupa1on%#%1/αS%with%mom.%peaked%at%pT≈%QS%

%

%%

����""��������#� !�����
������!�!����	������

x1%

The Color Glass Condensate (CGC)

• The CGC is an effective theory for the description of high-energy scattering in QCD

small-x d.o.f (dynamical fields) valence d.o.f (static sources)

x

1x0

Le� = �1

4
F2 + J · A J� = ⇥(x⇥)�(x�)�+�

Wx0 [�(x�)]

• Treated as a random variable with a probability density 

• Eikonal (recoil-less) coupling to dynamical fields  

• JIMWLK eqns: Quantum non-linear evolution   

• Solutions of classical EOM  

[Dµ,Fµ� ] = J�

⇥W[�]

⇥ ln(x0/x)
= HJIMWLK W[�]

• Observables: 

x

quantum 
evolution

⇥O(A)⇤x �
�

[D�]Wx[�]O(A)

19

⇢

Aµ

x0x

can%be%calculated%from%%%%%%by%solving%YangVMills%equa1on.%%Aµ ⇢

figure :Albacete

x0 → x Integrating out degrees of freedom between x and x0.
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Color Glass Condensate:
The Renormalization picture is evident in data.
Limiting fragmentation in A + A and p + p.58 W. Busza / Nuclear Physics A 854 (2011) 57–63

Fig. 1. (Color online.) Example of Limiting Fragmentation and of Extended Longitudinal Scaling as seen in non-single
diffractive (NSD) p+p and p+ p̄ collisions. dNch

dη is the number of produced charged particles per unit of pseudorapidity
η plotted as a function of η in the rest frame of the incident proton. In boosting the data from the center of mass to the
proton rest frame the difference in pseudorapidity and rapidity y is ignored. The figure is courtesy of Yen-Jie Lee [2].

Fig. 2. Example of Limiting Fragmentation and of Extended Longitudinal Scaling seen in p + A and d + A collisions.
dNch
dη is the total number of produced charged particles per unit of pseudorapidity η plotted as a function of η in the rest

frame of one or the other incident particle. In boosting the data from one frame to another the difference in pseudorapidity
η and rapidity y is ignored. The d+Au data are appropriately normalized to be comparable with the corresponding p+A
data. The figure is from [3].

Busza NPA 854(2011) 57-63

x ∼ e±y/
√
s ⇒

I Large rapidities d.o.f → independent of energy.

I new physics → additional d.o.f at small rapidity.
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Color Glass Condensate: McLerran-Venugopalan model

I Solve classical Yang-Mills equations

[Dµ,F
µν ] = Jν

for color current due to colliding sources (ρ1 and ρ2)

Jνa = gδν+δ(x−)ρ1,a(x⊥) + gδν−δ(x+)ρ2,a(x⊥)

I Extract the gauge field after collision for given color charge
configuration.

I Final observables O(ρ1, ρ2) should be averaged over color
charge configuration

〈O〉 =

∫
[ dρ1][dρ2]Wy [ρ1]Wy [ρ2]O(ρ1, ρ2).
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Color Glass Condensate: McLerran-Venugopalan model
Averaging 〈O〉 ⇒ connection between sources ⇒ color correlation.
In the MV model

W [ρ] ≡ exp

(
−
∫

d2x⊥
ρa(x⊥)ρa(x⊥)

2µ2
A

)

ρa → random sources distributed from local Gaussian.
fields A(x⊥) ∼ −ρ(x⊥)/∇2

⊥ =⇒ A(k⊥) ∼ −ρ(k⊥)/k⊥2

Yang-Mills introduces non-local correlation over length scale 1/Qs

→ Glasma flux tube picture.

Gauge fileds after collisions :

I Analytical calculation possible for lowest order of sources. For
dilute-dilute(p+p) or dilute-dense(p+A) → kT− factorization.

I For dense-dense (A+A) systems → numerical solution on lattice.
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IP-Glasma : Classical Yang-Mills approach on 2+1D lattice
Schenke, Tribedy, Venugopalan PRL 108(2012)

E-by-E solve CYM for two colliding nuclei

TPSC%seminar,%IIT%Roorkee%%29/11/12% 39%

Color%Glass%Condensate%

where

J+ = δ(x−)ρ1(x⊥)

J− = δ(x+)ρ2(x⊥)

J i = 0 (11)

and we have restricted ourselves to work in a gauge where the link operators along

the particle trajectories drop out.

Before the collision takes place, we find a solution of the equations of motion

to be

A+ = 0

A− = 0

Ai = θ(x−)θ(−x+)αi
1(x⊥) + θ(x+)θ(−x−)αi

2(x⊥) (12)

This is a solution of the Yang-Mills equations in all of space-time except on or

within the forward light cone, as shown in Fig. 3. In the forward light cone, we

1 2

3
x+x-

x0

x3

Fig. 3: Regions with different

structures of the gauge poten-

tial:

In regions 1 and 2 we have the

well known one nucleus solu-

tions α1,2. While in the back-

ward light cone there the gauge

potential is vanishing we have

a nontrivial solution in the for-

ward lightcone, region 3

must add in extra pieces in order to have a solution. This will be done below. The

13

J+ = �(x�)⇢1(x?) J� = �(x+)⇢2(x?)

Ax0=0 = A(A) + A(B)

The%field%a|er%collision:%

Once%A

μ%%

a|er%collision%is%known,%%

we%can%calculate:%

%

F

μν%%

&%StressVEnergy%Tensor%(T

μν

),%

Hamiltonian%(H). 
%

Final%energy%density%%(=%T

00

)%

~%E

2

%+%B

2

%%

%

%%

Solve%YangVMills%equa1on%for%

individual%nuclei%on%2+1%D%latce.%

Produced%par1cle%mul1plicity%or%number%density%=%n(k)%%can%be%calculated%by%assuming%

%a%massless%dispersion%rela1on%ω(k)%=%k.%

H ⇠ n(k)!(k)

Schenke,%PT,%Venugopalan%PRC#86,#034908#(2012)%

CGC% CGC%

Glasma%

Color charge density for one A+A collision

Two point correlator for one A+A collision

ρ(x⊥) sampled from local Gaussian distribution W [ρ]
〈
ρa(x⊥)ρb(y⊥)

〉
= δabδ2(x⊥−y⊥)g2µ2(x⊥)

lattice implementation Krasnitz, Venugopalan, hep-ph/9809433 Lappi, hep-ph/0303076
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IP-Glasma : CYM evolution after collision
Kovner, McLerran, Weigert

The field after collision at τ = 0 has simple relation

Ai = Ai
(A) + Ai

(B) , A
η =

ig

2

[
Ai

(A),A
i
(B)

]

The fields are evolved at τ > 0 according to

[Dµ,F
µν ] = 0

D F  = J
A

 

D F  = J
B
 

D F  = 0

Schenke, Tribedy, Venugopalan PRC 86(2012)
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p+A collision at RHIC/LHC

x
A

 ~ e + y

x
p
 ~ e −y

y

dN/dy

desnse proton
desnse ion

x
p
 ~ e + y

x
A

 ~ e −y

both dilute

Proton fragmentationIon fragmentation
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di-hadron correlation in d+A

STAR Preliminary
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Suppression factor in d+A/p+A collisions

Quantum correction to gluon production (BK evolutions) predicts
strong suppression at higher energy and larger rapidities.S982 Y V Kovchegov

1 2 3 4 5

0.25

0.5

0.75

1

1.25

1.5

1.75

R
pA

k/ Qs

toy

Figure 2. RpA plotted as a function of kT /Qs for (i) McLerran–Venugopalan model, which
is valid for moderate energies/rapidities (upper solid line); (ii) our toy model for very
high energies/rapidities from [1] (lower solid line); (iii) an interpolation to intermediate
energies/rapidities (dash-dotted and dashed lines).

(see figure 1). At higher rapidities BRAHMS data exhibit strong suppression with RdAu

becoming less than 1 for all pT at pseudorapidity η = 3.2 in qualitative agreement with our
predictions shown in figure 2 [1] and indicating the onset of quantum evolution characteristic
of saturation/colour glass condensate.
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m and their fractional longitudinal momenta

x1,2 is x1,2 = e±y
q

(p2
T + m2)/s. Hence, at

mid-rapidity (y = 0) at RHIC, only parti-
cle production with very small pT will be
sensitive to the saturation region in parton
densities while at the LHC the region of
transverse momenta will be much larger. At
RHIC, saturation e↵ects are largely absent
at central rapidities but become measurable
at large forward rapidities (that is, for parti-
cles coming out close to the incoming proton
or deuteron direction with y = 2 � 4 corre-
sponding to small x2).
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shadowing (KKP)
shadowing (Kretzer)
multiple scattering

Figure 3.25: The nuclear modification factor
(RdAu) versus pT for minimum bias d+Au col-
lisions measured at RHIC. The solid circles
are for ⇡0 mesons [206], the open circles and
boxes are for negative hadrons [204]. The er-
ror bars are statistical, the shaded boxes are
point-to-point systematic errors. (Inset) RdAu

for ⇡0 mesons compared with pQCD calcula-
tions based on collinear factorization. Note
that none of the curves can describe the data.

First hints for the onset of saturation
in d+Au collisions at RHIC have been ini-
tially observed by studying the rapidity de-
pendence of the nuclear modification factor,
RdAu, as a function of pT for charged hadrons
[204] and ⇡0 mesons [206], and more recently

through forward-forward hadron-hadron cor-
relations [172, 171].

The nuclear modification factor for a
p+Au collision is defined by

RpA =
1

Ncoll

dNpA/d2pT dy

dNpp/d2pT dy
, (3.15)

where dN/d2pT dy is the produced hadron
multiplicity in a given region of phase space
while Ncoll is the number of binary nucleon–
nucleon collisions. The nuclear modification
factor RpA is equal to 1 in the absence of
collective nuclear e↵ects.

Figure 3.25 shows RdAu versus pT for
minimum bias d+Au collisions for charged
hadrons measured by the BRAHMS ex-
periment [204] and ⇡0 mesons by STAR
[206]. While the inclusive yields of hadrons
(⇡0 mesons) at

p
s=200 GeV in p+p colli-

sions generally agree with pQCD calculations
based on DGLAP evolution and collinear fac-
torization, in d+Au collisions, the yield per
binary collision is suppressed with increas-
ing ⌘, decreasing to ⇠30% of the p+p yield
at h⌘i = 4, well below shadowing and multi-
ple scattering expectations. The pT depen-
dence of the d+Au yield is found to be consis-
tent with the gluon saturation picture of the
Au nucleus (e.g., CGC model calculations
[207, 208, 209, 210, 211, 212]) although other
interpretations cannot be ruled out based on
this observable alone [188, 213, 214].

A more powerful technique than single
inclusive measurements is the use of two-
particle azimuthal correlations, as discussed
in Section 3.2.2. In collinear factorization-
based pQCD at leading order, particle pro-
duction in high-energy hadronic interactions
results from the elastic scattering of two par-
tons (2 ! 2 scattering) leading to back-to-
back jets. When high-pT hadrons are used
as jet surrogates, we expect the azimuthal
correlations of hadron pairs to show a peak
at �� = 0, and a ‘back-to-back’ peak at ⇡.
When the gluon density increases, the basic
dynamics for the particle production is ex-
pected to change. Instead of elastic 2 ! 2

95

Kharzeev, Kovchegov, Tuchin ‘03 STAR nucl-ex/0602011

Kharzeev, Levin, McLerran ’02, Albacete ’03

No other theory predicts this → confirmed at RHIC.
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Suppression factor in d+A/p+A collisions

RpA predictions confirmed by ALICE

Tribedy, Venugopalan 1112.2445
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Quark-Pair production in CGC framework
Contributions will come from

Fujii, Gelis, Venugopalan

⊗
→ classical field insertion from dense target.

kT -factorization not possible and involves higher point correlators
〈
ŨŨ†ŨŨ†

〉
→ can be related to S(x⊥,X⊥) & un-integrated gluon distribution.
Fujii & Watanabe Arnaldi INFN ‘2013

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.5  1  1.5  2  2.5  3

R
p

A

y

(a) √s = 200 GeV

g1118 : J/Ψ

PHENIX dAu

40 

Comparison with LHCb results 

ALICE inclusive RpA is compared to LHCb result for prompt J/  
LHCb-CONF-2013-008 

difference between inclusive and prompt RpA evaluation 
is within few percent 

Comparison ALICE vs LHCb at the edge of the systematic uncertainties 
More supression in proton fragmentation region.

Growth of proton size (b), e-by-e fluctuations effects can also be included.
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Multiparticle production & sub-nucleonic fluctuations.

Dumitru, Gelis, McLerran, Venugopalan 0804.3858

Correlated multi particle production from disconnected diagrams
connected by color averaging.

1/Q2
s

p

q

pA 

pB 

b 

↖

Yang-Mills introduces non-local gauge-field correlation over length scale
1/Qs → Glasma flux tube picture.

Two-particle correlation → ridge phenomenon.
n-particle correlation → Negative-binomial fluctuation.
Gelis, Lappi, McLerran 0905.3234
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Ridge phenomenon in p+p and p+Pb

Dusling and Venugopalan

12

Anatomy of a proton-proton collision

Jet graph:

Glasma graph:

Origin of ridge → quantum interference.
A preferable momentum in hadron w. f. is essential for collimation.
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Negative binomial fluctuation
Sources of multiplicity fluctuations are:

I Initial color charge fluctuation at sub-nucleonic length scale 1/QS .

I E-by-E fluctuation of nucleon position and impact parameter.

→ IP-Glasma generates negative-binomial transverse energy and
multiplicity fluctuation Non-perturbatively.
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Multiplicity fluctuation in proton+nucleus collisions

Signatures yet to be tested:

Centrality distribution with number of participants of collisions →
saturates at large Npart , logarithmic increase.
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Initial geometry in p+p and p+A/d+A collisions

System size (very similar) and initial eccentricities (very different) for

same multiplicity.
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p+p → ε2,3 are significantly smaller and flat with multiplicity.

Smaller eccentricities for high multiplicity events.
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Initial geometry and fluctuations in A+A
IP-Glasma provides good description of initial geometry and
fluctuations in Pb+Pb and Au+Au.
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FIG. 7. (Color online) Comparison of vn(pT ) at RHIC using
constant η/s = 0.12 and a temperature dependent η/s(T ) as
parametrized in [33]. Experimental data by the PHENIX [1]
(open symbols) and STAR [35] (preliminary, filled symbols)
collaborations. Bands indicate statistical errors.
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FIG. 8. (Color online) v1(pT ) compared to experimental data
from the ALICE [37] and ATLAS [38] collaborations.

energies, calculated pion spectra also underestimate the
data for pT < 300MeV but v1(pT ) is well reproduced.

We present event-by-event distributions of v2, v3, and
v4 compared to results from the ATLAS collaboration
[40, 41] in Fig. 9. We chose 20-25% central events be-
cause eccentricity distributions from neither MC-Glauber
nor MC-KLN models agree with the experimental data
in this bin [41]. To compare data with the distribution
of initial eccentricities [42] from the IP-Glasma model
and the final vn distributions after hydrodynamic evolu-
tion, we scaled the distributions by their respective mean

 0.01

 0.1

 1

 10

 100

 0  0.5  1  1.5  2  2.5  3

P(
v 2

/〈v
2〉

), 
P(
ε 2

/〈ε
2〉

)

v2/〈v2〉, ε2/〈ε2〉

pT > 0.5 GeV
|η| < 2.5

20-25%  ε2 IP-Glasma
 v2 IP-Glasma+MUSIC
 v2 ATLAS

 0.01

 0.1

 1

 10

 100

 0  0.5  1  1.5  2  2.5  3

P(
v 3

/〈v
3〉

), 
P(
ε 3

/〈ε
3〉

)

v3/〈v3〉, ε3/〈ε3〉

pT > 0.5 GeV
|η| < 2.5

20-25%  ε3 IP-Glasma
 v3 IP-Glasma+MUSIC
 v3 ATLAS

 0.01

 0.1

 1

 10

 100

 0  0.5  1  1.5  2  2.5  3

P(
v 4

/〈v
4〉

), 
P(
ε 4

/〈ε
4〉

)

v4/〈v4〉, ε4/〈ε4〉

pT > 0.5 GeV
|η| < 2.5

20-25%  ε4 IP-Glasma
 v4 IP-Glasma+MUSIC
 v4 ATLAS

FIG. 9. (Color online) Scaled distributions of v2, v3, and v4
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the ATLAS collaboration [40, 41]. 1300 events. Bands are
systematic experimental errors.

value. We find that the initial eccentricity distributions
are a good approximation to the distribution of experi-
mental vn. Only for v4 (and less so for v2) the large vn

end of the experimental distribution is much better de-
scribed by the hydrodynamic vn distribution than the εn

distribution. This can be explained by non-linear mode
coupling becoming important for large values of v2 and
v4 [43].

In summary, we have shown that the IP-
Glasma+music model gives very good agreement
to multiplicity and flow distributions at RHIC and LHC.
By including properly sub-nucleon scale color charge
fluctuations and their resulting early time CYM dynam-
ics, this model significantly extends previous studies in
the literature [19, 36, 44–48]. Omitted in all studies
including ours is the stated dynamics of instabilities and
strong scattering in over-occupied classical fields that
can drive the system to isotropy and generate substan-

A combined Yang-Mill + viscous hydro calculation for the first
time describes all measured harmonics and its e-by-e fluctuations.
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Energy density (ε) from IP-Glasma model (at τ = 0)

Au+Au (200 GeV) Cu+Au (200 GeV)

U+U (Tip-Tip) U+U (Side-Side) U+U (Random)
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Centrality dependence in A+A at LHCCentrality dependence of the charged-particle multiplicity The ALICE Collaboration

figure with a scale that differs by a factor of 2.1 on the right-hand side. The centrality dependence of the
multiplicity is found to be very similar for

p
sNN = 2.76 TeV and

p
sNN = 0.2 TeV.

Fig. 3: Comparison of (dNch/dh)/
�
hNparti/2

�
with model calculations for Pb–Pb at

p
sNN = 2.76 TeV. Uncertain-

ties in the data are shown as in Fig. 2. The HIJING 2.0 curve is shown for two values of the gluon shadowing (sg)
parameter.

Theoretical descriptions of particle production in nuclear collisions fall into two broad categories: two-
component models combining perturbative QCD processes (e.g. jets and mini-jets) with soft interactions,
and saturation models with various parametrizations for the energy and centrality dependence of the
saturation scale. In Fig. 3 we compare the measured (dNch/dh)/

�
hNparti/2

�
with model predictions. A

calculation based on the two-component Dual Parton Model (DPMJET [10], with string fusion) exhibits
a stronger rise with centrality than observed. The two-component HIJING 2.0 model [25], which has
been tuned [11]1 to high-energy pp [19, 23] and central Pb–Pb data [2], reasonably describes the data.
This model includes a strong impact parameter dependent gluon shadowing (sg) which limits the rise
of particle production with centrality. The remaining models show a weak dependence of multiplicity
on centrality. They are all different implementations of the saturation picture, where the number of soft
gluons available for scattering and particle production is reduced by nonlinear interactions and parton
recombination. A geometrical scaling model with a strong dependence of the saturation scale on nuclear
mass and collision energy [12] predicts a rather weak variation with centrality. The centrality dependence
is well reproduced by saturation models [13] and [14]1, although the former overpredicts the magnitude.

In summary, the measurement of the centrality dependence of the charged-particle multiplicity density at
mid-rapidity in Pb–Pb collisions at

p
sNN = 2.76 TeV has been presented. The charged-particle density

normalized per participating nucleon pair increases by about a factor 2 from peripheral (70–80%) to
central (0–5%) collisions. The dependence of the multiplicity on centrality is strikingly similar for the
data at

p
sNN = 2.76 TeV and

p
sNN = 0.2 TeV. Theoretical descriptions that include a moderation of the

multiplicity evolution with centrality are favoured by the data.

1Published after the most central dNch/dh value [2] was known.

6

ALICE 1012.1657

CGC centrality dependence of A + A→ consistent with ALICE.
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Centrality dependence in A+A at RHIC

I Local Running coupling on each point on lattice αs (Qmax
s (x⊥))
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Larger systems → smaller multiplicity per participants.
U+U min-bias & tip-tip are very close unlike 2-component model.

dNch

dy ∼
Q2

s S⊥
αS (Qmax

s ) , for Tip-Tip U+U, Q2
s ↑ but S⊥ ↓
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Eccentricity for different systems

The spatial eccentricities that characterize the geometry

εn =

√
〈rn cos(nφ)〉2 + 〈rn sin(nφ)〉2

〈rn〉 , 〈· · · 〉 → weight ε(x⊥, τ)
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I ε2 very sensitive to initial geometry of colliding system.

I Fluctuation driven moment ε3 are very similar for different systems.
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Summary

I CGC is an universal descrip1on of high energy saturated
hadron/nucleus, an ab inito (first principle) approach.

I Powerful framework for wide range of system e+p, e+A, p+p, p+A,
A+A.

I Phenomenologically successful in describing bulk features of data,
difficult in conventional pQCD approach.

I Multi particle production can be studied in detail, consistently
describes global data over wide range of energies/systems.

I Framework includes different sources of quantum fluctuations,
successful describe the initial dynamics of heavy ion collisions.
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BACK UP SLIDES
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Higher order moments ε3, ε5
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Fluctuation driven moments are very similar for different systems.
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Flow in p+A collisions.

A strong dependence on choice of initial conditions for large Npart .
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Both v2 and v3 are smaller in IP-Glasma compared to MC-Glauber.
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Flow in d+A collisions at RHIC.

MC-Glauber
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εn will influence vn only for small r
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Viscous correction in smaller sized systems

Relative magnitude of the ideal and the viscous terms are compared over
the evolution time Tµν = Tµν

0 + πµν

Switch IP-Glasma ↔ Hydro τ = 0.2 fm, η
s = 0.2 (fits to Pb+Pb data),

25 % viscous correction:
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)
Large correction (

√
πµνπµν/

√
e2 + 3P2) over significant fraction of life time.
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Viscous correction in smaller sized systems

Life time of p+Pb ∼ 1
6 life time of Pb+Pb.

50 % viscous correction:
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Might question reliability of second order viscous hydrodynamics
for smaller systems.

48 / 54



IP-Glasma : Multiplicity and Energy density
E-by-E soln. of CYM equation on 2+1D lattice → Fµν(τ, x⊥, η).

I Multiplicity (n): Fµν(τ, x⊥, η)→ H(x⊥) (Hamiltonian density)

Fourier transform H(k⊥)→ number density n(k⊥) of gluon,

H(k⊥) ∼ n(k⊥)ω(k⊥), assuming dispersion relation, ω(k) = k

In the transverse Coulomb Gauge :

dNg

dy
=

2

N2

∫
d2kT

k̃T

[g2

τ
tr (Ei (k⊥)Ei (−k⊥))+τ tr (π(k⊥)π(−k⊥))

]

I Energy density (ε): Fµν → Tµν (stress energy tensor).

Tµν = −gγδFµγF νδ +
1

4
gµνF γβF

δ
γ

solving eigen value eq. uµT
µν = εuν gives ε and flow uν

Tµν
CYM can be Landau matched with viscous hydro.

Gale, Jeon, Schenke, Tribedy, Venugopalan 1209.6330
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p+p, p+A and A+A eccentricities
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Flow in d+A collisions at RHIC.
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Different models of initial conditions.

I.C. Geometry kT−factorization Classical Yang-Mills

framework 2-component CGC CGC
model perturbative non-perturbative

E-by-E � � �
Sub-nucleonic × × �
fluctuation

Time × × �
evolution

Initial × × �
flow

NBD by by �
fluctuation hand hand
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Comparison with MC-Glauber model
Bzdak, Schenke, PT, Venugopalan

MC−Glauber

(participant centered)

MC−Glauber 1

(smeared 0.4 fm)

MC−Glauber 2

(smeared 0.4 fm)

MC−Glauber

(binary centered)

MC-Glauber→ smearing width σ0 → free parameter.
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Very different behaviour at small Npart , would effect vn/εn computation.

Binary centered ↔ IP-Glasma, no energy deposition due to pure gauge

fields outside overlap.
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Flow in p+p and p+A collisions.
Viscous hydrodynamic simulation using MUSIC with IP-Glasma &
MC-Glauber 1 (participant centred, smeared 0.4 fm)

η
s = 1

4π , τ0 = 0.2fm and Tf 0 = 120 MeV.

Integrated 〈vn〉 for pT > 0.5GeV .
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Flow in p+p and p+Pb at large Npart are similar for IP-Glasma.

Npart dependence of v2 → high sensitivity on initial conditions.
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