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The Duality Hall of Fame

 Bierenbaum,l. ¢ Buchta,S ¢ Catani,S ¢ Chachamis, G
» Draggiotis, P« Gleisberg, T ¢ Krauss,F <« M.l

* Rodrigo, G« Winter, J-C

* [Catani,Gleisberg,Krauss,Rodrigo, Winter, JHEPO809(2008)065]




QOutline of the talk

 Feynman Tree theorem and Duality theorem
e Duality theorem for higher loops

e Singularities of the loop integrands




Notation

» All momenta outgoing



Feynman's tree theorem and a Duality theorem

¢o plane go plane

. ] 1
G, = . " Gr = — ;

Both poles are placed above the real axis, +10: positive frequencies are propagated
independently of the sign of the energy forward in time, negatives backward

* Advanced one-loop integral vanishes

 Amplitude is given as an integral of Feynman propagators
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L(l)(plap2s .. '»pN) =———= [ L(l_?cut,(plaPQy v apN) | Rkt o LI(\}_).CUt(pl’I)Qa R 9pN)
Feynman's tree theorem

* "N-cut” is the term with N delta functions (For N>d terms vanish)

* The Duality produces the one-loop Amplitude with only one cut

» Apply the Cauchy residue theorem and select residues with positive energy and negative
imaginary part

(1,‘_() plane

* |n each contribution every uncut propagator becomes “dual”

, 1
Gpl(gi;q;) =

q; — 0m(q; — gi)




* The first argument in the parenthesis stands for the cut propagator

* The i0 prescription changes but notice that at one-loop the modification
does not depend on the loop momentum

e nis a future-like momentum, its dependence should (and does) cancel when summing all
contributions

no >0, > =nun* >0

LY (py, ..., pN)

Loop-tree Duality theorem

 Virtual contributions take similar form to the real corrections (return to that later)



e Example-The two point function

1
(g+p1)? +1i0

Duality:

Y ARSI | IR LY
(g —p1)* + i0npy

» Extension to Amplitudes

 Introducing numerators nothing changes for the method
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Duality theorem at higher orders

-Bierenbaum, Catani,Draggiotis, Rodrigo, JHEP 10(2010)073
-Bierenbaum, Buchta ,Draggiotis,M.I. Rodrigo, JHEP 03(2013)025

* Duality can be extended to higher loops

Number of cuts= Number of loops- i0 prescription depends

, nl momenta
e Two options VAR PRl

Cut more to disconnect graphs to keep the i0 prescription as
in the one loop case
» Define sets of propagators with the same loop momentum
The “Loop Lines”

) = al(él) — {0, 1, ...,7‘} 3

o(ly) ={r+1,7r+2,..,1},
ag=az(li+4)={l+1,1+2,..,.N}




* For these sets of momenta notice:

ag) = H Gr(a,r)(ai)

1EQL

(7]) GA Z () (], H (11) (1,,(1)
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* From the following equation

we can find the expression for the

Gp(aiUasU...Uay) = Z H Gp(ai,) H Gr(ai,).

55\}) ’3(2) BN i1 GB( ) i2631(3)

The sum runs over all partitions of Sy into exactly two blocks BS) and 61(3) with elements
o, € {1,..., N}, where we include the case: [3( ) = Bn




We can derive the formula for the two-loop duality theorem

L (py, ...,pN)
= L L [—GD(al)Gp(az)GD(ag,) o & GD(al) GD(aZ U a3)

+ Gp(—ay Uaz)Gp(asz)]

e Each term includes two Dual propagators (= two cuts)

* However, using Gp(a1 Uaz) = Gp(a1) Gr(az) + Gr(a1) Gp(az) + Gp(a1) Gp(az) .
o2 Nt

single cut double cut

we can cut more up to disconnected diagrams,

keeping the 10 prescription independent of any loop momentum
* The extension of the duality theorem to even higher loops is also known

* In the case of double poles, either use Cauchy theorem, either IBP’s

-Bierenbaum, Buchta ,Draggiotis,M.l. Rodrigo, JHEP 03(2013)025
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Singularities of the loop integrands

* Motivation: Calculate (numerically) amplitudes

AV

* Need to identify singular contributions

* Assume for the moment that UV divergencies have been subtracted

» Duality helps us identify IR contributions that cancel each other (Virtual-Real)




Positive energy solution
for a vanishing propagator
(Forward light-cone)

Negative energy solution
(Backward light-cone)

« The hyperboloids above are the lines where: Gr'(q) =qf —mi{+i0=0
« Duality means integrate along the positive lines (for every contribution one positive line)

» At the intersection points more than one propagators become zero —* singularities

* Dual integrals are positive inside the light cone and negative outside



Study of the different types of intersections

« To make the study of intersections of propagators easier, notice that dual propagators
can be written in the following form :

- . 5(%’,0 -
5 (@) Golasq) = i2m —2— 5"~

2%’,0

with

Forward-Forward intersection

Forward of -k_i with
Backward of -k_j

Notation here:
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Cancellation of threshold singularities

* |Imagine for example the intersection of two propagators when

(Forward-Forward intersection)

* Two relevant contributions from the two dual integrals

* One intersection point- the two contributions have a different sign
coming from crossing in an opposite way the intersection point

where dual propagators change sign

and taking the limit  EamalY

imy (3(6) Golai ) + (6 0 9)) = 2 (

z—0 T

* The same is true for intersection of 3 or more propagators



Massless cases-IR divergencies
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-Interested in cases with massless
internal lines and external momenta
on-shell

- The intersections are tangental

-Collinear divergencies, intersections lines

-Soft divergencies, intersection points



Forward-Forward intersection of
Dual propagators 1 and 3-Cancels

F-F of 1 and 2, Cancels

Forward-Backward singularities survive but...
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Now they are restricted to a finite region

and they can be mapped to some phase-space
contribution
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Cancellation of collinear divergencies-Example

For splitting function also look at -Catani, de Florian, Rodrigo, PLB586(2004), JHEP 07(2012)026 and G.Sborlini’s talk

Virtual Real

IV = —2Re (H / ) 5 Zp
i=2 Y Pi

X /h((h) 9(1)1() (],(())) <M‘(’V)("--.piapnla~-- N+2\-- apn_(haq:'vpitla"')>
JE

N+1
d 0),a
1’ ) 8¢ ) )( 5\()01(1)1’-- 1’N+1)|M\ i 1(1’ 1’;\+1))




* In the virtual part, Duality has been used to open the loop to tree

0
Mj(\H).z ( yPir» —qi, i » -

» Phase-Space different-need some mapping to show the cancellation

 When p_i and g_i become collinear

. -
|M$v)+2(- « s Piy —qis Qiy Pit1y - - -)) = SP(O)(Pz', —qi; —Qz‘—l)

X |-MN+1(---:Pi—la—Qi—hQi,PiH,

where
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o Similarly

0 - (0) >
(MSV)H(PU e apN+1)| = (M ( --,Pg—l, z’N+1’pz+1" )| Sp(O)T(p;’plN+l;Pil,N+l) + 0(3§,N+1)

where s v, = (P} + Ply,)% and

! m
SiN+1 T

Pluf (pt +p [ -~ 7 7 . 7 N\
N+1 — 1\+1) 2n(p:+pl[\f+1)

in the collinear limit of p"_i and p”_n+1

* From the two graphs we can see that the mapping should be the following
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» Under this mapping some of the momenta and the matrix elements match completely

 Difference in the propagators of splitting functions and some integration measurements

1 1 _nISiI,N+1 1

From — = —_
(% —pi)*  (Pyoy — P ni1)? np; (P + Pyy1)?

we get SP(O)t(p;,PZVHZ Pi’,N+1) = —~,—1 SP(O)( i,,N+1= —PN415 Pi)
nPi N

« We get the cancellation if

~

2 1
/d@,v(p;-#, pesiecy Pil,N+1)5 (p;\'+l)

(9 + P )’

)2 — —‘/d(I)jV-fl(p:a'.' 1pi\’-§-1)

(p:\’+1 -

. . _ / / D! _
in the collinear limit P + Pni1 = Piny + O(sing1)
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We start from the left hand side and perform some trivial delta integrations

i < 1 1 ~]
[5(Pas) ) —L— - — L

- g o = T vuAR o wp eSeer
(pN-H Pi.N»H) 4|P'N+1||P'z',N+1| 2(|P'N+1||P'i,1v+1| =) P’N+1P'z’,N+l ]

focusing only on the terms that don’t match

o

« We take now the collinear limit : Pnyy =2ZPiNg1 —lr

with 0<z<1,Piny-lp=0 and

» We get (after expansion ) :

= (= =/, 1 -1 -2
[3(Pinn) () 5 = ——=— A+ 0G)

(Pnsr — Pinia)? 41—%}572i,N+1
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» For the right hand side we need to perform a Phase-Space decomposition first

AP N1 (P}, ’P'N+1) = dq)N(p;,N+l’p;;éi= e :pjv)d(I)?(p;,N-H;pgrpr'+l)ds:,N+l

e Performing again some delta integrations we are able to show

/d(I)N-{-l(p;"” ’p’N+l)(pz+pN+1 /54 P pz N+1 Zp] ( .

J#i
daP’NH dsp'i,Nﬂ 1
2|P’N+1| 2|P'i,N+1 - P’N+1| (|P'i,N+1 - P’N+1| + |P’N+1|)2 - (p’i,N+l)2

* \We take the collinear limit as before

and we get

1 1 1 —~2
= (1+0(r))

4|P’N+1||P'i,1v+1 - P’N+1| (|P'i,1v+1 - P'N+1| + |P'N+1|)2 - (p,i,l\’+l)2 412 P’2i N+1
T ;




The two terms cancel exactly

In a similar way, all possible collinear divergences cancel

Cancellation of the soft divergences (omitted in the presentation)

Loop-tree duality ———— Virtual-Real duality




Conclusions and Future

e Duality is a method for calculating loop Amplitudes
and has interesting properties

 The method is extended to higher loops

e Threshold and IR singularities among dual integrals
cancel when the intersections happen at the

Forward-Forward light cone




 Numerical implementation

UV divergences

e Singularities in higher orders
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