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Thrust in Soft-Collinear Effective Theory

Thrust,

T = maxx̂

{∑
i |pi · x̂|∑
i |pi|

}
is a well-studied e+e− event shape variable that requires

resummation in the end-point region, 1− T = τ → 0.
(see e.g. Schwartz Phys. Rev. D77 (2008) 014026, Becher and Schwartz JHEP 07 (2008) 034)

The framework of soft-collinear effective theory is a convenient
one in which to discuss factorization and resummation.
In the context of thrust in the end-point region, the hard scale is
simply Q and one defines the scaling behavior of a soft or
collinear momentum by

pηcollinear
≈ Q (τ, 1,

√
τ) psoft ≈ Q (τ, τ, τ)

p = (p+, p−, p⊥) p2 = p+p− − p2
⊥
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Factorization For Thrust-Like Observables (τ or τω)
Catani et. al. Nucl. Phys. B407, 3 (1993); Schwartz arXiv:0709.2709;

Ellis et. al. JHEP 1011:101, 2010; Kelley et. al. arXiv:1102.0561

1
σtree

dσ
dτalg

= H(Q,µ)
∫
dkLdkRdM

2
LdM

2
RJn(M2

L −Q kL, µ)×

×Jn̄(M2
R −Q kR, µ)Salg(kL, kR, ω, r, µ)δ

(
τalg − M2

L+M2
R

Q2

)
+ · · ·

H is a “hard function” which captures the effects associated with
the short-distance hard scattering process.

Jn and Jn̄ are “jet functions” which capture the effects
associated with the radiation of collinear gluons off of the partons
which emerge from the hard scattering.

Salg is a “soft function” which captures the effects associated
with the radiation of soft gluons off of the partons which emerge
from the hard scattering and the exchange of soft partons
between them. It depends on the algorithm used to determine
how the radiated soft partons are clustered into jets.
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Jet Algorithms (Hemispheres vs. Cones)

STC(kL, kR, ω, r, µ) =

∫ ω

0

dλS(kL, kR, λ, r, µ)

r = tan2
(α

2

)
Our jet definition was first introduced by F. Almeida (Z. Phys. C18 (1983) 259)
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Operator Definition of the Hemisphere Soft Function

Shemi(kL, kR, µ) =

1
Nc

∑
Xs

δ
(
kL − η̄ · PLXs

)
δ
(
kR − η · PRXs

)
〈0|YηYη̄|Xs〉〈Xs|Y †η̄ Y †η |0〉

P
L(R)
s is the total soft momentum of final state Xs entering the

left(right) hemisphere.

The Y ′s are Fourier transformed soft Wilson lines encapsulating
the interaction of the “frozen” collinear quark and anti-quark
with the soft gluon background.

At O(α2
s), there are two soft partons emitted which can either

travel into the same hemisphere or into opposite hemispheres.

Hornig et. al. (JHEP 08 (2011) 054) and some of us (Phys. Rev. D84

(2011) 045022) have calculated Shemi(kL, kR, µ) to O(α2
s).
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Operator Definition of the Thrust Cone Soft Function

S(kL, kR, λ, r, µ) =

1
Nc

∑
Xs

δ
(
kL − η̄ · PLXs

)
δ
(
kR − η · PRXs

)
δ
(
λ− EXs

)
〈0|YηYη̄|Xs〉〈Xs|Y †η̄ Y †η |0〉

At O
(
α2
s

)
, the phase-space of the two soft partons naturally splits up

into four different contributions:

Both soft partons clustered into the same jet.

One soft parton clustered into the n jet and one soft parton
clustered into the n̄ jet.

One soft parton clustered into a jet and the other out of all jets.

Both soft partons out of all jets.
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To What Extent Can We Reduce, Reuse,
Recycle the Hemisphere Calculation?

Actually, we can learn a lot without doing any hard calculations at all!

In some cases, it is technically easier to
work with fully integrated quantities:

Khemi(τ, µ) =

∫ τ

0

dτ ′
∫

dkLdkRShemi(kL, kR, µ)δ

(
τ ′ − kL + kR

Q

)
Σ(X,Y, µ) =

∫ X

0

dkL

∫ Y

0

dkR Shemi(kL, kR, µ)

KTC(τω, ω, r, µ) =

∫ τω

0

dτ ′ω

∫
dkLdkRSTC(kL, kR, ω, r, µ)δ

(
τ ′ω −

kL + kR
Q

)
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Mapping the Hemisphere Plane Onto One of the Cones

Consider a Lorentz boost along the thrust axis acting on
spacetime points which lie on the hemisphere plane,

perpendicular to the thrust axis at the collision point:

(
x0
c

xthrc

)
=

(
cosh y − sinh y
− sinh y cosh y

)(
x0
h

0

)
=

(
cosh y
− sinh y

)
x0
h

We can easily find y such that the hemisphere plane gets
mapped onto, say, the right cone (of half-angle α):

y = − ln
(

tan
(α

2

))
= ln

(
1√
r

)
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Transformation of the Light Cone Coordinates

x+
c = x0

c + xthrc = (cosh y − sinh y)x+
h = e−yx+

h = x+
h

√
r

x−c = x0
c − xthrc = (cosh y + sinh y)x−h = eyx−h = x−h /

√
r

In particular, these relations imply that

⇒
S

(L)

hemi

(
kL
√
r, kR/

√
r, µ
)

=
⇒
S

(L)

TC (kL, kR, ω, r, µ) ,

where the ⇒ projects out those contributions to the soft functions
where all soft radiation goes into the right hemisphere/cone.
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What Does This Buy Us?...

After integrating over the transverse components
of the momenta of the soft partons, we have

⇒
S

(L)

hemi(kL, kR, µ) =

(
µ2eγE

4π

)εL( −i
4(2π)3−2ε

)L
×

L∏
i=1

(∫
dq−i dq+

i Θ
(
q+
i

)
Θ
(
q−i
)

Θ(q−i − q
+
i )
(
q−i q

+
i

)−ε)

×CΩ(ε)

∫
dΩεI

(L)
(
q+
i , q

−
i ,Ω

)
δ(kL)δ

(
kR −

L∑
i=1

q+
i

)
= k−1−2εL

R δ(kL)µ2εLg
(L)
hemi(ε)

by dimensional analysis.
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...Quite a Bit, Actually

K
all−in (L)
TC (τω, ω, r, µ) = 2

∫ τω

0

dτ ′ω

∫
dkLdkR

×
⇒
S

(L)

hemi

(√
rkL,

kR√
r
, µ

)
δ

(
τ ′ω −

kL + kR
Q

)
= 2

∫ τω

0

dτ ′ω

∫
dkLdkR

((
kR√
r

)−1−2εL

δ(
√
rkL)µ2εLg

(L)
hemi(ε)

)

= 2rεL
⇒
K

(L)

hemi(τω, µ)

This also tells us something very useful
about the soft function integrand at O(αLs )
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A Derivation of the Relation By Changing Variables

Consider the change of variables q−i = p−i /r:

K
all−in (L)
TC (τω, ω, r, µ) = 2CΩ(ε)

(
µ2eγE

4π

)Lε( −i
4(2π)3−2ε

)L ∫ τω

0

dτ ′ω

∫
dkLdkR

×
∫

dΩε

L∏
i=1

(∫
dq−i dq+

i Θ
(
q+
i

)
Θ
(
q−i
)

Θ(rq−i − q
+
i )
(
q−i q

+
i

)−ε)
I(L)

(
q+
i , q

−
i ,Ω

)
×δ

(
kR −

L∑
i=1

q+
i

)
δ

(
τ ′ω −

kL + kR
Q

)
q
−
i

=p
−
i
/r

= 2r(−1+ε)LCΩ(ε)

(
−iµ2εeγEεπε

4(2π)3

)L ∫ τωQ

0

dτ ′′ω

∫
dΩε

L∏
i=1

(∫
dp−i dq+

i

)

×
L∏
i=1

(
Θ
(
q+
i

)
Θ
(
p−i
)

Θ(p−i − q
+
i )
(
p−i q

+
i

)−ε)
I(L)

(
q+
i ,
p−i
r
,Ω

)
δ

(
τ ′′ω −

L∑
i=1

q+
i

)
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The Hemisphere Integrand Transforms Homogeneously
Under The Rescaling q−i → q−i /r!

For this analysis to be consistent with the
relation we found before, we must have

I(L)

(
q+
i ,
q−i
r
,Ω

)
= rLI(L)

(
q+
i , q

−
i ,Ω

)

This relation actually allows one to show that several other
contributions to the integrated hemisphere soft function correspond in
a precise way to analogous contributions to the integrated jet thrust

distribution, provided r is sufficiently small!
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Mixed In-Out Contributions to K
(L)
TC (τω, ω, r, µ)

For instance, for r sufficiently small, a contribution to the integrated
jet thrust distribution with nL soft partons out of all jets and nR soft

partons in the right jet can be easily shown to be equivalent to a
contribution to the integrated hemisphere soft function with nL

left-going and nR right-going soft partons in the final state.

One simply needs to integrate kL up to 2rω and kR up to τωQ.
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What About the All-Out Contributions?

It is not immediately obvious from what has been discussed so far
that we will be able to say anything about the all-out contributions

But let’s see...
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What Configurations of the qi Dominate For Small r?

K
all−out (L)
TC (τω, ω, r, µ) =

(
µ2eγE

4π

)Lε ∫ τω

0

dτ ′ω

∫ ω

0

dλ

∫
dkLdkR

×
L∏
i=1

(∫
ddqi
(2π)d

(−2πi)δ(q2
i )Θ

(
q+
i

)
Θ
(
q−i
)

Θ(q−i − rq
+
i )Θ(q+

i − rq
−
i )

)

× I(L)
(
q+
i , q

−
i ,q

(i)
T

)
δ(kL)δ (kR) δ

(
λ−

L∑
i=1

q−i + q+
i

2

)
δ

(
τ ′ω −

kL + kR
Q

)

Answer: Either very large q+
i or very large q−i
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The Logs of r in the All-Out Contributions Can Be
Extracted By Considering Collinear Limits of the qi!

By symmetry, taking the q+
i >> q−i limit of the integrand is

equivalent to the taking the extreme small r limit:

K
all−out (L)
TC (τω, ω, r, µ)

∣∣∣
rV0

= 2K
all−out (L)
TC (τω, ω, r, µ)

∣∣∣
q+i >>q

−
i

= 2

(
µ2eγE

4π

)Lε
×
∫ 2ω

0

dλ′
L∏
i=1

(∫
ddqi
(2π)d

(−2πi)δ(q2
i )Θ

(
q+
i

)
Θ
(
q−i
)

Θ(q−i − rq
+
i )

)

× I(L)
(
q+
i , q

−
i ,q

(i)
T

)
δ

(
λ′ −

L∑
i=1

q+
i

)

= 2r−εL
⇒
K

(L)

hemi(τω, µ)
∣∣∣
τωQ→2ω

The logs of r are again fixed by the integrated hemisphere function!
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Motivation and Recap of the O(αs) Results

K
(1)
TC(τω, ω, r, µ) = CF

(
−8Li2(−r)− 4 ln2(r)− π2

3

−8 ln2

(
µ

Qτω

)
− 8 ln(r) ln

(
µ

Qτω

)
+ 8 ln(r) ln

( µ
2ω

))

K
(1)
TC(τω, ω, r, µ)

∣∣∣
r→0

= CF

(
−8 ln2

(
µ

Qτω

)
− 8 ln(r) ln

(
µ

Qτω

)
+8 ln(r) ln

( µ
2ω

)
− 4 ln2(r)− π2

3

)
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(
α2
s

)

K
(2)
TC(τω, ω, r, µ)

∣∣∣
r→0

= CACF

(
−176

9
ln3

(
µ

Qτω

)
+

(
−88 ln(r)

3
+

8π2

3

−536

9

)
ln2

(
µ

Qτω

)
+

(
−44

3
ln2(r) +

8

3
π2 ln(r)− 536 ln(r)

9
+ 56ζ3 +

44π2

9

−1616

27

)
ln

(
µ

Qτω

)
+

(
−44

3
ln2(r)− 8

3
π2 ln(r) +

536 ln(r)

9
− 44π2

9

)
ln
( µ

2ω

)
+

88

3
ln(r) ln2

( µ
2ω

)
− 8

3
π2 ln2

(
Qτω
2rω

)
+

(
−16ζ3 −

8

3
+

88π2

9

)
ln

(
Qτω
2rω

)
+

4

3
π2 ln2(r)− 268 ln2(r)

9
− 682ζ3

9
+

109π4

45
− 1139π2

54
− 1636

81

)
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The Small r CFnFTF Terms at O
(
α2
s

)
+CFnfTF

(
64

9
ln3

(
µ

Qτω

)
+

(
32 ln(r)

3
+

160

9

)
ln2

(
µ

Qτω

)
+

(
16 ln2(r)

3
+

160 ln(r)

9
− 16π2

9
+

448

27

)
ln

(
µ

Qτω

)
−32

3
ln(r) ln2

( µ
2ω

)
+

(
16 ln2(r)

3
− 160 ln(r)

9
+

16π2

9

)
ln
( µ

2ω

)
+

(
16

3
− 32π2

9

)
ln

(
Qτω
2rω

)
+

80 ln2(r)

9
+

248ζ3
9

+
218π2

27
− 928

81

)
It appears that, at O

(
αLs
)
, we have ln(r) terms

−ΓL−1 ln2(r) + · · ·

that cannot be naturally absorbed into the NGLs.
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We have shown that the thrust cone algorithm,
investigated here in the context of a jet mass

observable, has some very nice theoretical properties.

Can we better understand the structure of the ln(r) terms that
appear in the small r limit of the soft integrated τω distribution?

Is the general NGL resummation problem any easier for
observables defined using a hemisphere jet algorithm? If so, our
results would facilitate a resummation of the NGLs that appear
in (integrated) jet mass distributions.

Technical developments, discussed in the paper upon which this
talk is based, strongly indicate that the door to the calculation of
the hemisphere NGLs at O

(
α3
s

)
is now wide open.

Can we reproduce/improve upon existing analyses of NGLs?
(see e.g. Dasgupta and Salam Phys. Lett. B512 (2001) 323, Banfi et. al. JHEP 08 (2010) 064)
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The Integrated Two-Loop Hemisphere Soft Function

Σ(2)(X,Y, µ) =

∫ X

0

dkL

∫ Y

0

dkR S
(2)
hemi(kL, kR, µ)

= Σ(2)
µ

(
X

µ
,
Y

µ

)
+ Σ

(2)
f

(
X

Y

)

Σ(2)
µ

(
X

µ
,
Y

µ

)
=

[
88

9
ln3

(
X

µ

)
+

4π2

3
ln2

(
X

µ

)
− 268

9
ln2

(
X

µ

)
− 11π2

9
ln

(
XY

µ2

)

+
404

27
ln

(
XY

µ2

)
− 14ζ3 ln

(
XY

µ2

)
+X ↔ Y

]
CFCA +

[
− 32

9
ln3

(
X

µ

)

+
80

9
ln2

(
X

µ

)
+

4π2

9
ln

(
XY

µ2

)
− 112

27
ln

(
XY

µ2

)
+X ↔ Y

]
CFTFnf
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Σ
(2)
f

(
X

Y

)
=

[
−88Li3

(
−X
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− 16Li4
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Y
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(
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−154ζ3

9
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3
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81

]
CFCA +

[
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(
−X
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)
− 32

3
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3
(
X
Y + 1

) +
16π2

9
ln

(
X

Y

)
+

56ζ3
9

+
74π2

27
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]
CFnfTF
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The Small r Non-Global Contribution To The
Integrated Jet Thrust Distribution

Kelley et. al. Phys. Rev. D86 (2012) 054017

Remarkably, taking the small r limit before integrating
in the way suggested captures not only the extreme small r

asymptotics but also the dominant power-corrections to them!

K
(2)
TC(τω, ω, µ)

∣∣∣
NG; r→0

= 2 Σ
(2)
f

(
τωQ

2rω

)
+ CACF

(
8

3
π2 ln2(r)

+16ζ3 ln(r)− 88

9
π2 ln(r)− 4 ln(r)

3
− 16π4

5
+

1012ζ3
9

+
871π2

27
+

4064

81

)
+CFnfTF

(
32

9
π2 ln(r) +

16 ln(r)

3
− 368ζ3

9
− 308π2

27
+

272

81

)
(see Kelley et. al. Phys. Rev. D84 (2011) 045022 and Hornig et. al. JHEP 08 (2011) 054)
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Robustness Of The Small r Approximation: CACF
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Robustness Of The Small r Approximation: CFnfTF
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