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The Parton Cascade Model

• Describes the time evolution of a system of quarks and gluons, a microscopic 
transport model based upon the Boltzmann equation.

• Particles follow classical trajectories in phase space. Full relativistic mechanics 
for scattering kinematics

• A geometric interpretation of the cross-section is used to select interactions

• Collision term is potentially very general. Usually models consider 2->2 
processes (binary scatterings) and radiative processes 1->2, 2->N. 

• Not clear how to propagate virtual particles. 
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Parton Cascades - Past Historical
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VNI - K.Geiger & B.Müller (1991)
K. Geiger/Physics Reports 258 (1995) 237-376 255 

(4 (al 

Fig. 9. The three essential elements of the reaction p + jj -+ HI + Hz + . . + anything: (a) initial parton distributions 
according to the p and p structure functions (SF); (b) parton evolution: space-like branchings of incoming partons (SB), 
hard scattering (HS), time-like branchings of outgoing partons (TS); (c) hadronization of final state partons. 

2.4.1. Factorization of short- and long-range dynamics 
To be specific, consider a proton-antiproton (pp) collision at ultra-relativistic energy, e.g. at the 

CERN pp collider. In order to apply the parton picture to this reaction, one has to go into a frame 
where both the colliding nucleons are moving very fast, so that they can be resolved into individual 
partons. The visualization of a nucleon as an instantanous distribution of partons at any time requires 
probing the nucleon over a time durations and spatial distance small on the scale of internal motions 
of the partons. This condition is fulfilled in any frame of reference in which the nucleon moves 
almost with the speed of light, because the time dilation effect slows the internal motions such that 
the wavefunction of the nucleon can be described as a simple quantum mechanical ensemble of 
quasireal partons that do not mix with vacuum fluctuations (except for the slowest gluons and sea 
quarks) [ 171. Therefore the appropriate choice of Lorentz frame is the center-of-mass (CM) frame 
of the two nucleons such that 

p(p) = +p, pz(,‘) = -p, z 
P(P) = pm = 0 I I ’ (17) 

so that ,/Z$ = 2P >> M ,,,. Then the parton description the reaction can be factorized in three steps 
[ 521, as depicted in Fig. 9: 
( 1) The initial parton distributions in the incoming p and p given by the measured nucleon structure 

functions (10) at the initial resolution scale Q,‘. 

• concept developed by Klaus Kinder-
Geiger and Berndt Mueller in 1991 
(Nucl.Phys.B369:600-654,1992 )
• original implementation by KKG was not 

further maintained after his untimely 
death in the crash of Swissair 111 in 
September 1998
• newly revised and improved 

implementation was developed from 
2000 onward by SAB, B. Mueller and 
D.K. Srivastava
• well established model: various 

implementations from other groups 
available as well: Purdue, TAMU, 
Frankfurt, LBNL…

8

Parton Cascade Model, designed to describe 
the energy deposition, thermalization and 
chemical equilibration of matter in high-

energy nuclear collisions

• Full set of 2->2 scatterings

• Space-like and time-like branching 
processes.

• Some off-shell propagation is mooted, 
not  totally clear how it worked in 
practice

• Global pt cut-off for hard scatterings.

• Partons sampled from PDF’s with 
slightly fuzzy spatial distributions 

• Predictions of multiplicity and energy 
deposition in central region

K.Geiger & B.Müller. N Phys B 369 (1992)
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A = 0.2 GeV. (54)

trois the coupling strength n E . ~40~, and determines
the sca e epenh 1 d pendence of the nuclear structure functions

l'k rton branchings, is chosen sn accord w'
ef. 12:the structure function parametrization of Re . [ j:
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whereas p,p is taken to be fixed:

pp ——1 GeV. (56)
t at se arates hard and

semihard parton collisions from soft interactions is chosen
according to Eq. (30):

Next, the resolution scale Qo for the initial parton struc-
ture of the colliding nuclei and the invariant-mass cutofF
po for the virtualities of final-state partons, which de-
fine the regime inbetween which the parton distributions
are evolved perturbatively. The value of Qo is evaluated
dynamically urging e cd ' th alculation [as explained in Sec.
IIB after Eq. (7)),
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FIG 4. Time evolution of the average cumulative num-b ~

ber of the various parton interactions in
Au+ Au collisions at +s = 200A GeV: hard and semi-

hard scatterings (hs), soft scatterings (ss), time-hke branc-
ings t, space- i e

evolutionThe figure labels (a) and (b) correspond to the two evo u '

paatterns discussed in the text.

pi, „&——1.54 GeV/c . (57)

A. Parton multiplicities and characteristics
of the space-time evolution

i ures 3—5 show some characteristic features of the
ynamics of arton interactions and the sph s ace-time evo-

lution of the system. To study the eKects of the space-
ussed in Sec.time structure of parton interactions, iscu

were considered.II two extreme evolution scenarios were)

(a) Parton scatterings occur instantaneous youst. without
associated cascades of successive parton

e s ace-timebranchings evolve immediately at the same space- ime
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Thermalization in ultrarelativistic nuclear collisions.
I. Parton kinetics and quark-gluon plasma formation

Klaus Geiger
School of Physics and Astronomy, University of Minnesota, Minneapolis, Minnesota 55/55

(Received 10 March 1992)

A relativistic kinetic formulation of the time evolution of parton distributions during the early
preequilibrium stage of nucleus-nucleus collisions at the BNL Relativistic Heavy Ion Collider (RHIC)
and CERN Large Hadron Collider (LHC) is presented to study the microscopic dynamics and equi-
libration of the system. The nuclear collision is described as a sequence of multiple hard and soft
parton-parton collisions and associated parton emission and absorption processes. Important aspects
for the space-time evolution of the partonie system are the balance between emissive and absorptive
processes, dilated formation of gluon radiation, and the effects of soft gluon interference. The time
evolution of central S+ S and Au+ Au collisions at RHIC (+s = 200A GeV) is studied in
complete phase space and the approach to equilibrium is investigated. The results obtained imply the
formation of hot quark-gluon plasmas in these collisions with estimated equilibration times, temper-
atures, and energy densities of r,~ 1.2 (1.8) fm/c, T 290 (325) MeV, and e 17 (31) GeV/fms for
s2S+s S (~9~Au+ 9 Au). The consequences of such rather high temperatures and energy densities
should be clear quark-gluon plasma signatures, observable in the production of charm, strangeness,
direct photons, and dileptons.
PACS number(s): 25.75.+r, 12.38.Bx, 12.38.Mh, 24.85.+p

I. INTRODUCTION

The possibility of producing dense plasmas of uncon-
fined quarks and gluons in ultrarelativistic heavy-ion col-
lisions may be realized in the near future in the planned
collider experiments at the Relativistic Heavy Ion Col-
lider (RHIC) at Brookhaven and the Large Hadron Col-
lider (LHC) at CERN. In order to observe characteristic
signals of quark-gluon plasma formation it is important
to understand what happens at the very beginning, the
"first few fm/c, " of the nuclear collisions. It is usually as-
sumed that the quanta which are produced in the central
rapidity region quickly reach a state of local thermody-
namic equilibrium. Such an assumption is the convenient
basis of most theoretical studies addressing the proper-
ties of a quark-gluon plasma [1]. However, the validity
of this assumption remains to be checked. In particular,
one would like to know how the quanta evolve in phase
space, if and under what circumstances they eventually
thermalize, the time scale for this thermalization, the
typical energy density and entropy soon after equilibra-
tion, etc. To study these questions systematically in a re-
alistic model, a comprehensive description of the dissipa-
tive processes occurring during the preequitibrium phase
of high-energy nuclear collisions has been developed in
Ref. [2]. The model is based on the parton picture of
hadronic interactions and describes the nuclear dynamics
in terms of quark and gluon interactions within pertur-
bative QCD, embedded in the framework of relativistic
transport theory. The time evolution of the system is
simulated by solving an appropriate transport equation
in six-dimensional phase space vrith Monte Carlo meth-
ods.

In this and in a following paper [3] I report on the de-
velopment of the work of Ref. [2] and present results of
a quantitative analysis of the evolution of ultrarelativis-
tic nuclear collisions towards equilibrium. The present
paper is devoted mainly to the microscopic dynamics of
partons and their approach to equilibrium. The second
paper deals with the macroscopic thermodynamic prop-
erties of the system. The essential conclusion is that
high-temperature quark-gluon plasmas can be formed in
central A+ A collisions at RHIC (E, =200A. GeV).
In particular, for the two systems studied, szS + szS and
~s"Au + ~s7Au, the estimates for the initial temperatures
and energy densities of the plasmas are To =—T(r~) =
290 MeV (325 MeV) and e 17 (31) GeV/fms for S+S
(Au+Au).
In the parton cascade model presented here, the re-

action mechanism is viewed as a succession of binary
parton-parton collisions with associated radiative emis-
sion and absorption processes which are described as the
evolution of multiple, internetted parton cascades. The
approach incorporates the following important features.
(i) The parton distribution functions are evolved in

full phase space and time; relativistic kinematics is used
throughout.
(ii) The initial phase-space distribution of partons in

the colliding nuclei is modeled on the basis of experi-
mental knowledge of the flavor, momentum, and spatial
parton substructure of nucleons.
(iii) The scale dependence of the initial parton distribu-

tions through the nuclear structure functions and their
evolution according to renormalization-group improved
perturbation theory is taken into account and computed
dynamically in a self-consistent manner.

46 4965 1992 The American Physical Society
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K.Geiger, Phys Rev D 46, (4965) (1992),
K.Geiger, Phys Rev D 46, (4986) (1992)
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A relativistic kinetic formulation of the time evolution of parton distributions during the early
preequilibrium stage of nucleus-nucleus collisions at the BNL Relativistic Heavy Ion Collider (RHIC)
and CERN Large Hadron Collider (LHC) is presented to study the microscopic dynamics and equi-
libration of the system. The nuclear collision is described as a sequence of multiple hard and soft
parton-parton collisions and associated parton emission and absorption processes. Important aspects
for the space-time evolution of the partonie system are the balance between emissive and absorptive
processes, dilated formation of gluon radiation, and the effects of soft gluon interference. The time
evolution of central S+ S and Au+ Au collisions at RHIC (+s = 200A GeV) is studied in
complete phase space and the approach to equilibrium is investigated. The results obtained imply the
formation of hot quark-gluon plasmas in these collisions with estimated equilibration times, temper-
atures, and energy densities of r,~ 1.2 (1.8) fm/c, T 290 (325) MeV, and e 17 (31) GeV/fms for
s2S+s S (~9~Au+ 9 Au). The consequences of such rather high temperatures and energy densities
should be clear quark-gluon plasma signatures, observable in the production of charm, strangeness,
direct photons, and dileptons.
PACS number(s): 25.75.+r, 12.38.Bx, 12.38.Mh, 24.85.+p

I. INTRODUCTION

The possibility of producing dense plasmas of uncon-
fined quarks and gluons in ultrarelativistic heavy-ion col-
lisions may be realized in the near future in the planned
collider experiments at the Relativistic Heavy Ion Col-
lider (RHIC) at Brookhaven and the Large Hadron Col-
lider (LHC) at CERN. In order to observe characteristic
signals of quark-gluon plasma formation it is important
to understand what happens at the very beginning, the
"first few fm/c, " of the nuclear collisions. It is usually as-
sumed that the quanta which are produced in the central
rapidity region quickly reach a state of local thermody-
namic equilibrium. Such an assumption is the convenient
basis of most theoretical studies addressing the proper-
ties of a quark-gluon plasma [1]. However, the validity
of this assumption remains to be checked. In particular,
one would like to know how the quanta evolve in phase
space, if and under what circumstances they eventually
thermalize, the time scale for this thermalization, the
typical energy density and entropy soon after equilibra-
tion, etc. To study these questions systematically in a re-
alistic model, a comprehensive description of the dissipa-
tive processes occurring during the preequitibrium phase
of high-energy nuclear collisions has been developed in
Ref. [2]. The model is based on the parton picture of
hadronic interactions and describes the nuclear dynamics
in terms of quark and gluon interactions within pertur-
bative QCD, embedded in the framework of relativistic
transport theory. The time evolution of the system is
simulated by solving an appropriate transport equation
in six-dimensional phase space vrith Monte Carlo meth-
ods.

In this and in a following paper [3] I report on the de-
velopment of the work of Ref. [2] and present results of
a quantitative analysis of the evolution of ultrarelativis-
tic nuclear collisions towards equilibrium. The present
paper is devoted mainly to the microscopic dynamics of
partons and their approach to equilibrium. The second
paper deals with the macroscopic thermodynamic prop-
erties of the system. The essential conclusion is that
high-temperature quark-gluon plasmas can be formed in
central A+ A collisions at RHIC (E, =200A. GeV).
In particular, for the two systems studied, szS + szS and
~s"Au + ~s7Au, the estimates for the initial temperatures
and energy densities of the plasmas are To =—T(r~) =
290 MeV (325 MeV) and e 17 (31) GeV/fms for S+S
(Au+Au).
In the parton cascade model presented here, the re-

action mechanism is viewed as a succession of binary
parton-parton collisions with associated radiative emis-
sion and absorption processes which are described as the
evolution of multiple, internetted parton cascades. The
approach incorporates the following important features.
(i) The parton distribution functions are evolved in

full phase space and time; relativistic kinematics is used
throughout.
(ii) The initial phase-space distribution of partons in

the colliding nuclei is modeled on the basis of experi-
mental knowledge of the flavor, momentum, and spatial
parton substructure of nucleons.
(iii) The scale dependence of the initial parton distribu-

tions through the nuclear structure functions and their
evolution according to renormalization-group improved
perturbation theory is taken into account and computed
dynamically in a self-consistent manner.
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in the central slab (~z~ & 0.2 fm) and becomes faster
with increasing distance from the center of mass at z = 0
fm. The decrease is slower than what one expexts for a
perfect fluid or a free streaming system.
(iii) The final densities at tf =3 fm/c are still

rather large, with e =15—31 GeV fm 3, n =17.5—
28 fm, and s =67.5—120 fm . Their beam en-
ergy dependence can be parametrized as e 2.3
GeVfm sts+ ln(to), n 4.0 GeVfm sm ee2sln(tU),
and s 12.0 GeVfm sm+e e~s ln(ts), where ts
~s/A GeV.

Au+ Aus" = 200 A GeV - 6300 A GeV

=00—
~M

C. Entropy production

Next I consider the total entropy S produced by the
secondary partons in the central region. Figure 10(a)
displays the time development of the speci6c entropy
(S/N)(t) for the various beam energies, whereas Fig.
10(b) shows the corresponding number of particles N(t)
present in the central phase-space volume (32) and (33)
at time t. The curves show a rapid buildup of S/N and
relax approximately exponential to reach their final val-
ues between 3.9 and 4.3. Comparing these values with
(S/N)'d'" 4 for an ideal gas of noninteracting massless
quarks and gluons, one sees that the difference between
the resulting entropy of the realistic model calculation
and the idealized case amounts only to +0.2—0.3. Al-
though the model includes massive quarks and accounts
for interactions among the partons (which however at 3
fm/c have reduced to relatively infrequent, mostly elastic
scatterings), the system of partons looks from this point
of view effectively like an almost ideal gas. The variation
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FIG. 9. Beam energy dependence of the final energy, par-
ticle, and entropy densities at tf =3 fm/c when the calcula-
tions were stopped. The points are the computed values for
the considered beam energies ~s = 200A—6300A GeV.

FIG. 10. (a) Increase with time of the total entropy per
particle (S/N)(t) produced by the secondary partons in the
central region of Au + Au collisions with v s = 200A—6300A
GeV. (b) Number of particles N(t) present in the central
phase-space volume at time t, which contribute to the en-
tropy production shown in (a).
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the first 3 fm/c is simulated in full six-dimensional phase space within a parton cascade model to
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of final pions from the plasma is estimated from the amount of entropy produced, yielding a huge
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I. INTRODUCTION
The production and observation of quark-gluon plas-

mas in ultrarelativistic heavy-ion collisions is one of the
most ambitious goals of the experimental program of the
Relativistic Heavy Ion Collider (RHIC) at Brookhaven
and the Large Hadron Collider (LAC) at CERN. It
is expected that very shortly (within a fraction of a
fm/c) after the nuclei begin to overlap a large number
of quarks and gluons are "freed" through frequent scat-
terings, eventually forming a hot, dense plasma of uncon-
fined partons during the first few fm/c. Two of the most
crucial questions in this context are the following: First,
does the system reach a state of thermal (and chemical)
equilibrium with sufficiently large volume and lifetime
so that it may leave characteristic marks which survive
the complex evolution from the deconfined quark-gluon
phase to the hadronization yielding the final observed
particles'? Second, what are the signals that enable one
to observe the formation of quark-gluon plasmas during
the first 2—3 fm/c or so in the final particle spectra?
Numerous theoretical papers addressing the properties
and possible unambiguous signatures of this new form
of matter have been published [1—3]. The most promi-
nent proposed characteristic features are the spectra of
photons [4—9] and dileptons [4,10—13] produced during
the early stage of the collisions as w'ell as the amount
of strangeness [14—16] and charm [17—19) in the observed
hadronic fragments. In studying the space-time evolu-
tion of a quark-gluon plasma, once it has been formed, it
is usually assumed that relativistic hydrodynamics is ap-
plicable [20—26]. However, the validity of this convenient
assumption remains to be checked. Puthermore, even if a
hydrodynamical description is appropriate, one faces the
problem of fixing the boundary and initial conditions as
well as the equation of state. The major uncertainties are

the initial conditions, since these depend on the poorly
understood preequilibrium stage of the collision, that is,
the space-time evolution of the collisions from the mo-
ment of nuclear overlap to the actual establishment of an
equilibrated quark-gluon plasma.
The purpose of this paper is to examine these ques-

tions systematically within a realistic model, the parton
cascade model presented in Refs. [27,28]. This model is
based on the parton picture of hadronic interactions. It
describes the preequilibrium dynamics of high-energy nu-
clear collisions in terms of the time evolution of the par-
ton distributions in six-dimensional phase space by solv-
ing an appropriate transport equation in which the quark
and gluon interactions are included within renormaliza-
tion group improved perturbative /CD. A nuclear colli-
sion is described as a sequence of multiple hard and soft
parton-parton scatterings and associated parton emission
and absorption processes. In Ref. [28] I studied the mi-
croscopic characteristics of the space-time evolution of
the partons during the preequilibrium stage of A+ A col-
lisions with center-of-mass energy v s = 200A GeV (A=
mass number of the nuclei) and investigated the approach
to an equilibrated quark-gluon plasma state in the cen-
tral collision region. As a continuation, I will focus in
the present paper on the macroscopic, thermodynamic
properties of the parton system and discuss the observ-
able implications. I will report on the results of sim-
ulations of central 9 Au+ Au collisions with various
beam energies from RHIC (~s = 200A GeV) up to LHC
(~s = 6300A GeV). The time evolution of the energy,
particle, and entropy densities is analyzed as the par-
tons thermalize, from which the corresponding equation
of state is extracted. In particular, I find for ~s = 200—
6300A GeV, at t = 3 fm/c after the nuclei have touched,
energy densities e = 15—31 GeV fm 3, particle densities
n =17.5—28 fm 3, specific entropies s/n =3.9—4.3, cor-
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FIG. 14. The pion multiplicities in the central rapidity re-
gion around y = 0 estimated from the amount of total entropy
in the central unit of rapidity, dS/dy, produced by the sec-
ondary partons during Au + Au collisions with ~a = 200A-
6300A GeV. The points result from the computed values
of dS/dy for the beam energies ~8 = 200A—6300A GeV.
Note that the predictions are based on the estimated ratio
r = 0.7+0.2 of entropy densities between pion gas and quark-
gluon plasma, which results in relatively large uncertainties
as indicated by the shaded strip between the full curves. For
comparison, the dotted curve corresponds to a more moder-
ate empirical estimate for the multiplicity of pions obtained
by extrapolation from pp and pA data.

moderate empirical estimate [38] for the multiplicity of
pions around y = 0,

dp ~ a=o (2A) (49)

obtained by extrapolation from pp and pA data, with
o, = 1.1.

V. SUMMARY AND CONCLUSIONS

In this work I presented results of a complete phase-
space analysis, obtained on the basis of the parton cas-
cade model of Refs. [27,28]. The space-time development
of central Au + Au collisions with i/s = 200A—6300A
GeV during the first 3 fm/c was examined in terms of
the evolution of energy, particle, and entropy densities
of the secondary partons in the central collision region,
defined as a cylindrical volume of 2 fm in length and a
radius RA„=6.7 fm centered at the nuclear center of
mass. The thermodynamics of the preequilibrium stage
and the process of parton thermalization was analyzed
in both the center-of-mass time t at z = 0 fm and the
proper time 7 = i/'(t —to)z —zz, where to = to(vts) is
the point of maximum nuclear overlap and z is the lon-
gitudinal distance from the center of mass (the collision
point).

The results may be summarized as follows.
(i) By a time t/ =3 fm/c after the first instant of a

central nuclear collision, very hot and dense plasmas of
deconfined quarks and gluons with an effective number
of quark flavors n/ =3—4 have been formed in the cen-
tral region. The equilibrated quark-gluon matter extends
over a volume of at least 100 fms. An extracted equa-
tion of state of the form p(T) = a(T)T [see (vii) below]
where p and T are the pressure and the temperature of
the matter, describes the state of the plasmas in a way
that closely resembles an ideal gas of partons.
(ii) During the first 3 fm/c the system of partons ex-

pands exclusively in longitudinal direction along the z
axis. All volume elements expand approximately linearly
with time and move in straight lines from the collision
point at z = 0 fm with flow velocities that increase from
the slowest expansion in the center of mass at z = 0 fm
up to the speed of light; in the fragmentation region of
the receding beam fronts.
(iii) The maximum energy density is achieved between

1 fm/c and 0.4 fm/c, depending on the beam energy, and
grows roughly linear with +s. The maximum particle
density and entropy density show a moderatea, proxi-
mately logarithmic, increase.
(iv) The energy density s, particle density n, and en-

tropy density s reach spatially constant values around
t/ =3 fm/c in the central collision region within about a
volume of 2 fm in longitudinal extent and 4 fm radius in
transverse extent. The magnitudes of s, n, and s increase~ In(i/s/A) with s =15—31 GeVfm s, n =17.5—28 fm s,
and s =67.5—120 fm s for +s = 200A—6300A GeV.
(v) The decrease with proper time w of s, n, and s

from their maximum values is beam energy dependent.
For the various beam energies ~s = 200A—6300A GeV,
the energy densities drop as s v, n =0.85—1.1, the
particle densities as n ~ 7 P, P 0.6—0.7, and the en-
tropy densities as s r ~, p =0.55—0.65.
(vi) The temperatures associated with the time evolu-

tion of the densities s, n, and s decrease as T
This proper time dependence is almost independent of
the beam energy. The final temperatures at ty =3 fm/c
are in the range T =297—343 MeV for +a = 200A GeV-
6300A GeV and show an approximate logarithmic in-
crease ~ In(i/s/A).
(vii) The equation of state that determines the further

evolution of the produced plasmas after t/ = 3 fm/c may
be stated in the form p(T) = a(T) T4 with initial tem-
perature T(7;") = T(t/), where w,

" = g(t/ —to) —z
is the initial proper time for the hydrodynamic expan-
sion. This equation of state can be parametrized in terms
of iii = i/s/A GeV through T(tii) = 86.2 MeV iii
In(ts) and a(iii) = 4.95 + 0.3 [In(io/200)]0 s. It is the re-
sult of the space-time evolution of the partons during
the preequilibrium stage of the collisions and implicitly
takes into account the interactions among the partons,
the time variation of the quark-gluon admixtures, and
the efFeets associated with 6nite quark masses and non-
vanishing central baryon density.
(viii) The total entropy per unit rapidity produced

by the partons is related to the 6nal pion multiplic-
ity, dN& )/dy dS/dy, which results in the prediction
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in the central slab (~z~ & 0.2 fm) and becomes faster
with increasing distance from the center of mass at z = 0
fm. The decrease is slower than what one expexts for a
perfect fluid or a free streaming system.
(iii) The final densities at tf =3 fm/c are still

rather large, with e =15—31 GeV fm 3, n =17.5—
28 fm, and s =67.5—120 fm . Their beam en-
ergy dependence can be parametrized as e 2.3
GeVfm sts+ ln(to), n 4.0 GeVfm sm ee2sln(tU),
and s 12.0 GeVfm sm+e e~s ln(ts), where ts
~s/A GeV.

Au+ Aus" = 200 A GeV - 6300 A GeV

=00—
~M

C. Entropy production

Next I consider the total entropy S produced by the
secondary partons in the central region. Figure 10(a)
displays the time development of the speci6c entropy
(S/N)(t) for the various beam energies, whereas Fig.
10(b) shows the corresponding number of particles N(t)
present in the central phase-space volume (32) and (33)
at time t. The curves show a rapid buildup of S/N and
relax approximately exponential to reach their final val-
ues between 3.9 and 4.3. Comparing these values with
(S/N)'d'" 4 for an ideal gas of noninteracting massless
quarks and gluons, one sees that the difference between
the resulting entropy of the realistic model calculation
and the idealized case amounts only to +0.2—0.3. Al-
though the model includes massive quarks and accounts
for interactions among the partons (which however at 3
fm/c have reduced to relatively infrequent, mostly elastic
scatterings), the system of partons looks from this point
of view effectively like an almost ideal gas. The variation
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FIG. 9. Beam energy dependence of the final energy, par-
ticle, and entropy densities at tf =3 fm/c when the calcula-
tions were stopped. The points are the computed values for
the considered beam energies ~s = 200A—6300A GeV.

FIG. 10. (a) Increase with time of the total entropy per
particle (S/N)(t) produced by the secondary partons in the
central region of Au + Au collisions with v s = 200A—6300A
GeV. (b) Number of particles N(t) present in the central
phase-space volume at time t, which contribute to the en-
tropy production shown in (a).
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I. INTRODUCTION
The production and observation of quark-gluon plas-

mas in ultrarelativistic heavy-ion collisions is one of the
most ambitious goals of the experimental program of the
Relativistic Heavy Ion Collider (RHIC) at Brookhaven
and the Large Hadron Collider (LAC) at CERN. It
is expected that very shortly (within a fraction of a
fm/c) after the nuclei begin to overlap a large number
of quarks and gluons are "freed" through frequent scat-
terings, eventually forming a hot, dense plasma of uncon-
fined partons during the first few fm/c. Two of the most
crucial questions in this context are the following: First,
does the system reach a state of thermal (and chemical)
equilibrium with sufficiently large volume and lifetime
so that it may leave characteristic marks which survive
the complex evolution from the deconfined quark-gluon
phase to the hadronization yielding the final observed
particles'? Second, what are the signals that enable one
to observe the formation of quark-gluon plasmas during
the first 2—3 fm/c or so in the final particle spectra?
Numerous theoretical papers addressing the properties
and possible unambiguous signatures of this new form
of matter have been published [1—3]. The most promi-
nent proposed characteristic features are the spectra of
photons [4—9] and dileptons [4,10—13] produced during
the early stage of the collisions as w'ell as the amount
of strangeness [14—16] and charm [17—19) in the observed
hadronic fragments. In studying the space-time evolu-
tion of a quark-gluon plasma, once it has been formed, it
is usually assumed that relativistic hydrodynamics is ap-
plicable [20—26]. However, the validity of this convenient
assumption remains to be checked. Puthermore, even if a
hydrodynamical description is appropriate, one faces the
problem of fixing the boundary and initial conditions as
well as the equation of state. The major uncertainties are

the initial conditions, since these depend on the poorly
understood preequilibrium stage of the collision, that is,
the space-time evolution of the collisions from the mo-
ment of nuclear overlap to the actual establishment of an
equilibrated quark-gluon plasma.
The purpose of this paper is to examine these ques-

tions systematically within a realistic model, the parton
cascade model presented in Refs. [27,28]. This model is
based on the parton picture of hadronic interactions. It
describes the preequilibrium dynamics of high-energy nu-
clear collisions in terms of the time evolution of the par-
ton distributions in six-dimensional phase space by solv-
ing an appropriate transport equation in which the quark
and gluon interactions are included within renormaliza-
tion group improved perturbative /CD. A nuclear colli-
sion is described as a sequence of multiple hard and soft
parton-parton scatterings and associated parton emission
and absorption processes. In Ref. [28] I studied the mi-
croscopic characteristics of the space-time evolution of
the partons during the preequilibrium stage of A+ A col-
lisions with center-of-mass energy v s = 200A GeV (A=
mass number of the nuclei) and investigated the approach
to an equilibrated quark-gluon plasma state in the cen-
tral collision region. As a continuation, I will focus in
the present paper on the macroscopic, thermodynamic
properties of the parton system and discuss the observ-
able implications. I will report on the results of sim-
ulations of central 9 Au+ Au collisions with various
beam energies from RHIC (~s = 200A GeV) up to LHC
(~s = 6300A GeV). The time evolution of the energy,
particle, and entropy densities is analyzed as the par-
tons thermalize, from which the corresponding equation
of state is extracted. In particular, I find for ~s = 200—
6300A GeV, at t = 3 fm/c after the nuclei have touched,
energy densities e = 15—31 GeV fm 3, particle densities
n =17.5—28 fm 3, specific entropies s/n =3.9—4.3, cor-
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FIG. 14. The pion multiplicities in the central rapidity re-
gion around y = 0 estimated from the amount of total entropy
in the central unit of rapidity, dS/dy, produced by the sec-
ondary partons during Au + Au collisions with ~a = 200A-
6300A GeV. The points result from the computed values
of dS/dy for the beam energies ~8 = 200A—6300A GeV.
Note that the predictions are based on the estimated ratio
r = 0.7+0.2 of entropy densities between pion gas and quark-
gluon plasma, which results in relatively large uncertainties
as indicated by the shaded strip between the full curves. For
comparison, the dotted curve corresponds to a more moder-
ate empirical estimate for the multiplicity of pions obtained
by extrapolation from pp and pA data.

moderate empirical estimate [38] for the multiplicity of
pions around y = 0,

dp ~ a=o (2A) (49)

obtained by extrapolation from pp and pA data, with
o, = 1.1.

V. SUMMARY AND CONCLUSIONS

In this work I presented results of a complete phase-
space analysis, obtained on the basis of the parton cas-
cade model of Refs. [27,28]. The space-time development
of central Au + Au collisions with i/s = 200A—6300A
GeV during the first 3 fm/c was examined in terms of
the evolution of energy, particle, and entropy densities
of the secondary partons in the central collision region,
defined as a cylindrical volume of 2 fm in length and a
radius RA„=6.7 fm centered at the nuclear center of
mass. The thermodynamics of the preequilibrium stage
and the process of parton thermalization was analyzed
in both the center-of-mass time t at z = 0 fm and the
proper time 7 = i/'(t —to)z —zz, where to = to(vts) is
the point of maximum nuclear overlap and z is the lon-
gitudinal distance from the center of mass (the collision
point).

The results may be summarized as follows.
(i) By a time t/ =3 fm/c after the first instant of a

central nuclear collision, very hot and dense plasmas of
deconfined quarks and gluons with an effective number
of quark flavors n/ =3—4 have been formed in the cen-
tral region. The equilibrated quark-gluon matter extends
over a volume of at least 100 fms. An extracted equa-
tion of state of the form p(T) = a(T)T [see (vii) below]
where p and T are the pressure and the temperature of
the matter, describes the state of the plasmas in a way
that closely resembles an ideal gas of partons.
(ii) During the first 3 fm/c the system of partons ex-

pands exclusively in longitudinal direction along the z
axis. All volume elements expand approximately linearly
with time and move in straight lines from the collision
point at z = 0 fm with flow velocities that increase from
the slowest expansion in the center of mass at z = 0 fm
up to the speed of light; in the fragmentation region of
the receding beam fronts.
(iii) The maximum energy density is achieved between

1 fm/c and 0.4 fm/c, depending on the beam energy, and
grows roughly linear with +s. The maximum particle
density and entropy density show a moderatea, proxi-
mately logarithmic, increase.
(iv) The energy density s, particle density n, and en-

tropy density s reach spatially constant values around
t/ =3 fm/c in the central collision region within about a
volume of 2 fm in longitudinal extent and 4 fm radius in
transverse extent. The magnitudes of s, n, and s increase~ In(i/s/A) with s =15—31 GeVfm s, n =17.5—28 fm s,
and s =67.5—120 fm s for +s = 200A—6300A GeV.
(v) The decrease with proper time w of s, n, and s

from their maximum values is beam energy dependent.
For the various beam energies ~s = 200A—6300A GeV,
the energy densities drop as s v, n =0.85—1.1, the
particle densities as n ~ 7 P, P 0.6—0.7, and the en-
tropy densities as s r ~, p =0.55—0.65.
(vi) The temperatures associated with the time evolu-

tion of the densities s, n, and s decrease as T
This proper time dependence is almost independent of
the beam energy. The final temperatures at ty =3 fm/c
are in the range T =297—343 MeV for +a = 200A GeV-
6300A GeV and show an approximate logarithmic in-
crease ~ In(i/s/A).
(vii) The equation of state that determines the further

evolution of the produced plasmas after t/ = 3 fm/c may
be stated in the form p(T) = a(T) T4 with initial tem-
perature T(7;") = T(t/), where w,

" = g(t/ —to) —z
is the initial proper time for the hydrodynamic expan-
sion. This equation of state can be parametrized in terms
of iii = i/s/A GeV through T(tii) = 86.2 MeV iii
In(ts) and a(iii) = 4.95 + 0.3 [In(io/200)]0 s. It is the re-
sult of the space-time evolution of the partons during
the preequilibrium stage of the collisions and implicitly
takes into account the interactions among the partons,
the time variation of the quark-gluon admixtures, and
the efFeets associated with 6nite quark masses and non-
vanishing central baryon density.
(viii) The total entropy per unit rapidity produced

by the partons is related to the 6nal pion multiplic-
ity, dN& )/dy dS/dy, which results in the prediction

Huge 
pion multiplicities

Very rapid 
thermalization

K.Geiger, Phys Rev D 46, (4965) (1992),
K.Geiger, Phys Rev D 46, (4986) (1992)
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VNI/BMS - Bass, Müller & Srivastava (2002)

• Hard Pt cutoff is related  to the color screening 
mass instead of being purely phenomenological

• Color screening mass is not dynamically 
calculated, typical values are used to regulate 
cross-sections

• Removed all the soft processes

• Replaced uniform time-stepping with collision 
finding routines (more efficient)

• Added photons to the 2->2 and 2->N processes

2

where ξµ
i (τ) and qα

i (τ), respectively, denote the space-
time position and four-momentum of particle i. τ is a
variable (proper time) parameterizing the world-line of a
particle. The factor εi = 0, 1 allows for the creation and
annihilation of partons.

Partons generally propagate on-shell and on straight-
line paths between scattering events. Before their first
collision, partons may have a space-like four-momentum,
especially if they are assigned an “intrinsic” transverse
momentum.

The time-evolution of the parton distribution is gov-
erned by a relativistic Boltzmann equation:

pµ ∂

∂xµ
Fi(x, %p) = Ci[F ] (2)

where the collision term Ci is a nonlinear functional of
the phase-space distribution function. Although the col-
lision term, in principle, includes factors encoding the
Bose-Einstein or Fermi-Dirac statistics of the partons,
we neglect those effects here.

The collision integrals have the form:

Ci[F ] =
(2π)4

2SiEi
·
∫

∏

j

dΓj |M|2 δ4(Pin−Pout)D(Fk(x, %p))

(3)
with

D(Fk(x, %p)) =
∏

out

Fk(x, %p) −
∏

in

Fk(x, %p) (4)

and

∏

j

dΓj =
∏

j !=i
in,out

d3pj

(2π)3 (2p0
j)

. (5)

Si is a statistical factor defined as Si =
∏

j !=i
K in

a ! Kout
a !

with K in,out
a identical partons of species a in the initial

or final state of the process, excluding the ith parton.
The matrix elements |M|2 account for the following

processes:

gg → gg gg → qq̄ qg → qg
qq′ → qq′ qq → qq qq̄ → q′q̄′

qq̄ → qq̄ qq̄ → gg
qg → qγ qq̄ → γγ qq̄ → gγ

(6)

with q and q′ denoting different quark flavors. The am-
plitudes for these processes have been calculated in refs.
[8, 9] for massless quarks. The corresponding scattering
cross sections are expressed in terms of spin- and colour-
averaged amplitudes |M|2:

(

dσ̂

dQ2

)

ab→cd

=
1

16πŝ2
〈|M|2〉 (7)

For the transport calculation we also need the total cross
section as a function of ŝ which can be obtained from (7):

σ̂ab(ŝ) =
∑

c,d

ŝ
∫

(pmin

T
)2

(

dσ̂

dQ2

)

ab→cd

dQ2 . (8)

The low momentum-transfer cut-off pmin
T is needed to

regularize the IR-divergence of the pQCD parton-parton
cross section. A novel feature of our treatment involves
the introduction of a factor f(x, Q2)/f(x, Q2

0) for every
primary parton involved in a binary collision in expres-
sion 8 to account for the difference between the initializa-
tion scale Q0 and the scattering scale Q. A more detailed
description of our implementation is in preparation [6].

One of the most crucial parameters of the PCM is the
low momentum transfer cut-off pmin

T . Under certain as-
sumptions this parameter can be determined from ex-
perimental data for elementary hadron-hadron collisions
[10, 11, 12]. In the environment of a heavy-ion collision,
colour screening will destroy the association of partons to
particular hadrons, since for a sufficiently high density of
colour charges, the colour screening radius becomes much
smaller than the typical hadronic scale. It is therefore by
no means clear whether the pmin

T values extracted from
hadron-hadron collisions are applicable to heavy-ion col-
lisions. Calculating the colour screening mass µD for a
set of systems where interactions are governed by specific
values of pmin

T may allow us to determine a lower bound-
ary for the allowed range of pmin

T values, since only values
of pmin

T ≥ µD are physical.
Following ref. [13], we use perturbative QCD to obtain

the time evolution of the screening mass µD(τ). The par-
ton cascade model provides the phase space distribution
of the partons. The general form for the colour screening
mass in the one loop approximation is [13, 14, 15]

µ2
D = −

3αs

π2
lim
|"q|→0

∫

d3p
|%p|
%q · %p

%q ·∇"p

[

Fg(%p) +
1

6

∑

q

{Fq(%p) + Fq(%p)}

]

, (9)

where αs is the strong coupling constant, the Fi spec-
ify the phase space density of gluons, quarks, and anti-
quarks and q runs over the flavour of quarks. It is easy to
verify that in the case of an ideal gas of massless partons,

where the Fi reduce to Bose-Einstein or Fermi-Dirac dis-
tributions (with vanishing baryochemical potential µB),
Eq. 9 reduces to the standard result for the thermal De-
bye mass [15, 16]. The partonic distribution will be ini-
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FIG. 1: Top: time-evolution of the screening mass µD for
several values of pmin

T in Au+Au collisions at RHIC. Bottom:
µD evaluated at τ = 1/pmin

T as a function of pmin
T . The

gray shaded area symbolizes the unphysical region in which
pmin

T ≤ µD and therefore serves as a boundary for the allowed
range of pmin

T in Au+Au collisions at RHIC.

tially anisotropic with respect to the beam axis and thus
the screening mass of a gluon in the matter may depend
on the direction of propagation. We have found that

µ⊥
D differs from µ||

D by 10% at most and we have there-
fore assumed µD = µ⊥

D in the following discussion. We
also note that the assumptions underlying this method
are not strictly applicable to very early times, τ < ∆z,
where ∆z is the Lorentz contracted width of the nuclei.

We begin by calculating the screening mass for par-
tonic matter in central Au+Au collisions at RHIC (

√
s =

200 GeV per nucleon pair). The upper frame of figure 1
shows the time evolution of the (transverse) screening
mass, calculated according to eq. 9 for several different
values of pmin

T . The time t = 0 marks the maximum
overlap of the two colliding nuclei. The time-evolution of
µD clearly reflects the dynamics of the collision: at early
times the density of the system is large, leading to a large
value the screening mass µD. For later times, density and
collision rate (see also figures 2 and 4) decrease, reducing
the value of µD by more than a factor of two. The strong
time-dependence of the screening mass during the early
pre-equilibrium phase will have an influence on the equi-
libration process that is beyond the scope of our present
work. A decreasing screening mass implies a rising cross
section and thus enhanced multiple rescattering. This
aspect is missing in many implementations of the PCM,
which assume a time-independent screening mass for the
entire duration of the collision [17, 18, 19, 20].

A self-consistent calculation would utilize the time-
dependent Debye-mass as the regulator of the interaction
among partons instead of introducing a fixed cut-off pmin

T
as used in our present work. This would be achieved by
calculating the parton-parton cross sections in the frame-
work of the hard thermal loop (HTL) approximation [21],
which accounts for the full frequency and momentum de-
pendence of the dynamic screening in the high-density,
small gradient limit of QCD. The implementation of such
a self-consistent dynamical screeing mechanism, as for-
mulated recently by Arnold et al. [22] in a PCM remains
a major challenge for future work. It should also be noted
that, strictly speaking, newly produced partons start pro-
viding screening only after ∆τ ∼ 1/pT and therefore the
concept of a screening mass may not be well justified for
times τ ≤ 1/pmin

T [14].
In order to determine a lower boundary for the allowed

range of pmin
T , we calculate µD at τ = 1/pmin

T and plot it
as a function of pmin

T in the bottom frame of figure 1.
The gray shaded area symbolizes the region in which
pmin

T ≤ µD and where the procedure to simply cut off
the interaction is no longer valid. It therefore serves as
a boundary of the allowed range of pmin

T for our calcu-
lation. We find that the smallest allowed value for pmin

T
is ≈ 0.8 GeV. The inclusion of higher order radiative
corrections and parton fusion processes into our calcula-
tion will probably alter this value – we shall study these
effects in a forthcoming publication [6].

After having determined the meaningful range of pmin
T ,

our model is applied to the calculation of the time-
evolution of the energy-density ε generated by hard and
semi-hard parton-parton interactions at RHIC: the up-
per frame of figure 2 shows this time-evolution of ε for
different values of pmin

T , to give an estimate on the sen-
sitivity of ε with respect to pmin

T . Here, ε is calculated
via

ε(rT ) =
1

2πrT τ

(

d2ET (rT )

dy drT

)

y=yCM

(10)

S.A.Bass, B.Müller, D.K.Srivastava. Phys Lett B.551 (2003)
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Stopping at RHIC: VNI/BMS Results

• A lot of effort figuring out a reasonable set of cutoffs for AA 

• Multiplicity at mid rapidity works

S.A.Bass, B.Müller, D.K.Srivastava. PRL 91 (2003)
Tuesday, August 20, 13



Many Other Models Arose

• ZPC (1999). Gluon only, forms the PCM core of AMPT, Parton Subdivision

• MPC (2000). Subdivision of particles, broad set of included processes

• AMPT (2004). Hybrid transport code, includes stringy effects

• BAMPS (2005). Uses subdivision and a grid, rate based approach naturaly allows for 
2->3 and 3->2. Big problems with GB matrix element

• Andong (2002). Full set of 2->2 processes, 2->3 gluon branching, uses a retarded-
potential like approach to address causality issues

• These were all relatively successful (or not) at predicting some bulk properties

ZPC: nucl-th/9709009
MPC: nucl-th/0104018
AMPT: nucl-th/9907017, nucl-th/041110

BAMPS: hep-ph/0406278
Andong: nucl-th/0207041
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MPC

• Subdivide partons to avoid causality 
problems inherent in geometric 
interpretation of the cross-section.

• Fully covariant formulation, uses 
scaling properties of Boltzmann 
equation.

• Used very large transport cross-
sections to obtain thermal equillbrium

• Under current development, now 
includes fully covariant support for 
1->2 and 2->1 interactions. 

Molnar & Gyulassy nucl-th/0005051 (2000)

FIG. 1. This figure shows the evolution of the transverse en-

ergy dEt/dy at midrapidity, normalized by the initial transverse

area, from kinetic theory and from hydrodynamics both for 1+1

(transverse periodic) and 3+1 dimensions. The initial distribution

was a Bjorken cylinder with a radius R0 = 2 fm at proper time

τ0 = 0.1 fm/c in local thermal and chemical equilibrum at T0 = 500

MeV. The cross sections were σ = 15 and 60 mb, with the cutoff

µ = 0.5 GeV. Note, that the hydrodynamical results are free from

any arbitrary freeze-out prescription because they depend only on

the evolution of the phase space distribution ansatz (5) as dictated

by the equations of motion (6). The difference between the hydro-

dynamical and the kinetic theory results, even for a large, 60 mb

cross section, indicates that ideal hydrodynamics is not applicable

for the evolution.

FIG. 2. The top figure shows the freeze-out p⊥-distributions

relative to the initial (T0 = 500 MeV) p⊥-distribution from an ini-

tial radius R0 = 2 fm for the cascade with σ = 3, 15, 60 mb, and for

ideal hydrodynamics with Cooper-Frye freeze-out with freeze-out

temperatures Tf =100 MeV (dashed-dotted line), 130 MeV (thick

solid line), and 200 MeV (dotted line). The bottom figure shows

the same but for an initial radius R0 = 6 fm with cross sections 3

and 15 mb.

12
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AMPT - A Parton Cascade + ...
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D. Transverse momentum spectra
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FIG. 24: (Color online) Transverse momentum spectra of
mid-rapidity pions, kaons, protons and antiprotons from cen-
tral (b ≤ 3 fm) Au+Au collisions at

√
sNN = 200 GeV from

the default AMPT model. Data are from the PHENIX Col-
laboration.

For transverse momentum spectra, results from the de-
fault AMPT model for pions, kaons, and protons at mid-
rapidity from central (b ≤ 3 fm) Au+Au collisions at√

sNN = 200 GeV are shown in Fig. 24 together with the
5% most central data from the PHENIX Collaboration
[123]. Below pT = 2 GeV/c, the default AMPT model
gives a reasonable description of the pion and kaon spec-
tra [43]. It over-predicts, however, both the proton and
antiproton spectra at low pT. We note that the PHENIX
data have been corrected for weak decays.

The effect due to final-state hadronic scatterings on
pion and proton transverse momentum spectra is illus-
trated in Fig. 25, where solid and dashed curves with
statistical errors are, respectively, the results with and
without hadron cascade in the default AMPT model.
As found in Fig. 19 at SPS energies, hadronic rescat-
terings increase significantly the inverse slope of the pro-
ton transverse momentum spectrum while they do not
affect much that of pions. As a result, the final pro-
ton yield at mid-rapidity becomes close to the pion yield
at pT ∼ 2 GeV/c, as observed in experiments at RHIC
[123, 129]. Without final-state scatterings, the proton
yield given by the dashed curve is well below the pion
yield up to pT ∼ 1.7 GeV/c when statistical fluctua-
tions in the AMPT calculations become large. Results
from the default AMPT model thus indicates that the
observed large p/π ratio at pT ∼ 2 GeV/c is due to the
collective transverse flow generated by final-state rescat-
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FIG. 25: (Color online) Transverse momentum spectra of
mid-rapidity pions and protons from the default AMPT model
with (solid curves) and without (dashed curves) final-state in-
teractions in central Au+Au collisions at

√
sNN = 200 GeV.

terings.
The above results are obtained without quenching of

minijet partons due to gluon radiations. Including this
effect would reduce the yield of hadrons at large trans-
verse momentum as shown in Fig. 26, leading to an ap-
preciable discrepancy between the AMPT results and the
experimental data from the PHENIX collaboration for
hadrons with momenta greater than 1.5 GeV/c. This
discrepancy may stem, however, from the fact that the
AMPT model already underpredicts the STAR data for
hadron yield above 1 GeV/c in pp collisions as shown in
Fig. 27. Since the STAR results are consistent with pre-
vious UA5/CDF measurements at similar multiplicities
[126] but have significantly higher mean kaon and pro-
ton transverse momenta than interpolated values from
the UA5/CDF pp/pp̄ data shown in Fig. 15, the STAR
NSD trigger might be quite different from the UA5/CDF
NSD trigger. To make a more definitive conclusion on
jet quenching in AA collisions thus requires a focused
and higher-statistics study of pT spectra in both pp and
Au+Au collisions.

E. Phi meson yield via dilepton and dikaon spectra

Since the φ meson is unstable, it can only be detected
from its decay products such as the kaon-antikaon pair or
the lepton pair. In the AMPT model, we follow the pro-
duction and decay of φ mesons as well as the scattering
of the kaon daughters from their decays. Since the lat-
ter destroys the possibility of reconstructing the parent

21
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FIG. 29: (Color online) Transverse momentum dependence of
elliptic flow of identified hadrons for minimum-bias Au+Au
collisions at

√
sNN = 200 GeV. Circles are data from the

PHENIX Collaboration [208] while curves are results from
the AMPT model with string melting and using 6 mb for the
parton scattering cross section.

a better description of the PHOBOS data [205] at large
pseudorapidity, the string melting scenario with a larger
parton scattering cross section reproduces the PHOBOS
data at mid-pseudorapidity. This may not be unreason-
able as not all strings are expected to melt at large pseu-
dorapidity where the smaller particle multiplicity leads
to a lower energy density.

The AMPT model has further been used to study
higher-order anisotropic flows v4 and v6 of charged
hadrons at mid-rapidity in heavy ion collisions at RHIC
[212]. It was found that the same large parton scat-
tering cross section used in explaining the measured v2

of charged hadrons could also reproduce recent data on
their v4 and v6 from Au+Au collisions at

√
sNN = 200

GeV [213]. Furthermore, the v4 was seen to be a
more sensitive probe of the initial partonic dynamics in
these collisions than v2. Moreover, higher-order parton
anisotropic flows are non-negligible and satisfy the scal-

ing relation vn,q(pT) ∼ vn/2
2,q (pT), which leads naturally

to the observed similar scaling relation among hadron
anisotropic flows when the coalescence model is used to
describe hadron production from the partonic matter.

I. Two-particle interferometry

The Hanbury-Brown Twiss (HBT) effect was first used
to measure the size of an emission source like a star [214].
For heavy ion collisions, HBT may provide information

not only on the spatial extent of the emission source but
also on its emission duration [215, 216, 217, 218]. In par-
ticular, the long emission time as a result of the phase
transition from the quark-gluon plasma to the hadronic
matter in relativistic heavy ion collisions may lead to
an emission source which has a Rout/Rside ratio much
larger than one [218, 219, 220], where the out-direction
is along the total transverse momentum of detected two
particles and the side-direction is perpendicular to both
the out-direction and the beam direction (called the long-
direction) [216, 217]. Since the quark-gluon plasma is ex-
pected to be formed in heavy ion collisions at RHIC, it is
thus surprising to find that the extracted ratio Rout/Rside

from a Gaussian fit to the measured correlation function
of two identical pions in Au+Au collisions is close to one
[221, 222, 223]. This is in sharp contrast with calculations
from hydrodynamic models [219, 224], where Rout/Rside

is typically well above one.
Denoting the single-particle emission function by

S(x,p), the HBT correlation function for two identical
bosons in the absence of final-state interactions is given
by [215, 225]:

C2(Q,K) = 1 +
∫

d4x1d4x2S(x1,K)S(x2,K) cos [Q·(x1 − x2)]
∫

d4x1S(x1,p1)
∫

d4x2S(x2,p2)
,(21)

where p1 and p2 are momenta of the two hadrons, K =
(p1 + p2)/2, and Q = (p1 − p2, E1 − E2). The three-
dimensional correlation function in Q can be shown as
one-dimensional functions of the projections of Q in the
“out-side-long” coordinate system [216, 217].

Expecting that the emission function is sufficiently
smooth in momentum space, the size of the emission
source can then be related to the emission function as:

R2
ij(K) = −

1

2

∂2C2(Q,K)

∂Qi∂Qj

∣

∣

∣

∣

Q=0

=Dxi,xj
(K)−Dxi,βjt(K)−Dβit,xj

(K)+Dβit,βjt(K).(22)

These source radii are thus expressed in terms of the
space-time variances, Dx,y = 〈x · y〉 − 〈x〉〈y〉, with 〈x〉
denoting the average value of x. In the above, xi’s (i =
1 − 3) denote the projections of the particle position at
freeze-out in the “out-side-long” system, i.e., xout, xside

and xlong, respectively; and β = K/K0 with K0 being
the average energy of the two particles.

The experimentally measured two-particle correlation
function C2(Q,K) in central heavy ion collisions is usu-
ally fitted by a four-parameter Gaussian function after
correcting for final-state Coulomb interactions, i.e.,

C2(Q,K) = 1 + λ exp

(

−
3
∑

i=1

R2
ii(K)Q2

i

)

. (23)

If the emission source is Gaussian in space-time, the fit-
ted radii Rii would be identical to the source radii deter-
mined from the emission function via Eq. (22). However,

String melting fits flow Regular model fits spectra

Lin.Z-W, et al , nucl-th/041110 (2005)
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Parton Cascades - Jet Observables 
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BAMPS

• a Boltzmann Approach for MultiParticle Scattering

• Uses sub-division partons and a spatial grid, allows for a rate based 
interpretation of the collision term.

• Rate based approach naturally allows for 2->3 and 3->2 processes 

• Dogged by problems in the 2->3 (Gunion-Bertsch) cross-section. 

• Problem was finally tracked down in 2013, small rapidity approximations in 
GB calculation.

BAMPS: 
Z. Xu and C. Greiner,  PRC 71, 064901 (2005);
Z. Xu and C. Greiner,  PRC 76, 024911 (2007)

GB Correction: 
Fochler.O et al, hep-ph/1302.5250
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BAMPS: Raa and Flow at LHC

• Pythia Initial Conditions (Uphoff, Fochler et al, PRC 82 (2010))

• Raa similar to RHIC, doesn’t rise at high Pt. 

• Integrated V2 shows increase, drops below data at about 50% centrality

↵s = 0.3

O. Fochler et al, J. Phys. G 38 (2011)
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BAMPS: Heavy Quark V2 and Raa at RHIC

• Needs a large K factor (cross section scaling) to approach data

• Petersen Fragmentation Model: independent fragmentation

Uphoff, Fochler, Xu, CG Phys. Rev. C84 (2011) 
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BAMPS: Mach Cones ...



Medium

jet

T = 400  MeV

E jet= 200  GeV

Box scenario, no expansion of the medium, massless Boltzmann gas
interactions:  2 −> 2 with isotropic distribution of the collision angle

Mach Cones in BAMPS

Setup

Jet has constant mean free path and only
momentum in z-direction!

fmGeV=dxdE / 1411/ −

Mach Cones in BAMPS:
Different Viscosities

E jet= 200  GeV
/ s= 0.005

 The results agree qualitatively with hydrodynamic and transport calculations
 B. Betz, PRC 79:034902, 2009
 Strong collective behaviour is observed
 A diffusion wake is also visible, momentum flows in direction of the jet

o

jet

s

v
c= 54.7arccos ≈

Mach Cones in BAMPS:
Different Viscosities

E jet= 200  GeV
/ s= 0.08

Looks nice, not a very 
realistic calculation

I. Bouras et al, arXiv:1201.5005  (2012)
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BAMPS: GB Issues

• GB Matrix Element was a de-facto 
leading order 2->3 calculation (qq-
>qqg)

• (1-x) dependence is usually dropped, 
GB interested in mid rapidity. 

• Transport calculations need to cover 
the full rapidity range. Calculation 
becomes rather messy.

• Awaiting improved results
Gunion.J & Bertsch.G, Phys.Rev.D25 (1982)
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Figure 2. Differential cross section dσ/dy for the process
qq′ → qq′g calculated with the exact (Eq. (22)), GB (14),
GB with (1− x)2 (12), and improved GB with (1 − x̄)2 (19)
matrix element.

Θ(pi · pj −Λ2), where Λ2 is chosen to be proportional to
the Debye mass,

Λ2 = εm2
D . (29)

It is immediately obvious from Eq. (24) that this prevents
divergencies of the integrand. For propagator terms this
scheme acts similar to the Debye screening, but the re-
strictions to the phase space potentially go beyond Debye
screening only propagator terms. The resulting numeri-
cal values for the total or differential cross sections need
thus not be the physically correct values and are conse-
quently given in arbitrary units where necessary. Still
this cut-off prescription allows for consistent and well-
defined comparisons between the GB approximation and
the exact leading order matrix elements which is the fo-
cus of this study. If not mentioned otherwise, we set
ε = 0.001 to reduce the screening effect as much as possi-
ble. In the last part of the section we will discuss the im-
pact of different ε and compare this cut-off procedure to
the standard Debye screening procedure for more physi-
cal scenarios.
The calculations in the remainder of the section are

done for a temperature of T = 400MeV. The coupling
is set constant, αs = 0.3. If not stated otherwise, we use
the average thermal value for massless particles for the
squared center of mass energy, s = 18T 2 " 2.88GeV2,
and determine Λ from the usual gluon Debye mass for
Boltzmann statistics, m2

D = 8αs

π (Nc+nf )T 2. For nf = 3
at the given temperature and coupling, the Debye mass
is m2

D " 0.73GeV2.
Figure 2 compares the rapidity spectrum of the emitted

gluon as given by different approximations of the matrix
element by depicting the differential cross section dσ/dy
for the process qq′ → qq′g. This process is the clearest to
study since only one (the emitted) gluon is involved. Fur-
thermore, it is the process that has been studied in the
original GB publication, cf. section II. The plot nicely

demonstrates the shortcomings of the standard GB ma-
trix element, Eq. (14), in the forward and backward re-
gion.
The exact matrix element, Eq. (22), only peaks at mid-

rapidity and does not have any sizable contribution at
forward or backward rapidity. The gluon emission into
the forward and backward region is suppressed since the
phase space is occupied by the two quarks which just
scatter off with a small angle. Furthermore, the cross
section is symmetric in the rapidity of the emitted gluon
as it must be for this process. The standard GB ma-
trix element without the (1− x)2 term (Eq. (14)) is very
similar at mid-rapidity, but has two additional large con-
tributions at forward and backward rapidity. Thus this
matrix element would allow that, for instance, the gluon
is emitted into the backward region and that one of the
quarks is located at mid-rapidity. Although the matrix
element itself is symmetric in y, the curve is not since in
our implementation the pz of particle 3 is restricted to
positive values to ensure that the particle only scatters
off with a small angle.1

The matrix element with the GB approximation and
the term (1 − x)2, Eq. (12), has the same value at mid-
rapidity as the other matrix elements since x is small in
this region. However, at forward rapidity the (1−x)2 fac-
tor leads to a significant reduction compared to the pure
GB result. Here the curve lies right on top of the curve
from the exact matrix element. Nevertheless, as dis-
cussed in Sec. II, the curve with (1−x)2 is not symmetric
anymore due to the asymmetric y-dependence contained
in x. The last curve in Fig. 2 shows the cross section
of our proposed improvement of the GB matrix element,
Eq. (19). At forward and mid-rapidity it agrees with the
previously mentioned curve. At backward rapidity the
modified (1− x̄)2 term removes the excess and reconciles
the shape of the GB approximation with the symmetry
of the process.
The overall agreement between the differential cross

sections from the improved matrix element and from the
exact result is remarkably good. The difference between
the approximation and the exact result is on the level of a
few percent over the entire y-range. This striking agree-
ment is also visible in other differential cross sections such
as dσ/dq2⊥dk

2
⊥ and dσ/dx. In Fig. 3 the transverse mo-

mentum distributions dσ/dk2⊥ and dσ/dq2⊥ are depicted.
At small k2T and q2T , where the contribution to the cross
section is largest, the deviation between the improved GB
and the exact result is less than 5%. The asymmetry be-
tween the k2T and q2T distributions is due to an interplay
between the cut-offs and the (1 − x) factor for the GB

1 This constraint is necessary if one transforms from Mandelstam
t to q2⊥ for such a small angle favoring process, since q2⊥ can be
small for a outgoing particle which moves exactly in the other
direction than it moved before the reaction, but in this case the
scattering angle is not small anymore, thus, t becomes large and
t ! q2⊥ does not hold anymore.

Total cross-section, integrals cutoff at Debye mass

GB Correction: 
Fochler.O et al, hep-ph/1302.5250

Exact Calculation removes forwards backwards 
peaks in rapidity (qq)
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Parton Cascades - VNI/BMS-2.0 
Box Mode
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Andong & VNI/BMS - Jet Transport

• First introduction of a box mode in VNI/BMS. Equilibrium thermal masses 
used to regularize cross-sections

• Compared the elastic energy loss of single quarks and gluons through a 
thermal box of idea pQGP matter

Shin, Bass, Müller. nucl-th/1006.1668 (2006)

7

Figure 2. Left: the gluon jet energy as a function of traveling time in the medium
at T = 400MeV : The travelling distance is proportional to the time. GP is a gluon
plasma and QGP a quark-gluon plasma and the simulation does not include gg → ggg

process. Right: the quark jet energy as a function of time: The penetration length is
proportional to the time. Plasma temperature T = 400MeV .

Figure 3. Left: gluon energy as a function of time for different initial values of the
energy in a gluon plasma. Right: the same for a fixed initial energy and various
medium temperatures. The solid lines represent an analytical calculation (see text for
details).

is less pronounced for the quark probe than the gluon probe, due to the difference in

their interaction cross sections. We also observe that the linear decrease of energy as
a function of time tapers off in the long time limit as the probe energy approaches

the thermal regime. While at the probe energies studied here (between 50 GeV and

400 GeV) this occurs at times not relevant in the context of an ultra-relativistic heavy-

ion collision, for smaller probe energies frequently seen at RHIC, this may be a significant

effect.

Fig. 3 shows the energy and temperature dependence of the elastic energy loss of a
hard gluon in a gluon plasma. The calculations (symbols) are compared to an analytical

8

Figure 4. Left: Energy as a function of distance for a gluon propagating through a
GP and a QGP at the same temperature and at equivalent entropy-densities. A scaling
of the energy-loss with the entropy-density is observed. Right: distribution of probe
energies after traversing the medium for 5, 10, 50, 70 and 100 fm at a temperature of
300 MeV.

calculation [40, 41]:

−
dE

dt
=
∫ d3k

(2π)3
Fg("k;T )

∫

dq2⊥(1− cos θ)ν
dσ

dq2⊥
(13)

where ν = E − E ′ is the energy difference between before and after collision. Utilizing

the characteristics of our medium and the cross sections in our calculation, this equation
can be discretized to a form which lends itself to a comparison with our calculation:

Ep(z) = Ep(0)− z
αsC2µ2

D

2
ln





√

Ep(z)T

µD



 (14)

Using an iterative procedure we can calculate Ep(z) for the initial gluon energies and
temperatures used in Fig. 3 and compare them to our calculation. The agreement

between the analytical calculation and the PCM is remarkable and serves as validation of

the PCM framework. The validation of the PCM calculation in a well-controlled infinite

matter calculation in full equilibrium at fixed temperature is of significant importance,

since the PCM can easily be used to study realistic dynamic systems far off equilibrium,

e.g. an ultra-relativistic heavy-ion collision, which can only be poorly described in the
framework of (semi-)analytic calculations.

In Fig. 2 we observe a difference in the energy loss a parton suffers when

propagating through a GP or a QGP. We understand this difference to be due to

the different overall particle densities associated with a GP and a QGP at the same

temperature. In order to validate this point, we initialized a GP and a QGP at

an identical entropy density of s = 87.5 fm−3, corresponding to a temperature of
T = 457 MeV for a GP and T = 318 MeV for a QGP. The results of this calculation

(also in comparison to a GP and a QGP at a temperature of T = 400 MeV) are shown in
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Jet Simulation Method: Box Mode

• Insert all partons 
from each jet 
into parton 
cascade box and 
evolve for a fixed 
path length.

• Medium is 
partonic and 
static, 
temperature can 
be fixed for the 
entire evolution.

• Medium and jet 
interact on an 
equal footing, 
track all resulting 
partons

21

Leading Jet

Subleading Jet

Pythia pp & 
FastJet

Leading Jet

Subleading Jet

Pythia pp & 
FastJet

Insert all 
jet partons

Evolve for fixed length.

Generate pp 
events

Analyze final 
jet partons

A fully 
controllable 

brick of QCD 
matter

PARTON 
CASCADE
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The PCM

Use the VNI/BMS Parton Cascade Model 10 to simulate the evolution of a
brick of QGP matter.

Figure 3: The basic 2 ⇤ 2 processes in the PCM, all possible rotations of these graphs are included

For a medium at T = 250MeV , with an estimated mean free path of ⇥ ⇥ 1 the energy loss can be estimated to be around
�E ⇥ 80�s GeV for a medium of L = 10fm and �E ⇥ 20�s GeV for a 5fm medium. These are sizable losses, given that
�s ⇥ 0.3 at this scale. Typical values of the radiated gluon energy for this medium is ⌅ � 3GeV , so several soft emissions
are expected.

As derived this is a simplistic model, with the LPM interferences only arsing between the potential emission centers.
In the full QCD calculation [12] the gluon is allowed to rescatter after emission and analytic treatment of the radiation
spectrum relies upon the random-walk or harmonic oscillator approximation (see §5 in [12]).

There are a number of formalisms for the computation of leading parton jet-energy loss. Zakharov [20, 21] formulated
the problem in terms of a light-cone path integral, this can be shown to produce equivalent results to the BDMPS
analysis. Caron-Huot and Gale [22] have further developed the path integral formalism by converting the path integral
into an equivalent radiation rate which is more readily analysed. The DGLV [23, 24, 25] formulation is based upon an
order by order evaluation of the pQCD diagrams involved with medium-induced bremsstrahlung, including all of the
medium rescattering diagrams. An algebraic method has been developed for taking the computation to higher orders and
the results reproduce BDMPS in the correct limit. None of these formalisms include the formation of the jet through a
hard collision, in the higher-twist (HT) formulation [13, 26, 27, 9, 28] the formation of a jet, along with its subsequent
radiation and interaction with the medium are all calculated within strictly perturbative QCD. This is perhaps the most
realistic treatment of the problem but potentially also the least transparent.

3 The Parton Cascade Model

The VNI/BMS parton cascade model (PCM) [29, 30] is a Monte-Carlo model of a partonic QGP, the medium is a collection
of quarks and gluons which propagate along classical trajectories. A geometric interpretation of the total cross section for
each interaction channel determines which partons interact. The partons interact through 2 ⇤ 2 QCD elastic scattering
processes (see Fig: 3), outgoing virtual partons from a hard collision may radiate their way back on shell. The model can
be run in a box mode with periodic boundary conditions to simulate a block of infinite QGP matter or initialised by the
collision of two incoming nucleii. A jet is created by “firing” a parton, with characteristic momentum far higher than the
medium scale, into the QGP box. An attractive feature of partonic models is their treatment of the jet and medium on an
equal footing. We can measure not only leading parton observables such as transverse momentum broadening and energy
loss and the response of the medium to the passing jet via measurements of the energy-deposition and induced density
currents..

The LPM [19, 18] e⇥ect is approximately included in the PCM. The radiation by an o⇥-shell quark with virtual mass
M of a gluon with energy E takes some finite amount of time ⇤f = E

M2 in the plasma-frame. Additional scattering centers
that are within the formation-length of the radiating system cannot be separately resolved from the initial scattering
center, their momentum transfer should be added coherently to that of the emitting system.

Zapp and Wiedemann [31] proposed a Monte-Carlo implementation of the LPM e⇥ect which reproduces the leading-
parton BDMPS [10, 11, 12] energy loss result derived above (26). Whenever an inelastic scattering is initiated the
formation-time of the radiated gluon is calculated, during this formation time the radiating quark propagates but does
not interact, the radiated gluon also propagates but is allowed to scatter elastically with medium partons. Each time the
gluon re-scatters the formation time is recalculated as

⇤nf =
⌅

(k� +
�n

i=1 q�,i)2
, (29)

this simulates the emission of a gluon from n unresolved centers which transfer their momentum coherently.
Currently we have implemented this algorithm with the VNI/BMS parton cascade (Fig 4), however the radiative

process in this case is taken to be a full PYTHIA time-like vacuum shower as opposed to the Gunion Bertsch [32] 2 ⇤ 3
matrix element used by Zapp [31]. Furthermore the parton which propagates and re-scatters is always the leading parton
in the cascade, which may or may not be a gluon. This model reproduces the BDMPS leading parton result (26) see Fig
5.

7

Numerically solve the Boltzmann equation for the motion of a set of
partons, all 2 ⇥ 2 elastic interactions are allowed.

pµ ⇧
⇧xµ

Fk(x , p) =
�

processes

CiF .

The collision functional is

CiFk(x , p) =
(2⇥)4

2Si

⇤ ⇥

j

d�j |Mi |2�4 (Pin � Pout)D(Fk(x , p)),

where d�j is the LIPS for the process j and the D collision flux

Numerically project partons on classical trajectories and use a geometric
interpretation of the total cross-section to pick interactions.

I.C can be a thermal QGP or initialized from a nuclear collision.
10Geiger.K, Müller.B, Nucl Phys B369 (1992)

The PCM

Use the VNI/BMS Parton Cascade Model 10 to simulate the evolution of a
brick of QGP matter.

Figure 3: The basic 2 ⇤ 2 processes in the PCM, all possible rotations of these graphs are included

For a medium at T = 250MeV , with an estimated mean free path of ⇥ ⇥ 1 the energy loss can be estimated to be around
�E ⇥ 80�s GeV for a medium of L = 10fm and �E ⇥ 20�s GeV for a 5fm medium. These are sizable losses, given that
�s ⇥ 0.3 at this scale. Typical values of the radiated gluon energy for this medium is ⌅ � 3GeV , so several soft emissions
are expected.

As derived this is a simplistic model, with the LPM interferences only arsing between the potential emission centers.
In the full QCD calculation [12] the gluon is allowed to rescatter after emission and analytic treatment of the radiation
spectrum relies upon the random-walk or harmonic oscillator approximation (see §5 in [12]).

There are a number of formalisms for the computation of leading parton jet-energy loss. Zakharov [20, 21] formulated
the problem in terms of a light-cone path integral, this can be shown to produce equivalent results to the BDMPS
analysis. Caron-Huot and Gale [22] have further developed the path integral formalism by converting the path integral
into an equivalent radiation rate which is more readily analysed. The DGLV [23, 24, 25] formulation is based upon an
order by order evaluation of the pQCD diagrams involved with medium-induced bremsstrahlung, including all of the
medium rescattering diagrams. An algebraic method has been developed for taking the computation to higher orders and
the results reproduce BDMPS in the correct limit. None of these formalisms include the formation of the jet through a
hard collision, in the higher-twist (HT) formulation [13, 26, 27, 9, 28] the formation of a jet, along with its subsequent
radiation and interaction with the medium are all calculated within strictly perturbative QCD. This is perhaps the most
realistic treatment of the problem but potentially also the least transparent.

3 The Parton Cascade Model

The VNI/BMS parton cascade model (PCM) [29, 30] is a Monte-Carlo model of a partonic QGP, the medium is a collection
of quarks and gluons which propagate along classical trajectories. A geometric interpretation of the total cross section for
each interaction channel determines which partons interact. The partons interact through 2 ⇤ 2 QCD elastic scattering
processes (see Fig: 3), outgoing virtual partons from a hard collision may radiate their way back on shell. The model can
be run in a box mode with periodic boundary conditions to simulate a block of infinite QGP matter or initialised by the
collision of two incoming nucleii. A jet is created by “firing” a parton, with characteristic momentum far higher than the
medium scale, into the QGP box. An attractive feature of partonic models is their treatment of the jet and medium on an
equal footing. We can measure not only leading parton observables such as transverse momentum broadening and energy
loss and the response of the medium to the passing jet via measurements of the energy-deposition and induced density
currents..

The LPM [19, 18] e⇥ect is approximately included in the PCM. The radiation by an o⇥-shell quark with virtual mass
M of a gluon with energy E takes some finite amount of time ⇤f = E

M2 in the plasma-frame. Additional scattering centers
that are within the formation-length of the radiating system cannot be separately resolved from the initial scattering
center, their momentum transfer should be added coherently to that of the emitting system.

Zapp and Wiedemann [31] proposed a Monte-Carlo implementation of the LPM e⇥ect which reproduces the leading-
parton BDMPS [10, 11, 12] energy loss result derived above (26). Whenever an inelastic scattering is initiated the
formation-time of the radiated gluon is calculated, during this formation time the radiating quark propagates but does
not interact, the radiated gluon also propagates but is allowed to scatter elastically with medium partons. Each time the
gluon re-scatters the formation time is recalculated as

⇤nf =
⌅

(k� +
�n

i=1 q�,i)2
, (29)

this simulates the emission of a gluon from n unresolved centers which transfer their momentum coherently.
Currently we have implemented this algorithm with the VNI/BMS parton cascade (Fig 4), however the radiative

process in this case is taken to be a full PYTHIA time-like vacuum shower as opposed to the Gunion Bertsch [32] 2 ⇤ 3
matrix element used by Zapp [31]. Furthermore the parton which propagates and re-scatters is always the leading parton
in the cascade, which may or may not be a gluon. This model reproduces the BDMPS leading parton result (26) see Fig
5.

7

Numerically solve the Boltzmann equation for the motion of a set of
partons, all 2 ⇥ 2 elastic interactions are allowed.
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The collision functional is
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Numerically project partons on classical trajectories and use a geometric
interpretation of the total cross-section to pick interactions.
I.C can be a thermal QGP or initialized from a nuclear collision.

10Geiger.K, Müller.B, Nucl Phys B369 (1992)

VNI/BMS - 2.0, a simple JET transport model

• Partonic transport via the Boltzmann equation. 
Treats medium and jet on an equal footing. 

• Interactions are tree level 2->2 scatterings and 
final-state radiation. Radiation includes 
leading order (BDMPS-Z) LPM effect.

• Medium is a box of thermal partonic QGP at a 
fixed temperature. No expansion!

• Cross sections are screened by Debye mass, 
computed using the box temperature 

• A generated jet is injected, cascade of 
interacting partons are tracked. Evolution of 
entire jet is recorded. 

��EBDMPS =
�sCR

8
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Zapp and Wiedemann, LPM Algorithm

• Probabilistic local implementation of coherence,
gives rise to an L^2 energy loss.

• Post Inelastic scattering, compute formation time of 
emitted gluon

• Emitting parton does not interact during this time

• Radiated gluon rescatters elastically off the 
medium, recompute modified formation time

• Repeat until formation time expires

• Quark and gluon propagate freely

• Simulates coherent emission from multiple centers
23

LPM Implementation in the PCM

In the style of Zapp & Wiedemann (Phys Rev Lett, 103 (2009), JEWEL)
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After computing a vacuum-shower, calculate the formation time of the
leading parton �f . All partons produced propagate spatially during this
time (no interactions).
The lead parton (or probe) is allowed to scatter elastically with the
medium.
The additional q�

(i) gained from these scatterings is used to compute a
new formation time.

� (n)
f =

2⇥
�
k� +

⇤n
i=0 q�(i)

⇥2

Repeat until the formation time expires, then shower and probe partons
are fully formed and propagate normally.
The vacuum shower partons do not interact with the medium until the
formation time expires, this probabilistically imposes the e�ect of
vacuum-medium interference.

⌧ (0)f

⌧ (n)f

q(1)
? q(n)

?

inelastic scattering

n elastic scatterings

Final formation time

gluon

quark

Initial formation time

...

Zapp K, Wiedemann U. Phys Rev Lett, 103 (2009) JEWEL
CCS, S.A.Bass, D.K.Srivastava, hep-ph/1101.4895
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Hadronization In VNI/BMS - 2.0

Hard Process

Color structure 
from event 
generator is 
preserved 

PARTON 
CASCADE

Color is 
tracked in 
partonic 

interactions

Pythia 8  
Lund 

Strings

Hadrons

THERMAL 
Partons

A minimal set of 
thermal  partons 

are added to 
ensure a color 

singlet final state

Tracked “jetty” Partons

Color labeling follows the Les Houches Accord
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Hadronization In VNI/BMS
100 GeV quark evolved for 4fm in a box at T=350 MeV

Hadronization contracts the 
transverse momentum distribution

Hadronization smooths the 
longitudinal distribution, peak at Z=1 is 

redistributed 
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Jet Observables - VNI/BMS - Box Mode
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LHC Dijet Results
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CMS Pb-Pb 0-10%
PYTHIA
PYTHIA + Medium 3fm
PYTHIA + Medium 4fm
PYTHIA + Medium 5fm

Circle Mode + Glauber 
Vertices can reproduce 
LHC data reasonably 
well. 

Central collisions 
(0-10%)
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Presented at QM 2011

Both results include  
detector smearing effect
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Process Dependence
• T = 0.35 GeV

• Elastic only, distribution shifts to 
the left. Medium reduces the 
asymmetry 

• Jet “picks up” medium particles 
by forward scattering 

ET1 > 100GeV ET2 > 25GeV

Radiation plus elastic gives increased 
asymmetry.

Soft radiated gluons can be 
elastically scattered out of the jet 
cone

R = 3fm

R = 5fm
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Temperature Dependence

• Medium temperature 
controls:
• Debye screening length

• Minimum pt cutoff 

• Medium density

R = 3fm

T(MeV)
250 1.125
300 1.5
350 2.125
400 3.0

q̂ (GeV2/fm)

ET1 > 100GeV ET2 > 25GeV

R = 5fm
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RHIC Dijet Asymmetry - Varying Strong Coupling 

medium radius fixed at 5fmmedium temperature T = 250 MeV
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Increasing Strong Coupling increases asymmetry

C.C-S, B.Müller, “What can we learn from Dijet suppression at RHIC”, Phys.Rev.C 86  (2012)
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RHIC - Jet Shape
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Reconstruct jets with Anti-Kt at successively larger 
cone radii

Clear separation between elastic (red) and 
radiative (orange) modes

Difference between medium temperatures
is very strong, note values as R->0

C.C-S, B.Müller, “What can we learn from Dijet suppression at RHIC”, Phys.Rev.C 86  (2012)
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Jet Fragmentation - Longitudinal
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CMS Photon - Jet Correlation CMS hep-ex/1205.0206
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Thermal Masses for medium partons

• Previous results from VNI/BMS derived from a 
medium of massless partons

• Interaction cross-sections are always screened by 
the Debye mass

• Introduce asymptotic HTL masses for medium 
partons

• Introduce a dimensionless scaling  parameter  µs 
to ‘dial’ medium masses

• NB: Medium number density now scales with 
masses

m2
D =

1

6
(2Nc +Nf )g

2T 2

m2
= kg2T 2, k =

(
1
6Nc +

1
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Measuring Transport Coefficients in VNI/BMS

• Fix medium temperature T=350 MeV, run code without radiation or 
hadronization.

• Run events with quark probes at fixed energies

• Extract q-hat and e-hat from transverse momentum and energy loss 
accumulated by the probe

• For light probes in a massless medium 
we expect from pQCD calculations

q̂ =
1

L

N
collX

i=1

�p2T,i. ê =
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N
collX
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�Ei,

q̂(T ) = 4⇡CR↵
2

sN (T ) ln

✓
q2
max

m2

D

+ 1

◆
,

N (T ) =
⇣(3)

⇡2

✓
2Nc +

3

2
Nf

◆
T 3,
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Elastic Energy Loss
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Q-hat / E-hat Ratio

• Ratio scales linearly with the 
medium mass scale µs.

• Experimental measurements of q-
hat and e-hat could provide 
insight into the nature of  the 
QGP as seen by jets.

• Measurements made at different 
jet scales may reveal structure in 
quasi-particle mass spectrum.

• A possible precision 
measurement of hard probes and 
the QGP  
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Dijet Response at RHIC - Aj
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Dijet Response at RHIC - Subleading Jet Shape
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JT = ET sin�R

R=1.0 jets show strong 
transverse broadening 

Narrow jets fragment 
similarly to vacuum Extract Q-Hat from 

transverse fragmentation 
broadening?

RHIC: Other Sensitive Observables?
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VNI/BMS - 2.0 + Hydro 

Insert 
jet partons at 

binary scattering 
vertex

Generate 
pp event

PARTON 
CASCADE

Hydro 
Evolution

Compute Hydro 
Event Profile

Sample Medium Partons 
from Hydro Profile at 

each time step

Keep jetty partons at each 
time step. Discard ‘old’ 

medium partons

Analyze final 
jetty partons

Use local temperature 
(from hydro) to 

regulate PCM cross-
sections
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VNI/BMS - 2.0 Current + Future Features

• Elastic and Radiative energy loss models, with BDMPS-Z LPM effect

• Lund Stringy Hadronization with full color tracking from the initial generator.

• Fixed medium temperature in simple box mode.

• Event by event hydro background. 

• Variable medium constituent masses give control of qhat/ehat ratio.

• Integration with Pythia for hard process generation

• Jet level data analysis built in (and single hard probe)

• Relatively simple user-options 

• Modern build system (CMAKE) 
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Conclusions	

• Is there a place for Parton Cascade Models in the future?

• Tracking full shower evolution seems to be key to understanding full jet 
observables. Do we need to use a full Parton Cascade to do this? Lattice 
Boltzmann 

• Hydro is a very good description of the bulk dynamics. Can ‘fake’ this by 
ramping up cross-sections, at the cost of understanding the physics.  

• Boltzmann equation allows treatment of non-equillibrium systems. Perhaps 
returning to the basic ideas would be interesting, PCM + CGC as an IC 
generator for hydro?
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Extras
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VNI/BMS Cross-Sections

• Dominant elastic interactions 
including screening mass

g g → g g q q’ → q q’

q g→ q g q qbar→ q’ qbar’

g g → q qbar q g →q γ

q q → q q q qbar → g γ

q qbar → q qbar q qbar → γ γ

q qbar → g g

4

with

D(Fk(x, !p)) =
∏

out

Fk(x, !p) −
∏

in

Fk(x, !p) (3)

and
∏

j

dΓj =
∏

j !=i
in,out

d3pj
(2π)3 (2p0j)

. (4)

Si is a statistical factor defined as Si =
∏

j !=i
K in

a !K
out
a ! with K in,out

a identical partons of

species a in the initial or final state of the process, excluding the ith parton.

The matrix elements |M|2 account for the following processes:

gg → gg qq → qq qg → qg

qq′ → qq′ qq̄ → qq̄ q̄g → q̄g

(gg → qq̄) (qq̄ → gg) (qq̄ → q′q̄′)

(5)

with q and q′ denoting different quark flavors. The flavor changing processes in

parenthesis are optional and can be disabled to study the effect of jet flavor conversion.

The gluon radiation processes, e.g. gg → ggg are not included in this study, but will be

addressed in a forthcoming publication. The amplitudes for the above processes have

been calculated in refs. [36, 37] for massless quarks. The corresponding scattering cross

sections are expressed in terms of spin- and colour-averaged amplitudes |M|2:
(

dσ̂

dQ2

)

ab→cd

=
1

16πŝ2
〈|M|2〉 (6)

For the transport calculation we also need the total cross section as a function of ŝ which
can be obtained from (6):

σ̂ab(ŝ) =
∑

c,d

ŝ
∫

(pmin

T
)2

(

dσ̂

dQ2

)

ab→cd

dQ2 . (7)

Since our medium is in full thermal and chemical equilibrium, we can use the

effective thermal mass of a gluon and a quark in the system to regularize the cross
sections [38]:

µ2
D = παsdp

∫ d3p

(2π)3
C2

|!p|
fp(!p;T ), (8)

where dp is the degeneracy factor of a parton p and C2 isNc for gluons and (N2
c −1)/(2Nc)

for quarks. Inserting the thermal distribution yields a Debye mass of a gluon of µD = gT

in a thermal gluon system at temperature T and of µD =
√

(2Nc +Nf)/6gT for quarks

and gluons in a quark-gluon plasma. For example, the dominant elastic cross sections

thus are:
dσgg→gg

dq2⊥
= 2πα2

s

9

4

1

(q2⊥ + µ2
D)

2
, (9)

dσgq→gq

dq2⊥
= 2πα2

s

1

(q2⊥ + µ2
D)

2
, (10)

dσqq→qq

dq2⊥
= 2πα2

s

4

9

1

(q2⊥ + µ2
D)

2
, (11)µD =

q
(2Nc +Nf )/6gT
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