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schemeMS

• Short-distance scheme	

• Standard mass for comparison	

• And free of renormalon ambiguities

mq(mq)

Short-distance masses in general 

have an ambiguity ~ O
✓
⇤2
QCD

mq

◆

top           0.5 - 1    MeV	

bottom     20  - 50   MeV	

charm       60  - 150 MeV
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and running

provably better in schemeMS
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Why high precision?
Strong dependence in flavor processes constrains new physics
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strong charm mass dependence 
in NLO matrix elements

K+ ! ⇡+ ⌫ ⌫̄ NNLO QCD computations for charm distributions

[Missiak & Gambino]



Why high precision?

K+ ! ⇡+ ⌫ ⌫̄ NNLO QCD computations for charm distributions

from U. Haisch (2008)
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K+ → π+νν̄: Error Budget
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Improve on δPc,u by a lattice
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−10.5)× 10−11
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Joachim Brod (University of Cincinnati) Rare K decays – theory 23 / 30

Error from mc has gone down by a 
factor of two in few years. 
!
Also central value has decreased
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K+ ! ⇡+ ⌫ ⌫̄ NNLO QCD computations for charm distributions

from Joachim Brod (CKM 2014)
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Figure 1: Two-dimensional projections of the fits performed with di↵erent assumptions for the
theoretical correlations. The orange, magenta, blue, light blue 1-sigma regions correspond to
scenarios A,B,C,D (� = 0.25GeV), respectively. The black contours show the same regions
when the mc constraint of Ref. [13] is employed.

7

mc(3GeV) mkin
b (1GeV) mb(mb)

0.986(13) [11] 4.541(23) 4.171(38)
0.986(6) [12] 4.540(20) 4.170(36)
0.994(26) [13] 4.549(29) 4.179(42)

Table 2: b mass resulting from di↵erent mc determinations. All masses are expressed in GeV.

of mc(µ̄), with 2<⇠ µ̄ <⇠ 3GeV, instead of using the charm mass in the kinetic scheme. The
range of µ̄ is chosen to avoid large logarithms in our O(↵2

s) calculation and to minimize higher
orders related to the definition of mc, which necessarily involve ↵s(µ̄). This MS option for
mc is available in the code of [20] and avoids additional theoretical uncertainty due to the
mass scheme conversion. In the case of the bottom mass, on the contrary, the common choice
mb(mb) is not well-suited to the description of semileptonic B decays. In other words, the
calculation of the moments in terms of mb(mb) would lead to large higher order corrections.
While our predictions are always expressed in terms of the kinetic mass mkin

b (1GeV), the
above mb constraints can be included after converting them to the kinetic scheme. Since
the relation between the kinetic and the MS masses is known only to O(↵2

s), the ensuing
uncertainty is not negligible. In Ref. [20] it has been estimated to be about 30 MeV:

mkin
b (1GeV)�mb(mb) = 0.37± 0.03GeV. (8)

The e↵ect of the inclusion of charm mass constraints in the semileptonic fit is illustrated
in Fig. 1, where the determination of Ref. [13] is employed. As expected, the uncertainty in
the b mass becomes smaller than 30MeV in all scenarios, a marked improvement, also with
respect to the precision resulting from the use of radiative moments [4]. On the other hand,
there is hardly any improvement in the final precision of the non-perturbative parameters
(see for instance the last plot, in the µ2

⇡-⇢
3
D plane).

As already noted, the semileptonic moments are highly sensitive to a linear combination
of the heavy quark masses. The constraints on mb that we obtain using di↵erent mc de-
terminations in the fit are shown in Table 2, where we have only considered option D with
� = 0.25GeV. It is interesting to compare the results in the last column with the mb(mb)
determinations we have listed above. The bottom mass obtained using mc given by the
Karlsruhe group [11] is perfectly consistent with their own mb result, but also compatible
with those of Refs. [12,14]. In general, lower values of mb are preferred. The results depend
little on the scenario chosen for the theory correlations: if we choose � = 0.2GeV mb gets
lowered by 1 MeV in the first two rows, and by 2 MeV in the third. Very similar results are
found using alternative scenarios for the theory correlations. Of course, one can also include
in the fit both mc and mb determinations, but because of the scheme translation error in mb

the gain in accuracy will be limited.
When no external constraint is imposed on mc,b, the semileptonic moments determine

best a linear combination of the heavy quark masses which is very close to their di↵erence.
Using scenario D with � = 0.25GeV we obtain

mkin
b (1GeV)� 0.85mc(3GeV) = 3.701± 0.019GeV, (9)

9

Our analysis 

Chetyrkin et al
Allison et al

Inclusive B decays [Gambino Schwanda (2013)]

Analysis at O(↵2
s)

• very strong degeneracy mc vs mb

• Simple fit for both masses is hard
• Take mc as input and determine mb 
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−0.06

9 LASCHKA 11 THEO MS scheme
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1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
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The c-quark mass corresponds to the “running” mass mc (µ = mc ) in
the MS scheme. We have converted masses in other schemes to the
MS scheme using two-loop QCD perturbation theory with αs (µ=mc ) =
0.38 ± 0.03. The value 1.275 ± 0.025 GeV for the MS mass corresponds
to 1.67 ± 0.07 GeV for the pole mass (see the “Note on Quark Masses”).

VALUE (GeV) DOCUMENT ID TECN COMMENT

1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION See the ideogram below.

1.26 ±0.05 ±0.04 1 ABRAMOWICZ13C COMB MS scheme

1.24 ±0.03 +0.03
−0.07

2 ALEKHIN 13 THEO MS scheme

1.282±0.011±0.022 3 DEHNADI 13 THEO MS scheme
1.286±0.066 4 NARISON 13 THEO MS scheme
1.159±0.075 5 SAMOYLOV 13 NOMD MS scheme
1.36 ±0.04 ±0.10 6 ALEKHIN 12 THEO MS scheme
1.261±0.016 7 NARISON 12A THEO MS scheme
1.278±0.009 8 BODENSTEIN 11 THEO MS scheme

1.28 +0.07
−0.06

9 LASCHKA 11 THEO MS scheme

1.196±0.059±0.050 10 AUBERT 10A BABR MS scheme
1.28 ±0.04 11 BLOSSIER 10 LATT MS scheme
1.273±0.006 12 MCNEILE 10 LATT MS scheme
1.279±0.013 13 CHETYRKIN 09 THEO MS scheme
1.25 ±0.04 14 SIGNER 09 THEO MS scheme
1.295±0.015 15 BOUGHEZAL 06 THEO MS scheme
1.24 ±0.09 16 BUCHMULLER06 THEO MS scheme
1.224±0.017±0.054 17 HOANG 06 THEO MS scheme

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.01 ±0.09 ±0.03 18 ALEKHIN 11 THEO MS scheme
1.299±0.026 19 BODENSTEIN 10 THEO MS scheme
1.261±0.018 20 NARISON 10 THEO MS scheme
1.268±0.009 21 ALLISON 08 LATT MS scheme
1.286±0.013 22 KUHN 07 THEO MS scheme
1.33 ±0.10 23 AUBERT 04X THEO MS scheme
1.29 ±0.07 24 HOANG 04 THEO MS scheme
1.319±0.028 25 DEDIVITIIS 03 LATT MS scheme
1.19 ±0.11 26 EIDEMULLER 03 THEO MS scheme
1.289±0.043 27 ERLER 03 THEO MS scheme
1.26 ±0.02 28 ZYABLYUK 03 THEO MS scheme

1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
have been combined in quadrature.

2ALEKHIN 13 determines mc from charm production in deep inelastic scattering at HERA
using approximate NNLO QCD.
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charm production at DIS
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The c-quark mass corresponds to the “running” mass mc (µ = mc ) in
the MS scheme. We have converted masses in other schemes to the
MS scheme using two-loop QCD perturbation theory with αs (µ=mc ) =
0.38 ± 0.03. The value 1.275 ± 0.025 GeV for the MS mass corresponds
to 1.67 ± 0.07 GeV for the pole mass (see the “Note on Quark Masses”).

VALUE (GeV) DOCUMENT ID TECN COMMENT

1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION See the ideogram below.

1.26 ±0.05 ±0.04 1 ABRAMOWICZ13C COMB MS scheme

1.24 ±0.03 +0.03
−0.07

2 ALEKHIN 13 THEO MS scheme

1.282±0.011±0.022 3 DEHNADI 13 THEO MS scheme
1.286±0.066 4 NARISON 13 THEO MS scheme
1.159±0.075 5 SAMOYLOV 13 NOMD MS scheme
1.36 ±0.04 ±0.10 6 ALEKHIN 12 THEO MS scheme
1.261±0.016 7 NARISON 12A THEO MS scheme
1.278±0.009 8 BODENSTEIN 11 THEO MS scheme

1.28 +0.07
−0.06

9 LASCHKA 11 THEO MS scheme

1.196±0.059±0.050 10 AUBERT 10A BABR MS scheme
1.28 ±0.04 11 BLOSSIER 10 LATT MS scheme
1.273±0.006 12 MCNEILE 10 LATT MS scheme
1.279±0.013 13 CHETYRKIN 09 THEO MS scheme
1.25 ±0.04 14 SIGNER 09 THEO MS scheme
1.295±0.015 15 BOUGHEZAL 06 THEO MS scheme
1.24 ±0.09 16 BUCHMULLER06 THEO MS scheme
1.224±0.017±0.054 17 HOANG 06 THEO MS scheme

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.01 ±0.09 ±0.03 18 ALEKHIN 11 THEO MS scheme
1.299±0.026 19 BODENSTEIN 10 THEO MS scheme
1.261±0.018 20 NARISON 10 THEO MS scheme
1.268±0.009 21 ALLISON 08 LATT MS scheme
1.286±0.013 22 KUHN 07 THEO MS scheme
1.33 ±0.10 23 AUBERT 04X THEO MS scheme
1.29 ±0.07 24 HOANG 04 THEO MS scheme
1.319±0.028 25 DEDIVITIIS 03 LATT MS scheme
1.19 ±0.11 26 EIDEMULLER 03 THEO MS scheme
1.289±0.043 27 ERLER 03 THEO MS scheme
1.26 ±0.02 28 ZYABLYUK 03 THEO MS scheme

1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
have been combined in quadrature.

2ALEKHIN 13 determines mc from charm production in deep inelastic scattering at HERA
using approximate NNLO QCD.
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The c-quark mass corresponds to the “running” mass mc (µ = mc ) in
the MS scheme. We have converted masses in other schemes to the
MS scheme using two-loop QCD perturbation theory with αs (µ=mc ) =
0.38 ± 0.03. The value 1.275 ± 0.025 GeV for the MS mass corresponds
to 1.67 ± 0.07 GeV for the pole mass (see the “Note on Quark Masses”).

VALUE (GeV) DOCUMENT ID TECN COMMENT

1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION See the ideogram below.

1.26 ±0.05 ±0.04 1 ABRAMOWICZ13C COMB MS scheme

1.24 ±0.03 +0.03
−0.07

2 ALEKHIN 13 THEO MS scheme

1.282±0.011±0.022 3 DEHNADI 13 THEO MS scheme
1.286±0.066 4 NARISON 13 THEO MS scheme
1.159±0.075 5 SAMOYLOV 13 NOMD MS scheme
1.36 ±0.04 ±0.10 6 ALEKHIN 12 THEO MS scheme
1.261±0.016 7 NARISON 12A THEO MS scheme
1.278±0.009 8 BODENSTEIN 11 THEO MS scheme

1.28 +0.07
−0.06

9 LASCHKA 11 THEO MS scheme

1.196±0.059±0.050 10 AUBERT 10A BABR MS scheme
1.28 ±0.04 11 BLOSSIER 10 LATT MS scheme
1.273±0.006 12 MCNEILE 10 LATT MS scheme
1.279±0.013 13 CHETYRKIN 09 THEO MS scheme
1.25 ±0.04 14 SIGNER 09 THEO MS scheme
1.295±0.015 15 BOUGHEZAL 06 THEO MS scheme
1.24 ±0.09 16 BUCHMULLER06 THEO MS scheme
1.224±0.017±0.054 17 HOANG 06 THEO MS scheme

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.01 ±0.09 ±0.03 18 ALEKHIN 11 THEO MS scheme
1.299±0.026 19 BODENSTEIN 10 THEO MS scheme
1.261±0.018 20 NARISON 10 THEO MS scheme
1.268±0.009 21 ALLISON 08 LATT MS scheme
1.286±0.013 22 KUHN 07 THEO MS scheme
1.33 ±0.10 23 AUBERT 04X THEO MS scheme
1.29 ±0.07 24 HOANG 04 THEO MS scheme
1.319±0.028 25 DEDIVITIIS 03 LATT MS scheme
1.19 ±0.11 26 EIDEMULLER 03 THEO MS scheme
1.289±0.043 27 ERLER 03 THEO MS scheme
1.26 ±0.02 28 ZYABLYUK 03 THEO MS scheme

1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
have been combined in quadrature.

2ALEKHIN 13 determines mc from charm production in deep inelastic scattering at HERA
using approximate NNLO QCD.
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[K. A. Olive et al., PDG (2014)]
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QCD sum rules
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The c-quark mass corresponds to the “running” mass mc (µ = mc ) in
the MS scheme. We have converted masses in other schemes to the
MS scheme using two-loop QCD perturbation theory with αs (µ=mc ) =
0.38 ± 0.03. The value 1.275 ± 0.025 GeV for the MS mass corresponds
to 1.67 ± 0.07 GeV for the pole mass (see the “Note on Quark Masses”).

VALUE (GeV) DOCUMENT ID TECN COMMENT

1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION See the ideogram below.

1.26 ±0.05 ±0.04 1 ABRAMOWICZ13C COMB MS scheme

1.24 ±0.03 +0.03
−0.07

2 ALEKHIN 13 THEO MS scheme

1.282±0.011±0.022 3 DEHNADI 13 THEO MS scheme
1.286±0.066 4 NARISON 13 THEO MS scheme
1.159±0.075 5 SAMOYLOV 13 NOMD MS scheme
1.36 ±0.04 ±0.10 6 ALEKHIN 12 THEO MS scheme
1.261±0.016 7 NARISON 12A THEO MS scheme
1.278±0.009 8 BODENSTEIN 11 THEO MS scheme

1.28 +0.07
−0.06

9 LASCHKA 11 THEO MS scheme

1.196±0.059±0.050 10 AUBERT 10A BABR MS scheme
1.28 ±0.04 11 BLOSSIER 10 LATT MS scheme
1.273±0.006 12 MCNEILE 10 LATT MS scheme
1.279±0.013 13 CHETYRKIN 09 THEO MS scheme
1.25 ±0.04 14 SIGNER 09 THEO MS scheme
1.295±0.015 15 BOUGHEZAL 06 THEO MS scheme
1.24 ±0.09 16 BUCHMULLER06 THEO MS scheme
1.224±0.017±0.054 17 HOANG 06 THEO MS scheme

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.01 ±0.09 ±0.03 18 ALEKHIN 11 THEO MS scheme
1.299±0.026 19 BODENSTEIN 10 THEO MS scheme
1.261±0.018 20 NARISON 10 THEO MS scheme
1.268±0.009 21 ALLISON 08 LATT MS scheme
1.286±0.013 22 KUHN 07 THEO MS scheme
1.33 ±0.10 23 AUBERT 04X THEO MS scheme
1.29 ±0.07 24 HOANG 04 THEO MS scheme
1.319±0.028 25 DEDIVITIIS 03 LATT MS scheme
1.19 ±0.11 26 EIDEMULLER 03 THEO MS scheme
1.289±0.043 27 ERLER 03 THEO MS scheme
1.26 ±0.02 28 ZYABLYUK 03 THEO MS scheme

1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
have been combined in quadrature.

2ALEKHIN 13 determines mc from charm production in deep inelastic scattering at HERA
using approximate NNLO QCD.
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The c-quark mass corresponds to the “running” mass mc (µ = mc ) in
the MS scheme. We have converted masses in other schemes to the
MS scheme using two-loop QCD perturbation theory with αs (µ=mc ) =
0.38 ± 0.03. The value 1.275 ± 0.025 GeV for the MS mass corresponds
to 1.67 ± 0.07 GeV for the pole mass (see the “Note on Quark Masses”).

VALUE (GeV) DOCUMENT ID TECN COMMENT

1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION See the ideogram below.

1.26 ±0.05 ±0.04 1 ABRAMOWICZ13C COMB MS scheme

1.24 ±0.03 +0.03
−0.07

2 ALEKHIN 13 THEO MS scheme

1.282±0.011±0.022 3 DEHNADI 13 THEO MS scheme
1.286±0.066 4 NARISON 13 THEO MS scheme
1.159±0.075 5 SAMOYLOV 13 NOMD MS scheme
1.36 ±0.04 ±0.10 6 ALEKHIN 12 THEO MS scheme
1.261±0.016 7 NARISON 12A THEO MS scheme
1.278±0.009 8 BODENSTEIN 11 THEO MS scheme

1.28 +0.07
−0.06

9 LASCHKA 11 THEO MS scheme

1.196±0.059±0.050 10 AUBERT 10A BABR MS scheme
1.28 ±0.04 11 BLOSSIER 10 LATT MS scheme
1.273±0.006 12 MCNEILE 10 LATT MS scheme
1.279±0.013 13 CHETYRKIN 09 THEO MS scheme
1.25 ±0.04 14 SIGNER 09 THEO MS scheme
1.295±0.015 15 BOUGHEZAL 06 THEO MS scheme
1.24 ±0.09 16 BUCHMULLER06 THEO MS scheme
1.224±0.017±0.054 17 HOANG 06 THEO MS scheme

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.01 ±0.09 ±0.03 18 ALEKHIN 11 THEO MS scheme
1.299±0.026 19 BODENSTEIN 10 THEO MS scheme
1.261±0.018 20 NARISON 10 THEO MS scheme
1.268±0.009 21 ALLISON 08 LATT MS scheme
1.286±0.013 22 KUHN 07 THEO MS scheme
1.33 ±0.10 23 AUBERT 04X THEO MS scheme
1.29 ±0.07 24 HOANG 04 THEO MS scheme
1.319±0.028 25 DEDIVITIIS 03 LATT MS scheme
1.19 ±0.11 26 EIDEMULLER 03 THEO MS scheme
1.289±0.043 27 ERLER 03 THEO MS scheme
1.26 ±0.02 28 ZYABLYUK 03 THEO MS scheme

1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
have been combined in quadrature.

2ALEKHIN 13 determines mc from charm production in deep inelastic scattering at HERA
using approximate NNLO QCD.
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The c-quark mass corresponds to the “running” mass mc (µ = mc ) in
the MS scheme. We have converted masses in other schemes to the
MS scheme using two-loop QCD perturbation theory with αs (µ=mc ) =
0.38 ± 0.03. The value 1.275 ± 0.025 GeV for the MS mass corresponds
to 1.67 ± 0.07 GeV for the pole mass (see the “Note on Quark Masses”).

VALUE (GeV) DOCUMENT ID TECN COMMENT

1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION See the ideogram below.

1.26 ±0.05 ±0.04 1 ABRAMOWICZ13C COMB MS scheme

1.24 ±0.03 +0.03
−0.07

2 ALEKHIN 13 THEO MS scheme

1.282±0.011±0.022 3 DEHNADI 13 THEO MS scheme
1.286±0.066 4 NARISON 13 THEO MS scheme
1.159±0.075 5 SAMOYLOV 13 NOMD MS scheme
1.36 ±0.04 ±0.10 6 ALEKHIN 12 THEO MS scheme
1.261±0.016 7 NARISON 12A THEO MS scheme
1.278±0.009 8 BODENSTEIN 11 THEO MS scheme

1.28 +0.07
−0.06

9 LASCHKA 11 THEO MS scheme

1.196±0.059±0.050 10 AUBERT 10A BABR MS scheme
1.28 ±0.04 11 BLOSSIER 10 LATT MS scheme
1.273±0.006 12 MCNEILE 10 LATT MS scheme
1.279±0.013 13 CHETYRKIN 09 THEO MS scheme
1.25 ±0.04 14 SIGNER 09 THEO MS scheme
1.295±0.015 15 BOUGHEZAL 06 THEO MS scheme
1.24 ±0.09 16 BUCHMULLER06 THEO MS scheme
1.224±0.017±0.054 17 HOANG 06 THEO MS scheme

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.01 ±0.09 ±0.03 18 ALEKHIN 11 THEO MS scheme
1.299±0.026 19 BODENSTEIN 10 THEO MS scheme
1.261±0.018 20 NARISON 10 THEO MS scheme
1.268±0.009 21 ALLISON 08 LATT MS scheme
1.286±0.013 22 KUHN 07 THEO MS scheme
1.33 ±0.10 23 AUBERT 04X THEO MS scheme
1.29 ±0.07 24 HOANG 04 THEO MS scheme
1.319±0.028 25 DEDIVITIIS 03 LATT MS scheme
1.19 ±0.11 26 EIDEMULLER 03 THEO MS scheme
1.289±0.043 27 ERLER 03 THEO MS scheme
1.26 ±0.02 28 ZYABLYUK 03 THEO MS scheme

1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
have been combined in quadrature.

2ALEKHIN 13 determines mc from charm production in deep inelastic scattering at HERA
using approximate NNLO QCD.
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The c-quark mass corresponds to the “running” mass mc (µ = mc ) in
the MS scheme. We have converted masses in other schemes to the
MS scheme using two-loop QCD perturbation theory with αs (µ=mc ) =
0.38 ± 0.03. The value 1.275 ± 0.025 GeV for the MS mass corresponds
to 1.67 ± 0.07 GeV for the pole mass (see the “Note on Quark Masses”).

VALUE (GeV) DOCUMENT ID TECN COMMENT

1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION See the ideogram below.

1.26 ±0.05 ±0.04 1 ABRAMOWICZ13C COMB MS scheme

1.24 ±0.03 +0.03
−0.07

2 ALEKHIN 13 THEO MS scheme

1.282±0.011±0.022 3 DEHNADI 13 THEO MS scheme
1.286±0.066 4 NARISON 13 THEO MS scheme
1.159±0.075 5 SAMOYLOV 13 NOMD MS scheme
1.36 ±0.04 ±0.10 6 ALEKHIN 12 THEO MS scheme
1.261±0.016 7 NARISON 12A THEO MS scheme
1.278±0.009 8 BODENSTEIN 11 THEO MS scheme

1.28 +0.07
−0.06

9 LASCHKA 11 THEO MS scheme

1.196±0.059±0.050 10 AUBERT 10A BABR MS scheme
1.28 ±0.04 11 BLOSSIER 10 LATT MS scheme
1.273±0.006 12 MCNEILE 10 LATT MS scheme
1.279±0.013 13 CHETYRKIN 09 THEO MS scheme
1.25 ±0.04 14 SIGNER 09 THEO MS scheme
1.295±0.015 15 BOUGHEZAL 06 THEO MS scheme
1.24 ±0.09 16 BUCHMULLER06 THEO MS scheme
1.224±0.017±0.054 17 HOANG 06 THEO MS scheme

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.01 ±0.09 ±0.03 18 ALEKHIN 11 THEO MS scheme
1.299±0.026 19 BODENSTEIN 10 THEO MS scheme
1.261±0.018 20 NARISON 10 THEO MS scheme
1.268±0.009 21 ALLISON 08 LATT MS scheme
1.286±0.013 22 KUHN 07 THEO MS scheme
1.33 ±0.10 23 AUBERT 04X THEO MS scheme
1.29 ±0.07 24 HOANG 04 THEO MS scheme
1.319±0.028 25 DEDIVITIIS 03 LATT MS scheme
1.19 ±0.11 26 EIDEMULLER 03 THEO MS scheme
1.289±0.043 27 ERLER 03 THEO MS scheme
1.26 ±0.02 28 ZYABLYUK 03 THEO MS scheme

1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
have been combined in quadrature.

2ALEKHIN 13 determines mc from charm production in deep inelastic scattering at HERA
using approximate NNLO QCD.
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charm production at DIS

Charmonium spectrum

QCD sum rules
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The c-quark mass corresponds to the “running” mass mc (µ = mc ) in
the MS scheme. We have converted masses in other schemes to the
MS scheme using two-loop QCD perturbation theory with αs (µ=mc ) =
0.38 ± 0.03. The value 1.275 ± 0.025 GeV for the MS mass corresponds
to 1.67 ± 0.07 GeV for the pole mass (see the “Note on Quark Masses”).

VALUE (GeV) DOCUMENT ID TECN COMMENT

1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION See the ideogram below.

1.26 ±0.05 ±0.04 1 ABRAMOWICZ13C COMB MS scheme

1.24 ±0.03 +0.03
−0.07

2 ALEKHIN 13 THEO MS scheme

1.282±0.011±0.022 3 DEHNADI 13 THEO MS scheme
1.286±0.066 4 NARISON 13 THEO MS scheme
1.159±0.075 5 SAMOYLOV 13 NOMD MS scheme
1.36 ±0.04 ±0.10 6 ALEKHIN 12 THEO MS scheme
1.261±0.016 7 NARISON 12A THEO MS scheme
1.278±0.009 8 BODENSTEIN 11 THEO MS scheme

1.28 +0.07
−0.06

9 LASCHKA 11 THEO MS scheme

1.196±0.059±0.050 10 AUBERT 10A BABR MS scheme
1.28 ±0.04 11 BLOSSIER 10 LATT MS scheme
1.273±0.006 12 MCNEILE 10 LATT MS scheme
1.279±0.013 13 CHETYRKIN 09 THEO MS scheme
1.25 ±0.04 14 SIGNER 09 THEO MS scheme
1.295±0.015 15 BOUGHEZAL 06 THEO MS scheme
1.24 ±0.09 16 BUCHMULLER06 THEO MS scheme
1.224±0.017±0.054 17 HOANG 06 THEO MS scheme

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.01 ±0.09 ±0.03 18 ALEKHIN 11 THEO MS scheme
1.299±0.026 19 BODENSTEIN 10 THEO MS scheme
1.261±0.018 20 NARISON 10 THEO MS scheme
1.268±0.009 21 ALLISON 08 LATT MS scheme
1.286±0.013 22 KUHN 07 THEO MS scheme
1.33 ±0.10 23 AUBERT 04X THEO MS scheme
1.29 ±0.07 24 HOANG 04 THEO MS scheme
1.319±0.028 25 DEDIVITIIS 03 LATT MS scheme
1.19 ±0.11 26 EIDEMULLER 03 THEO MS scheme
1.289±0.043 27 ERLER 03 THEO MS scheme
1.26 ±0.02 28 ZYABLYUK 03 THEO MS scheme

1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
have been combined in quadrature.

2ALEKHIN 13 determines mc from charm production in deep inelastic scattering at HERA
using approximate NNLO QCD.
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c I (JP ) = 0(1
2
+)

Charge = 2
3 e Charm = +1

c-QUARK MASSc-QUARK MASSc-QUARK MASSc-QUARK MASS

The c-quark mass corresponds to the “running” mass mc (µ = mc ) in
the MS scheme. We have converted masses in other schemes to the
MS scheme using two-loop QCD perturbation theory with αs (µ=mc ) =
0.38 ± 0.03. The value 1.275 ± 0.025 GeV for the MS mass corresponds
to 1.67 ± 0.07 GeV for the pole mass (see the “Note on Quark Masses”).

VALUE (GeV) DOCUMENT ID TECN COMMENT

1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION1.275±0.025 OUR EVALUATION See the ideogram below.

1.26 ±0.05 ±0.04 1 ABRAMOWICZ13C COMB MS scheme

1.24 ±0.03 +0.03
−0.07

2 ALEKHIN 13 THEO MS scheme

1.282±0.011±0.022 3 DEHNADI 13 THEO MS scheme
1.286±0.066 4 NARISON 13 THEO MS scheme
1.159±0.075 5 SAMOYLOV 13 NOMD MS scheme
1.36 ±0.04 ±0.10 6 ALEKHIN 12 THEO MS scheme
1.261±0.016 7 NARISON 12A THEO MS scheme
1.278±0.009 8 BODENSTEIN 11 THEO MS scheme

1.28 +0.07
−0.06

9 LASCHKA 11 THEO MS scheme

1.196±0.059±0.050 10 AUBERT 10A BABR MS scheme
1.28 ±0.04 11 BLOSSIER 10 LATT MS scheme
1.273±0.006 12 MCNEILE 10 LATT MS scheme
1.279±0.013 13 CHETYRKIN 09 THEO MS scheme
1.25 ±0.04 14 SIGNER 09 THEO MS scheme
1.295±0.015 15 BOUGHEZAL 06 THEO MS scheme
1.24 ±0.09 16 BUCHMULLER06 THEO MS scheme
1.224±0.017±0.054 17 HOANG 06 THEO MS scheme

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.01 ±0.09 ±0.03 18 ALEKHIN 11 THEO MS scheme
1.299±0.026 19 BODENSTEIN 10 THEO MS scheme
1.261±0.018 20 NARISON 10 THEO MS scheme
1.268±0.009 21 ALLISON 08 LATT MS scheme
1.286±0.013 22 KUHN 07 THEO MS scheme
1.33 ±0.10 23 AUBERT 04X THEO MS scheme
1.29 ±0.07 24 HOANG 04 THEO MS scheme
1.319±0.028 25 DEDIVITIIS 03 LATT MS scheme
1.19 ±0.11 26 EIDEMULLER 03 THEO MS scheme
1.289±0.043 27 ERLER 03 THEO MS scheme
1.26 ±0.02 28 ZYABLYUK 03 THEO MS scheme

1ABRAMOWICZ 13C determines mc from charm production in deep inelastic e p scatter-
ing, using the QCD prediction at NLO order. The uncertainties from model and param-
eterization assumptions, and the value of αs , of ±0.03, ±0.02, and ±0.02 respectively,
have been combined in quadrature.

2ALEKHIN 13 determines mc from charm production in deep inelastic scattering at HERA
using approximate NNLO QCD.
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Charm mass determinations

charm production at DIS

Charmonium spectrum

Inclusive B decay

QCD sum rules

Lattice QCD
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23AUBERT 04X obtain mc from a fit to the hadron mass and lepton energy distributions

in semileptonic B decay. The paper quotes values in the kinetic scheme. The MS value
has been provided by the BABAR collaboration.

24HOANG 04 determines mc (mc ) from moments at order α2
s

of the charm production

cross-section in e+ e− annihilation.
25DEDIVITIIS 03 use a quenched lattice computation of heavy-heavy and heavy-light me-

son masses.
26 EIDEMULLER 03 determines mb and mc using QCD sum rules.
27 ERLER 03 determines mb and mc using QCD sum rules. Includes recent BES data.
28 ZYABLYUK 03 determines mc by using QCD sum rules in the pseudoscalar channel and

comparing with the ηc mass.

WEIGHTED AVERAGE
1.275±0.004 (Error scaled by 1.0)

HOANG 06 THEO
BUCHMULLER 06 THEO
BOUGHEZAL 06 THEO 1.9
SIGNER 09 THEO 0.4
CHETYRKIN 09 THEO 0.1
MCNEILE 10 LATT 0.1
BLOSSIER 10 LATT 0.0
AUBERT 10A BABR
LASCHKA 11 THEO
BODENSTEIN 11 THEO 0.2
NARISON 12A THEO 0.7
ALEKHIN 12 THEO
SAMOYLOV 13 NOMD
NARISON 13 THEO
DEHNADI 13 THEO 0.1
ALEKHIN 13 THEO 0.6
ABRAMOWICZ 13C COMB

χ2

       4.0
(Confidence Level = 0.858)

1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45

c-QUARK MASS (GeV)

mc

/

ms MASS RATIOmc

/

ms MASS RATIOmc

/

ms MASS RATIOmc

/

ms MASS RATIO
VALUE DOCUMENT ID TECN

11.81±0.14 OUR AVERAGE11.81±0.14 OUR AVERAGE11.81±0.14 OUR AVERAGE11.81±0.14 OUR AVERAGE Error includes scale factor of 1.1. See the ideogram below.

11.27±0.30±0.26 1 DURR 12 LATT
12.0 ±0.3 2 BLOSSIER 10 LATT
11.85±0.16 3 DAVIES 10 LATT

1DURR 12 determine mc/ms using a lattice computation with Nf = 2 dynamical
fermions. The result is combined with other determinations of mc to obtain ms (2
GeV) = 97.0 ± 2.6 ± 2.5 MeV.

2BLOSSIER 10 determine mc/ms from a computation of the hadron spectrum using Nf
= 2 dynamical twisted-mass Wilson fermions.

3DAVIES 10 determine mc/ms from meson masses calculated on gluon fields including
u, d , and s sea quarks with lattice spacing down to 0.045 fm. The Highly Improved
Staggered quark formalism is used for the valence quarks.
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[K. A. Olive et al., PDG (2014)]

Current analyses with smallest error

1. [HPQCD, McNeile et al (2010)]

2. [HPQCD, Chakraborty et al (2014)]

mc(mc) = 1.2758± 0.0058GeV

mc(mc) = 1.2758± 0.0058GeV

Charm mass determinations
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23AUBERT 04X obtain mc from a fit to the hadron mass and lepton energy distributions

in semileptonic B decay. The paper quotes values in the kinetic scheme. The MS value
has been provided by the BABAR collaboration.

24HOANG 04 determines mc (mc ) from moments at order α2
s

of the charm production

cross-section in e+ e− annihilation.
25DEDIVITIIS 03 use a quenched lattice computation of heavy-heavy and heavy-light me-

son masses.
26 EIDEMULLER 03 determines mb and mc using QCD sum rules.
27 ERLER 03 determines mb and mc using QCD sum rules. Includes recent BES data.
28 ZYABLYUK 03 determines mc by using QCD sum rules in the pseudoscalar channel and

comparing with the ηc mass.

WEIGHTED AVERAGE
1.275±0.004 (Error scaled by 1.0)

HOANG 06 THEO
BUCHMULLER 06 THEO
BOUGHEZAL 06 THEO 1.9
SIGNER 09 THEO 0.4
CHETYRKIN 09 THEO 0.1
MCNEILE 10 LATT 0.1
BLOSSIER 10 LATT 0.0
AUBERT 10A BABR
LASCHKA 11 THEO
BODENSTEIN 11 THEO 0.2
NARISON 12A THEO 0.7
ALEKHIN 12 THEO
SAMOYLOV 13 NOMD
NARISON 13 THEO
DEHNADI 13 THEO 0.1
ALEKHIN 13 THEO 0.6
ABRAMOWICZ 13C COMB

χ2

       4.0
(Confidence Level = 0.858)

1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45

c-QUARK MASS (GeV)

mc

/

ms MASS RATIOmc

/

ms MASS RATIOmc

/

ms MASS RATIOmc

/

ms MASS RATIO
VALUE DOCUMENT ID TECN

11.81±0.14 OUR AVERAGE11.81±0.14 OUR AVERAGE11.81±0.14 OUR AVERAGE11.81±0.14 OUR AVERAGE Error includes scale factor of 1.1. See the ideogram below.

11.27±0.30±0.26 1 DURR 12 LATT
12.0 ±0.3 2 BLOSSIER 10 LATT
11.85±0.16 3 DAVIES 10 LATT

1DURR 12 determine mc/ms using a lattice computation with Nf = 2 dynamical
fermions. The result is combined with other determinations of mc to obtain ms (2
GeV) = 97.0 ± 2.6 ± 2.5 MeV.

2BLOSSIER 10 determine mc/ms from a computation of the hadron spectrum using Nf
= 2 dynamical twisted-mass Wilson fermions.

3DAVIES 10 determine mc/ms from meson masses calculated on gluon fields including
u, d , and s sea quarks with lattice spacing down to 0.045 fm. The Highly Improved
Staggered quark formalism is used for the valence quarks.
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[K. A. Olive et al., PDG (2014)]

Current analyses with smallest error

1. [HPQCD, McNeile et al (2010)]

2. [HPQCD, Chakraborty et al (2014)]

mc(mc) = 1.2758± 0.0058GeV

mc(mc) = 1.2758± 0.0058GeV

QCD sum rules (this talk)

Charm mass determinations
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23AUBERT 04X obtain mc from a fit to the hadron mass and lepton energy distributions

in semileptonic B decay. The paper quotes values in the kinetic scheme. The MS value
has been provided by the BABAR collaboration.

24HOANG 04 determines mc (mc ) from moments at order α2
s

of the charm production

cross-section in e+ e− annihilation.
25DEDIVITIIS 03 use a quenched lattice computation of heavy-heavy and heavy-light me-

son masses.
26 EIDEMULLER 03 determines mb and mc using QCD sum rules.
27 ERLER 03 determines mb and mc using QCD sum rules. Includes recent BES data.
28 ZYABLYUK 03 determines mc by using QCD sum rules in the pseudoscalar channel and

comparing with the ηc mass.

WEIGHTED AVERAGE
1.275±0.004 (Error scaled by 1.0)

HOANG 06 THEO
BUCHMULLER 06 THEO
BOUGHEZAL 06 THEO 1.9
SIGNER 09 THEO 0.4
CHETYRKIN 09 THEO 0.1
MCNEILE 10 LATT 0.1
BLOSSIER 10 LATT 0.0
AUBERT 10A BABR
LASCHKA 11 THEO
BODENSTEIN 11 THEO 0.2
NARISON 12A THEO 0.7
ALEKHIN 12 THEO
SAMOYLOV 13 NOMD
NARISON 13 THEO
DEHNADI 13 THEO 0.1
ALEKHIN 13 THEO 0.6
ABRAMOWICZ 13C COMB

χ2

       4.0
(Confidence Level = 0.858)

1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45

c-QUARK MASS (GeV)

mc

/

ms MASS RATIOmc

/

ms MASS RATIOmc

/

ms MASS RATIOmc

/

ms MASS RATIO
VALUE DOCUMENT ID TECN

11.81±0.14 OUR AVERAGE11.81±0.14 OUR AVERAGE11.81±0.14 OUR AVERAGE11.81±0.14 OUR AVERAGE Error includes scale factor of 1.1. See the ideogram below.

11.27±0.30±0.26 1 DURR 12 LATT
12.0 ±0.3 2 BLOSSIER 10 LATT
11.85±0.16 3 DAVIES 10 LATT

1DURR 12 determine mc/ms using a lattice computation with Nf = 2 dynamical
fermions. The result is combined with other determinations of mc to obtain ms (2
GeV) = 97.0 ± 2.6 ± 2.5 MeV.

2BLOSSIER 10 determine mc/ms from a computation of the hadron spectrum using Nf
= 2 dynamical twisted-mass Wilson fermions.

3DAVIES 10 determine mc/ms from meson masses calculated on gluon fields including
u, d , and s sea quarks with lattice spacing down to 0.045 fm. The Highly Improved
Staggered quark formalism is used for the valence quarks.
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QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Total hadronic cross section

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e�

e+

R =
�(e+e� ! hadrons)
�(e+e� ! µ+µ�)

⇠ Im

�i
Z

dx e�iqxh0|T [jµ(x)jµ(0)] |i
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)

Rnf [↵
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
↵(nf )

s (µ)
4⇡

r1 +

 
↵(nf )

s (µ)
4⇡

!2 
r (nf )
2 � �0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ ⇠ Q

Piotr Pietrulewicz ( University of Vienna ) Variable flavor number schemes (VFNS) in QCD Wien, 05.06.2014 5 / 34



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Total hadronic cross section

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e�

e+

R =
�(e+e� ! hadrons)
�(e+e� ! µ+µ�)

⇠ Im

�i
Z

dx e�iqxh0|T [jµ(x)jµ(0)] |i
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)

Rnf [↵
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
↵(nf )

s (µ)
4⇡

r1 +

 
↵(nf )

s (µ)
4⇡

!2 
r (nf )
2 � �0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ ⇠ Q

Piotr Pietrulewicz ( University of Vienna ) Variable flavor number schemes (VFNS) in QCD Wien, 05.06.2014 5 / 34
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• Some smearing is necessary for 
perturbation theory to have any 
chance to describe data

• We also need to design the 
observable to be maximally 
sensitive to the heavy quark mass



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Mn =

Z 1

4m2

ds

sn+1
R(s)

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e�

e+

R =
�(e+e� ! hadrons)
�(e+e� ! µ+µ�)

⇠ Im

�i
Z

dx e�iqxh0|T [jµ(x)jµ(0)] |i
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)

Rnf [↵
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
↵(nf )

s (µ)
4⇡

r1 +

 
↵(nf )

s (µ)
4⇡

!2 
r (nf )
2 � �0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ ⇠ Q

Piotr Pietrulewicz ( University of Vienna ) Variable flavor number schemes (VFNS) in QCD Wien, 05.06.2014 5 / 34

Total hadronic cross section Moments of the cross section
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• Some smearing is necessary for 
perturbation theory to have any 
chance to describe data

• We also need to design the 
observable to be maximally 
sensitive to the heavy quark mass



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

z =
s

4m2

change of variables

Mn =

Z 1

4m2

ds

sn+1
R(s) =

1

(4m2)n

Z 1

1

dz

zn+1
R(z)

Total hadronic cross section Moments of the cross section

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e�

e+

R =
�(e+e� ! hadrons)
�(e+e� ! µ+µ�)

⇠ Im

�i
Z

dx e�iqxh0|T [jµ(x)jµ(0)] |i
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)

Rnf [↵
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
↵(nf )

s (µ)
4⇡

r1 +

 
↵(nf )

s (µ)
4⇡

!2 
r (nf )
2 � �0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ ⇠ Q
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• Some smearing is necessary for 
perturbation theory to have any 
chance to describe data

• We also need to design the 
observable to be maximally 
sensitive to the heavy quark mass



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

z =
s

4m2

Mn =

Z 1

4m2

ds

sn+1
R(s) =

1

(4m2)n

Z 1

1

dz

zn+1
R(z)

Total hadronic cross section Moments of the cross section

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e�

e+

R =
�(e+e� ! hadrons)
�(e+e� ! µ+µ�)

⇠ Im

�i
Z

dx e�iqxh0|T [jµ(x)jµ(0)] |i
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)

Rnf [↵
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
↵(nf )

s (µ)
4⇡

r1 +

 
↵(nf )

s (µ)
4⇡

!2 
r (nf )
2 � �0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ ⇠ Q
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• We also need to design the 
observable to be maximally 
sensitive to the heavy quark mass

• Some smearing is necessary for 
perturbation theory to have any 
chance to describe data



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

q
2

Jµ(x) = q̄(x)�µq(x)(q2 g
µ⌫

� q

µ

q

⌫

)⇧(q2) = � i

Z
dx eix·q

⌦
0
��Tj

µ

(x)jµ(0)
��0
↵

jµ

z =
s

4m2

Mn =

Z 1

4m2

ds

sn+1
R(s) =

1

(4m2)n

Z 1

1

dz

zn+1
R(z)

Total hadronic cross section

Vacuum polarization function Vector current (electromagnetic)

Moments of the cross section

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e�

e+

R =
�(e+e� ! hadrons)
�(e+e� ! µ+µ�)

⇠ Im

�i
Z

dx e�iqxh0|T [jµ(x)jµ(0)] |i
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)

Rnf [↵
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
↵(nf )

s (µ)
4⇡

r1 +

 
↵(nf )

s (µ)
4⇡

!2 
r (nf )
2 � �0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ ⇠ Q
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QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Im

 �
/

(q2 g
µ⌫

� q

µ

q

⌫

)⇧(q2) = � i

Z
dx eix·q

⌦
0
��Tj

µ

(x)jµ(0)
��0
↵

electric charge

Jµ(x) = q̄(x)�µq(x)

z =
s

4m2

Mn =

Z 1

4m2

ds

sn+1
R(s) =

1

(4m2)n

Z 1

1

dz

zn+1
R(z)

Total hadronic cross section

Vacuum polarization function Vector current (electromagnetic)

Optical theorem

Moments of the cross section

q
2

VFNS for the hadronic R-ratio

Hadronic R-ratio for massless quark production

q
e�

e+

R =
�(e+e� ! hadrons)
�(e+e� ! µ+µ�)

⇠ Im

�i
Z

dx e�iqxh0|T [jµ(x)jµ(0)] |i
�

one relevant scale: c.o.m. energy q2 = Q2

current conservation
! UV divergences only related to strong coupling & field redefinitions
! only running structure: ↵s

perturbative expansion (with MS-renormalized ↵s with nf light flavors)

Rnf [↵
(nf )
s ] = Nc

X
e2

q

8
<

:1 +
↵(nf )

s (µ)
4⇡

r1 +

 
↵(nf )

s (µ)
4⇡

!2 
r (nf )
2 � �0r1 ln

✓
Q2

µ2

◆�9=

;

! log minimized for µ ⇠ Q
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R(s) = 12⇡Q2 Im⇧(s+ i 0+)



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

(q2 g
µ⌫

� q

µ

q

⌫

)⇧(q2) = � i

Z
dx eix·q

⌦
0
��Tj

µ

(x)jµ(0)
��0
↵

electric charge Dispersion relation

⇧(q2)�⇧(0) =
q2

12⇡2 Q2

Z 1

4m2

ds
R(s)

s(s� q2)

Jµ(x) = q̄(x)�µq(x)

�

���

z =
s

4m2

Mn =

Z 1

4m2

ds

sn+1
R(s) =

1

(4m2)n

Z 1

1

dz

zn+1
R(z)

Total hadronic cross section

Vacuum polarization function Vector current (electromagnetic)

Optical theorem

Moments of the cross section

R(s) = 12⇡Q2 Im⇧(s+ i 0+)



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Total hadronic cross section

(q2 g
µ⌫

� q

µ

q

⌫

)⇧(q2) = � i

Z
dx eix·q

⌦
0
��Tj

µ

(x)jµ(0)
��0
↵

Vacuum polarization function Vector current (electromagnetic)

Optical theorem electric charge Dispersion relation

⇧(q2 ⇠ 0) =
1

12⇡2 Q2

1X

n=0

Mnq
2n

�

���

⇧(q2)�⇧(0) =
q2

12⇡2 Q2

Z 1

4m2

ds
R(s)

s(s� q2)

Jµ(x) = q̄(x)�µq(x)

z =
s

4m2

Mn =

Z 1

4m2

ds

sn+1
R(s) =

1

(4m2)n

Z 1

1

dz

zn+1
R(z)

Moments of the cross section

M th
n =

12⇡2Q2

n!

dn

dq2n
⇧(q2)

��
q2=0

R(s) = 12⇡Q2 Im⇧(s+ i 0+)



QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Total hadronic cross section

(q2 g
µ⌫

� q

µ

q

⌫

)⇧(q2) = � i

Z
dx eix·q

⌦
0
��Tj

µ

(x)jµ(0)
��0
↵

Vacuum polarization function Vector current (electromagnetic)

Optical theorem electric charge Dispersion relation

�

���

�

���

⇧(q2)�⇧(0) =
q2

12⇡2 Q2

Z 1

4m2

ds
R(s)

s(s� q2)

Jµ(x) = q̄(x)�µq(x)

z =
s

4m2

Mn =

Z 1

4m2

ds

sn+1
R(s) =

1

(4m2)n

Z 1

1

dz

zn+1
R(z)

Moments of the cross section

⇧(q2 ⇠ 0) =
1

12⇡2 Q2

1X

n=0

Mnq
2n M th

n =
12⇡2Q2

n!

dn

dq2n
⇧(q2)

��
q2=0 Mn = 6⇡ iQ2

I
ds

⇧(s)

sn+1

R(s) = 12⇡Q2 Im⇧(s+ i 0+)



R(s) = 12⇡Q2 Im⇧(s+ i 0+)

QCD sum rules

R(s) =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Total hadronic cross section

(q2 g
µ⌫

� q

µ

q

⌫

)⇧(q2) = � i

Z
dx eix·q

⌦
0
��Tj

µ

(x)jµ(0)
��0
↵

Vacuum polarization function Vector current (electromagnetic)

Optical theorem electric charge Dispersion relation

�

���

�

���

⇧(q2)�⇧(0) =
q2

12⇡2 Q2

Z 1

4m2

ds
R(s)

s(s� q2)

Jµ(x) = q̄(x)�µq(x)

z =
s

4m2

Mn =

Z 1

4m2

ds

sn+1
R(s) =

1

(4m2)n

Z 1

1

dz

zn+1
R(z)

Moments of the cross section

⇧(q2 ⇠ 0) =
1

12⇡2 Q2

1X

n=0

Mnq
2n M th

n =
12⇡2Q2

n!

dn

dq2n
⇧(q2)

��
q2=0 Mn = 6⇡ iQ2

I
ds

⇧(s)

sn+1

Duality bound:	


n < mc/ΛQCD ~ 2	


n < mb/ΛQCD ~ 4



Experimental data 
for charm



Experimental data: charm
Narrow resonancesNarrow resonances

Narrow-width

approximation



SubSub--threshold and thresholdthreshold and threshold BES 1999BES 1999

Experimental data: charm



SubSub--threshold and thresholdthreshold and threshold BES 2001BES 2001

Experimental data: charm



SubSub--threshold and thresholdthreshold and threshold BES 2004BES 2004

Experimental data: charm



SubSub--threshold and thresholdthreshold and threshold BES 2006 (I)BES 2006 (I)

Experimental data: charm



SubSub--threshold and thresholdthreshold and threshold BES 2006 (II)BES 2006 (II)

Experimental data: charm



SubSub--threshold and thresholdthreshold and threshold BES 2009BES 2009

Experimental data: charm



SubSub--threshold and thresholdthreshold and threshold Crystal Ball 1986Crystal Ball 1986

Experimental data: charm



Gap regionGap region Crystal Ball 1990 (I)Crystal Ball 1990 (I)

Experimental data: charm



Gap regionGap region Crystal Ball 1990 (II)Crystal Ball 1990 (II)

Experimental data: charm



High energy regionHigh energy region CLEO 1979CLEO 1979

Experimental data: charm



High energy regionHigh energy region CLEO 1998CLEO 1998

Experimental data: charm



High energy regionHigh energy region CLEO 2007CLEO 2007

Experimental data: charm



SubSub--threshold and thresholdthreshold and threshold CLEO 2009CLEO 2009

Experimental data: charm



High energy regionHigh energy region MDMD--1 19961 1996

Experimental data: charm



Threshold and high energyThreshold and high energy PLUTO 1982PLUTO 1982

Experimental data: charm



Threshold regionThreshold region MARKI 1976MARKI 1976

Experimental data: charm



Gap regionGap region MARKI 1977MARKI 1977

Experimental data: charm



Gap regionGap region MARKII 1979MARKII 1979

Experimental data: charm



Threshold and gap regionsThreshold and gap regions MarkMark--I  1981I  1981

Experimental data: charm



Perturbation theoryPerturbation theory
• Only where there is no data

• Assign a conservative 10% error 
to reduce model dependence

M1 Æ 6% 

Mn>1 Æ < 1%

Experimental data: charm

94%
6%



Data used in Hoang and Jamin (2004)Data used in Hoang and Jamin (2004)

Experimental data: charm



Data used in Hoang and Jamin (2004)Data used in Hoang and Jamin (2004)

• Perturbation theory only in 
gap and region with no data

• 10% error assigned as well

21% of the first 
moment

Experimental data: charm

exp
1 0.70MG  

79%

21%



Data used in KData used in Küühn et al (2001) and Boughezal et alhn et al (2001) and Boughezal et al

Use perturbation theory 
right from here!

Even though there is 
data available...

Finite energy sum-rule?

Underestimates errors! 
(they assing only naive 
theory error)

30% of the first 
moment!

Experimental data: charm

exp
1 0.31MG  

70%

30%



Data used in KData used in Küühn et al (2004, 2005, ...)hn et al (2004, 2005, ...)

Use perturbation theory 
right from here!

Even though there is 
data available...

30% of the first 
moment!

Experimental data: charm

exp
1 0.31MG  

Finite energy sum-rule?

Underestimates errors! 
(they assing only naive 
theory error)

Data used in Kuhn et al (2004, 05) and Bodenstein et al

70%

30%



Fit procedure



Fit procedure

1. Recluster data. Clusters not necessarily equally sized.

Number of clusters and size of cluster according to the 
structure of the data 



Fit procedure

2.  Calculate the energy of the cluster. One weights the 
energy of the data points inside the clusters with their 
errors.

,exp

,exp

,

, 2 , 2
1 1

, 2 , 2
1 1

1

k m

k m

N k mN
i

k m k m
k i i i

m N N

k m k m
k i i i

E

E V

V

  

  

� '
 

� '

¦¦

¦¦

Experimental 
energies

Cluster energy

exp

clusters

,

:           Label for experiments
:      Number of experiments

:          Label for clusters
:  Number of clusters

:           Label for data points
:     Number of data points for experimentk m

k
N
m
N
i
N  in cluster k m



Fit procedure

3.  Fit the value of R for each cluster. Data is allowed to “move” within its systematic 
error. The method renders errors and correlations among various clusters. One 
can then calculate errors and correlations for the moments.

nR

,exp clusters

2,
,

,
2 2

,   2
1 1 1

1
k m

k m
k m i
i i mk mN N N

i
k k m

k m i i

R d R
R

dF
V   

§ ·ª º§ ·'¨ ¸� �« »¨ ¸¨ ¸© ¹¬ ¼ �¨ ¸
¨ ¸
¨ ¸
© ¹

¦ ¦ ¦ exp

clusters

,

:           Label for experiments
:      Number of experiments

:          Label for clusters
:  Number of clusters

:           Label for data points
:     Number of data points for experimentk m

k
N
m
N
i
N  in cluster k m

Fit parameters

Experimental data



Fit results

With our fit procedure we are capable of simultaneously 
determining the Ruds background and the Rcc

tot cc udsR R R �

2

1.89
d.o.f.
F

 Good quality of 
the fit !!!



Fit results

Below threshold

1 cluster



Fit results

Below resonances

2 clusters



Fit results

First resonance

20 clusters



Fit results

Second resonance

20 clusters



Fit results

Continuum data

10 clusters
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Comparison pQCD and data

M (4.55�10.538)GeV

1,ex = 4.81 ± 0.18

M (4.55�10.538)GeV
1 = 5.010 ± 0.011

contribution to moment using data

contribution to moment using pQCD

• Data seems to oscillate around pQCD at these energies	

• pQCD error 0.2%, data error 4%. pQCD 4% bigger than pQCD.	

• Using pQCD is OK if one assigns a more conservative error (4-10%)
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Theoretical framework

Ee↵ =
mqp
n

mqp
n
� ⇤QCD

effective energy range (asymptotically correct)

For the OPE to work (otherwise bad convergence)

n = 1, 2 for charm
n = 1, 2, 3, 4 for bottom

Stay away from larger n even if things appear to be nice



Theoretical framework

OPE framework (a la ITEP)

Fairly dominated by perturbative Wilson coefficient
Include the Gluon condensate contribution very small contribution

Similarly for pseudo-scalar correlator

Identical for bottom mass determination

Ee↵ =
mqp
n

mqp
n
� ⇤QCD

effective energy range (asymptotically correct)

For the OPE to work (otherwise bad convergence)

n = 1, 2 for charm
n = 1, 2, 3, 4 for bottom

Stay away from larger n even if things appear to be nice



Methods in perturbation theory

We use four different expansion methods, equivalent in perturbation 
theory, to test the convergence of the series expansion

We use different renormalization scales for      denoted by 
and      denoted

↵s µ↵

µmmc

All perturbative methods should give similar results when determining 
the charm mass (within theoretical uncertainties)
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Methods in perturbation theory

Fixed order 
expansion

Simply compute the n-th derivative of          around ⇧(q2) q2 = 0



Mpert
n =

1

(4m2
c(µm))n

X

i,a,b

✓
↵s(µ↵)

⇡

◆i

Ca,b
n,i lna

✓
m2

c(µm)

µ2
m

◆
lnb

✓
m2

c(µm)

µ2
↵

◆
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Iterative Linearized Expansion
Start with expanded 
out expression and 
solve for the mass

mass dependence on RHS !! starts at O(↵s)

[Dehnadi, Hoang, 
VM, Zebarjad]
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Start with expanded 
out expression and 
solve for the mass

m(0)
c =
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2
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M th,pert
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⌘1/2n
C̃0,0

n,0tree-level is simple no mass depend on LHS

Iterative Linearized Expansion [Dehnadi, Hoang, 
VM, Zebarjad]
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Iterative Linearized Expansion [Dehnadi, Hoang, 
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Ĉa,b
n,i lna

 
m(0) 2

c

µ2
m

!
lnb
 
m(0) 2

c

µ2
↵

!

Methods in perturbation theory

Linearized 
expansion

Iterative linearized 
expansion

Contour improved 
expansion

(µc
↵)

2(s,m2
c) = µ2

↵

✓
1� s

4m2
c(µm)

◆

modified threshold vs high-energy weight 

perturbatively sensitive to ⇧(0)

m(0)
c =

1

2
⇣
M th,pert

n

⌘1/2n
C̃0,0

n,0

Fixed order 
expansion

M c,pert
n =

6⇡Q2
q

i

I

C

ds

sn+1
⇧[ s,↵s(µ

c
↵(s,m

2
c)),mc(µm), µc

↵(s,m
2
c), µm ]



⇣
M th,pert

n

⌘1/2n
=

1

2mc(µm)

X

i,a,b

✓
↵s(µ↵)

⇡

◆i

C̃a,b
n,i ln

a

✓
m2

c(µm)

µ2
m

◆
lnb

✓
m2

c(µm)

µ2
↵

◆

Mpert
n =

1

(4m2
c(µm))n

X

i,a,b

✓
↵s(µ↵)

⇡

◆i

Ca,b
n,i lna

✓
m2

c(µm)

µ2
m

◆
lnb

✓
m2

c(µm)

µ2
↵

◆

mc(µm) = m(0)
c

X

i,a,b

✓
↵s(µ↵)

⇡

◆i
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Status of computations
• For n = 1, 2, 3 the        coefficients are known at	

• For n > 4,         are known in a semi-analytic approach (Padé)	

• The rest of       can be deduced by RGE evolution

C0,0
n O(↵3

s)

Ca,b
n

C0,0
n

[Kühn et al]	

[Boughezal et al]	

[Maier et al]	

[Hoang, VM, Zebarjad]	

[Greynat et al]

Moments

15

FIG. 4: Results from the reconstructed Π(3) function for the coefficients C(30)
3,4,5,6,7 that arise in the expansion around z = 0, for

the coefficients H(3)
0,1 that occur in the non-logarithmic terms in the high-energy expansion |z| → ∞ and for the constant K(3)

that appears in the expansion at threshold around z = 1. The dashed blue lines represent the envelope of all results obtained
from the reconstructed Π(3) functions. The individual error bars represent the range of vales obtained from the reconstructed
Π(3) functions using one particular Padé approximant Pm,n. The various types of Padé approximants that have been used are
indicated in the upper left panel; the same order is used for all other panels. All results are for nf = nℓ +1 = 4 running flavors
relevant for charm production.

a particularly large error and can merely serve as a rough constraint on its true values. Concerning the precision in
the determinations of K(3), we believe that a substantial improvement can be achieved once the full set of NNNLO

terms ∝
√

1 − z in the expansion for R at the threshold and the exact values for C̄(30)
k with k ≥ 3 become available.

nf = 4 nf = 5

C̄(30)
1 −5.6404 −7.7624

C̄(30)
2 −3.4937 −2.6438

C̄(30)
3 −3.279 ± 0.573 −1.457 ± 0.579

C̄(30)
4 −4.238 ± 1.171 −1.935 ± 1.201

C̄(30)
5 −4.996 ± 1.666 −2.507 ± 1.732

C̄(30)
6 −5.280 ± 2.045 −2.809 ± 2.150

C̄(30)
7 −5.151 ± 2.321 −2.847 ± 2.467

H(3)
0 −6.122 ± 0.054 −4.989 ± 0.053

H(3)
1 −3.885 ± 0.417 −3.180 ± 0.405

K(3) −10.09 ± 11.00 −5.97 ± 10.09

TABLE IV: Summary of the results for the coefficients C(30)
3,4,5,6,7, H(3)

0,1 and K(3) obtained from the reconstructed Π(3) function

for nf = nℓ + 1 = 4 and nf = nℓ + 1 = 5. The coefficients C(30)
1,2 are known exactly and shown for completeness.

One of the most important applications of the coefficients C̄(30)
n is the determination of the MS charm and bottom

quark masses from moments Mn of the charm and bottom quark e+e− cross section. For small values of n one way to
compute the moments is using fixed-order perturbation theory as shown in Eq. (10). Using the results from Tab. IV
we find for the fixed-order moments at O(α3

s) for charm quarks (nf = 4)

M3 = (0.1348± 0.0044± 0.0005)× 10−2 ,

M4 = (0.153 ± 0.032± 0.002)× 10−3 ,

M5 = (0.199 ± 0.084± 0.008)× 10−4

M6 = (0.084 ± 0.144± 0.036)× 10−5 . (33)
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[Maier et al]	

[Hoang, VM, Zebarjad]	

[Greynat et al]

R-ratio for a massive pair of quarks

• Analytically known at tree and one-loop	

• Known high-energy and threshold limits at two and three loops	

• Semi-analytic approach (Padé) at two and three loops

Moments
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FIG. 4: Results from the reconstructed Π(3) function for the coefficients C(30)
3,4,5,6,7 that arise in the expansion around z = 0, for

the coefficients H(3)
0,1 that occur in the non-logarithmic terms in the high-energy expansion |z| → ∞ and for the constant K(3)

that appears in the expansion at threshold around z = 1. The dashed blue lines represent the envelope of all results obtained
from the reconstructed Π(3) functions. The individual error bars represent the range of vales obtained from the reconstructed
Π(3) functions using one particular Padé approximant Pm,n. The various types of Padé approximants that have been used are
indicated in the upper left panel; the same order is used for all other panels. All results are for nf = nℓ +1 = 4 running flavors
relevant for charm production.

a particularly large error and can merely serve as a rough constraint on its true values. Concerning the precision in
the determinations of K(3), we believe that a substantial improvement can be achieved once the full set of NNNLO

terms ∝
√

1 − z in the expansion for R at the threshold and the exact values for C̄(30)
k with k ≥ 3 become available.

nf = 4 nf = 5

C̄(30)
1 −5.6404 −7.7624

C̄(30)
2 −3.4937 −2.6438

C̄(30)
3 −3.279 ± 0.573 −1.457 ± 0.579

C̄(30)
4 −4.238 ± 1.171 −1.935 ± 1.201

C̄(30)
5 −4.996 ± 1.666 −2.507 ± 1.732

C̄(30)
6 −5.280 ± 2.045 −2.809 ± 2.150

C̄(30)
7 −5.151 ± 2.321 −2.847 ± 2.467

H(3)
0 −6.122 ± 0.054 −4.989 ± 0.053

H(3)
1 −3.885 ± 0.417 −3.180 ± 0.405

K(3) −10.09 ± 11.00 −5.97 ± 10.09

TABLE IV: Summary of the results for the coefficients C(30)
3,4,5,6,7, H(3)

0,1 and K(3) obtained from the reconstructed Π(3) function

for nf = nℓ + 1 = 4 and nf = nℓ + 1 = 5. The coefficients C(30)
1,2 are known exactly and shown for completeness.

One of the most important applications of the coefficients C̄(30)
n is the determination of the MS charm and bottom

quark masses from moments Mn of the charm and bottom quark e+e− cross section. For small values of n one way to
compute the moments is using fixed-order perturbation theory as shown in Eq. (10). Using the results from Tab. IV
we find for the fixed-order moments at O(α3

s) for charm quarks (nf = 4)

M3 = (0.1348± 0.0044± 0.0005)× 10−2 ,

M4 = (0.153 ± 0.032± 0.002)× 10−3 ,

M5 = (0.199 ± 0.084± 0.008)× 10−4

M6 = (0.084 ± 0.144± 0.036)× 10−5 . (33)

• For n = 1, 2, 3 the        coefficients are known at	

• For n > 4,         are known in a semi-analytic approach (Padé)	

• The rest of       can be deduced by RGE evolution

C0,0
n

Ca,b
n

C0,0
n

O(↵3
s)

14

FIG. 3: Results for 12πvIm[Π(2)(q2 + i0)] as a function of v for nf = 4. The red bands represent the uncertainties. In the
left panel the results are based on the reconstructed Π(2) function incorporating the coefficients in the small-z expansion up
to order z2 (approximation C) and in the right panel the coefficients up to order z6 are accounted for. The dotted and dashed
black lines show the expansions in the threshold and the high-energy region up to NNLO. See the text for more details.

is the area covered by all solutions for Π(2) that pass the criteria discussed in Sec. VI. For method (i) to account
the Coulomb singularity we found solutions based on the Padé approximants [9,0], [8,1], [7,2], [6,3], [5,4], [3,6], [1,8],
and for method (ii) we found solutions based on the Padé approximants [8,0], [7,1], [6,2], [5,3], [4,4], [3,5], [1,7]. The
width of the band is already smaller than the width of the solid lines used to draw the boundaries of the band. For
v = (0.2, 0.4, 0.6, 0.8) the relative uncertainty is ±(0.09, 0.4, 2.0, 2.5)% and thus negligible for all conceivable practical
applications. The approximation formulae for the O(α2

sC
2
F ) and O(α2

sCACF ) contributions given in Ref. [8, 20] (using
Eqs. (65) and (66) of Ref. [8]) together with the analytically known fermionic corrections agree within 1-2% with our
result. We thus confirm the results for the cross section given in Refs. [8, 20].

VIII. ANALYSIS FOR THE VACUUM POLARIZATION AT O(α3
s)

For the reconstruction of Π(3) we use all available information from the expansions in the threshold region, Eqs. (15),

the high-energy region, Eqs. (17) and around z = 0 in Eqs. (22). For the construction of Π(3)
reg we account for the

first two coefficients in the expansion around z = 0, the non-logarithmic term ∝
√

1 − z in the threshold limit and
the two constraints from the absence of terms ∼ 1/z3/2 and ∼ 1/z5/2 for |z| → ∞. This amounts to 6 constraints

on the Padé approximants for method (i), where the Coulomb singularity ∝ 1/(1− z) is accounted for in Π(3)
reg, and 5

constraints on the Padé approximants for method (ii), where this Coulomb singularity is accounted for in Π(3)
log. Thus

we have n + m = 5 for the Padé approximants Pm,n for method (i) and n + m = 4 for the Padé approximants Pm,n

for method (ii).

In Fig. 4 the results for the coefficients C̄(30)
k for k = 3, 4, 5, 6, 7, the high-energy constants H(3)

0,1 and the threshold

constant K(3) are displayed for nf = nℓ + 1 = 4 relevant for charm quark production. The different labels [m, n]

which have been added to the upper left panel for C̄(30)
3 refer to the Padé approximant used for the respective Π(3)

reg

function and their order is representative for all panels. The error bars represent the range of values covered by the
variations of the modification factors as described in Sec. IV, and the blue dashed lines indicate the range covered
by all individual results. We adopt this range as the uncertainty in our determination of these coefficients, and the
results are summarized together with the corresponding results for nf = nℓ +1 = 5 in Tab. IV. For the determination

of the high-energy coefficients H(3)
0 and H(3)

1 we find uncertainties of about 1% and 10%, respectively. This compares

well with the corresponding results for H(2)
0 and H(2)

1 we have obtained at O(α2
s) for approximation C, see Fig. 1 and

Tab. III. For the coefficients C̄(30)
k with k ≥ 3 we find somewhat larger relative uncertainties than in for the C̄(20)

k in
approximation C. This is, however, not unexpected since the cancellations that arise when the pole mass results for
these coefficients are transferred to the MS mass scheme are substantially larger at O(α3

s). The result for K(3) has
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FIG. 5: Result for 12πvIm[Π(3)(q2 + i0)] as a function of v for nf = 4 using the currently available information for the
reconstruction of Π(3).The red band represent the uncertainty. The dotted and dashed black lines show the expansions in the
threshold and the high-energy region up to next-to-next-to-leading order. See the text for details.

Here we used mc(mc) = 1.27 GeV for the MS charm mass and α
(nf=4)
s (1.27 GeV) = 0.387637 for the strong coupling as

the input and four-loop renormalization group evolution. The first error arises from the variation of the renormalization

scale between 1.27 and 3.81 GeV and the second error is due to the uncertainties in the O(α3
s) coefficients C(30)

k shown

in Tab. IV. For bottom quarks (nf = 5) with mb(mb) = 4.17 GeV and α
(nf =5)
s (4.17 GeV) = 0.224778 as the input

we find

M3 =(2.350 ± 0.017 ± 0.002)× 10−7 ,

M4 =(2.167 ± 0.045 ± 0.005)× 10−9 ,

M5 =(2.126 ± 0.091 ± 0.011)× 10−11 ,

M6 =(2.160 ± 0.148 ± 0.022)× 10−13 . (34)

The first error arises from the variation of the renormalization scale between 2.085 and 8.34 GeV and the second error
is due to uncertainties in the O(α3

s) coefficients C(30)
k shown in Tab. IV. The results show that that the uncertainties

in M3,4,5 caused by the errors in the coefficients C(30)
3,4,5 we have obtained in this work are an order of magnitude smaller

than the overall uncertainties of the moments at O(α3
s) due to variations of the renormalization scale. For physically

relevant values of n they can be safely neglected.
Finally, let us analyze the O(α3

s) corrections to the e+e− cross section obtained from the Π(3). In Fig. 5 we have
plotted the function 12πvIm[Π(3)(q2 + i0)] for nf = 4 relevant for charm quark production in the pole mass scheme as
a function of the quark velocity v =

√

1 − 1/z. As for the analysis in Fig. 3 we have included the factor v to suppress
the Coulomb singularity. The function still diverges logarithmically for v → 0 because the O(α3

s) cross section has a
singularity ∼ ln(v)/v in the nonrelativistic limit. The red shaded band is the area covered by all solutions for Π(3)

that pass the criteria discussed in Sec. VI and represents the uncertainty. The relative uncertainty is about 10% at
v = 0.2 and 0.8 and should be acceptable for most applications where O(α3

s) accuracy is required. For comparison
we have also displayed the expansions in the threshold region for v → 0 (dotted lines) at NLO (short line) and at
NNLO (long line). Likewise the expansions in the high-energy limit for v → 1 (dashed lines) are shown, where the
short line refers to order 1/z0, the medium-length line to order 1/z and the longest lines to order 1/z2. We strongly
emphasize the importance of incorporating the NNLO contributions in the expansion close to the threshold and the
1/z2 terms at high energies for achieving our result. Once more information from the different kinematic regions
becomes available, the uncertainties can be further reduced substantially.

[Hoang, VM, Zebarjad]	

[Greynat et al]



Previous analyses
4

n mc(3 GeV) exp αs µ np total

1 986 9 9 2 1 13

2 976 6 14 5 0 16

3 978 5 15 7 2 17

4 1004 3 9 31 7 33

TABLE III: Results for mc(3 GeV) in MeV obtained from
Eq. (4). The errors are from experiment, αs, variation of µ
and the gluon condensate.

n mb(10 GeV) exp αs µ total mb(mb)

1 3597 14 7 2 16 4151

2 3610 10 12 3 16 4163

3 3619 8 14 6 18 4172

4 3631 6 15 20 26 4183

TABLE IV: Results for mb(10 GeV) and mb(mb) in MeV
obtained from Eq. (4). The errors are from experiment, αs

and the variation of µ.

Transforming this to the scale-invariant mass
mc(mc) [25], including the four-loop coefficients of
the renormalization group functions one finds [29]
mc(mc) = 1279(13) MeV. Let us recall at this point that
a recent lattice determination, combining a lattice simu-
lation for the data for the pseudoscalar correlator with
the perturbative three- and four-loop result [11, 17, 26]
has led to mc(3 GeV) = 986(10) MeV [27] in remarkable
agreement with [1] and the present analysis.

The same approach is also applicable for the case of
the bottom quark. Using the new moments with their
significantly reduced experimental error (see Tab. II), one
obtains the results for the bottom quark mass at the scale
µ = 10 GeV as listed in Tab. IV. In comparison with the
previous determination a minute upwards shift of 1 MeV
(resulting from an upward shift of +3 MeV from the new
data and a downward shift of −2 MeV from the new
theory input) and a reduction of both experimental and
theory error is observed. The three results based on n =
1, 2 and 3 are of comparable precision. The relative size
of the contribution from the continuum above 11.24 GeV
which is modelled by perturbative QCD decreases for the
higher moments n = 2 and 3. On the other hand the
theory uncertainty, exemplified by the µ dependence is
still acceptable. We therefore adopt the result from n = 2
(which is roughly between the n = 1 and n = 3 values
and which exhibits the smallest error) as our final result

mb(10 GeV) =3610(16) MeV ,

mb(mb) =4163(16) MeV . (12)

These values are well consistent with the previous deter-
mination [1] mb(10 GeV) = 3609(25) MeV and mb(mb) =
4164(25) MeV.

It is straightforward to evolve the new value for mb to
the normalization point at MZ and mt(mt) = 161.8 GeV

mb(MZ) =2835 ± 13 ± 17 MeV ,

mb(161.8 GeV) =2703 ± 12 ± 19 MeV , (13)

where a matching to the nf = 6 flavour theory has been
performed in order to arrive at mb(161.8 GeV). The first
error originates from Eq. (12) the second from δαs.

For some of the applications it might be useful to ex-
plicitely exhibit the αs dependence of our result, which
is given by

mc(3 GeV) =

(

986 −
αs − 0.1189

0.002
· 9 ± 10

)

MeV ,

mb(10 GeV) =

(

3610 −
αs − 0.1189

0.002
· 12 ± 11

)

MeV ,

mb(mb) =

(

4163 −
αs − 0.1189

0.002
· 12 ± 11

)

MeV ,

mb(MZ) =

(

2835 −
αs − 0.1189

0.002
· 27 ± 8

)

MeV ,

mb(161.8 GeV) =

(

2703 −
αs − 0.1189

0.002
· 28 ± 8

)

MeV ,

(14)

where αs = αs(MZ). When considering the ratio of
charm and bottom quark masses, part of the αs and of
the µ dependence cancels

mc(3 GeV)

mb(10 GeV)
= 0.2732−

αs − 0.1189

0.002
· 0.0014± 0.0028 ,

(15)
which might be a useful input in ongoing analyses of bot-
tom decays.

V. SUMMARY

Based on new four-loop results for the higher deriva-
tives of the vacuum polarization function and new
BABAR data for bottom quark production in the thresh-
old region, a reanalysis of the charm- and bottom-quark
mass determination has been performed. The new data,
a posteriori, give additional support to the analysis of
CLEO data presented in Ref. [20] and, furthermore,
lead to a significant reduction of the experimental er-
ror. The new theory results for the higher moments
lead to a further reduction of the theory uncertainty and,
equally important, demonstrate the consistency between
the analysis based on different moments. The final re-
sults, mc(3GeV) = 0.986(13) GeV and mb(10GeV) =
3.610(16) GeV are consistent with the earlier determina-
tion in Ref. [1] and, together with Ref. [27], constitute the
most precise determination of charm- and bottom-quark
masses to date.

[Chetyrkin, Kuhn, Meier, Meierhofer, 
Marquard, Steinhauser (2009)]

mc(3GeV) = 986 ± 13GeV

mc(mc) = 1279 ± 13GeV

2GeV  µ↵ = µm  4GeV

Use only fixed order expansion
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lation for the data for the pseudoscalar correlator with
the perturbative three- and four-loop result [11, 17, 26]
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The same approach is also applicable for the case of
the bottom quark. Using the new moments with their
significantly reduced experimental error (see Tab. II), one
obtains the results for the bottom quark mass at the scale
µ = 10 GeV as listed in Tab. IV. In comparison with the
previous determination a minute upwards shift of 1 MeV
(resulting from an upward shift of +3 MeV from the new
data and a downward shift of −2 MeV from the new
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theory error is observed. The three results based on n =
1, 2 and 3 are of comparable precision. The relative size
of the contribution from the continuum above 11.24 GeV
which is modelled by perturbative QCD decreases for the
higher moments n = 2 and 3. On the other hand the
theory uncertainty, exemplified by the µ dependence is
still acceptable. We therefore adopt the result from n = 2
(which is roughly between the n = 1 and n = 3 values
and which exhibits the smallest error) as our final result
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These values are well consistent with the previous deter-
mination [1] mb(10 GeV) = 3609(25) MeV and mb(mb) =
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It is straightforward to evolve the new value for mb to
the normalization point at MZ and mt(mt) = 161.8 GeV
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where a matching to the nf = 6 flavour theory has been
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error originates from Eq. (12) the second from δαs.
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the µ dependence cancels
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V. SUMMARY

Based on new four-loop results for the higher deriva-
tives of the vacuum polarization function and new
BABAR data for bottom quark production in the thresh-
old region, a reanalysis of the charm- and bottom-quark
mass determination has been performed. The new data,
a posteriori, give additional support to the analysis of
CLEO data presented in Ref. [20] and, furthermore,
lead to a significant reduction of the experimental er-
ror. The new theory results for the higher moments
lead to a further reduction of the theory uncertainty and,
equally important, demonstrate the consistency between
the analysis based on different moments. The final re-
sults, mc(3GeV) = 0.986(13) GeV and mb(10GeV) =
3.610(16) GeV are consistent with the earlier determina-
tion in Ref. [1] and, together with Ref. [27], constitute the
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Our check on different expansions pert uncertainty considerably larger

[Dehnadi, Hoang, 
VM, Zebarjad]

[Chetyrkin, Kuhn, Meier, Meierhofer, 
Marquard, Steinhauser (2009)]
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Stability of perturbation theory
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Check of pQCD @ µ = mc(mc)

[Dehnadi, Hoang, 
VM, Zebarjad]

Search instabilities of pQCD

• Good convergence of pQCD observed at the charm mass scale	

• No instability visible:                   viable choice	

• But perturbative expansion has O(10 MeV) deviations from resummed results at

µ = mc(mc)

O(↵3
s)



Results for charm



1 2 3

1.26

1.28

1.30

1.32

1.34

1.36

OHasi L

mcHmcL @GeVD
Fixed Order
Linearized
Iterative
Contour Improved

Exploration of scale variation

2GeV  µ↵ = µm  4GeV

correlated variation1st moment



1 2 3

1.26

1.28

1.30

1.32

1.34

1.36

OHasi L

mcHmcL @GeVD
Fixed Order
Linearized
Iterative
Contour Improved

Exploration of scale variation

2GeV  µ↵ = µm  4GeV

correlated variation1st moment

1.28

1.28

1.284

1.284

1.286

1.286 1.288

1.288

1.0 1.5 2.0 2.5 3.0 3.5 4.0
1.0

1.5

2.0

2.5

3.0

3.5

4.0

Μm

ΜΑ

Fixed order

1.275

1.28

1.28

1.285

1.285

1.29

1.29

1.0 1.5 2.0 2.5 3.0 3.5 4.0
1.0

1.5

2.0

2.5

3.0

3.5

4.0

Μm

ΜΑ

Iterative

1.28 1.29



1 2 3

1.26

1.28

1.30

1.32

1.34

1.36

OHasi L

mcHmcL @GeVD
Fixed Order
Linearized
Iterative
Contour Improved

Exploration of scale variation

2GeV  µ↵ = µm  4GeV

correlated variation1st moment

Results of different expansion methods are not consistent to each other

For one particular expansion scale variation can lead to inappropriate error estimate

[Chetyrkin et al (2009)]

mc(mc) = 1279± (2)
pert

± (9)
exp

± (9)↵s ± (1)hGGi GeV
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Good overlap method by method, but overall not good
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Charm mass scale should not be 
excluded in the perturbative 
extraction of the charm mass

Good convergence, good agreement among different methods

All expansions give similar errors �mpert ⇠ 20GeV
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mc(mc)  µ↵ = µm  4GeV

our approach1st moment

Charm mass scale should not be 
excluded in the perturbative 
extraction of the charm mass

mc(mc) = 1.282 ± (0.006)stat ± (0.009)syst ± (0.019)pert ± (0.010)↵s ± (0.002)hGGi GeV

[Dehnadi, Hoang, 
VM, Zebarjad]

Our default is iterative method

conclusions: independent variation of scales down to mc(mc)

so that using different expansions does not matter

↵s(mZ) = 0.1184 ± 0.0021using Final result



Final results
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Final results
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Moment dependence

Dependence of central value and errors on the value of ↵s(mZ)

[Dehnadi, Hoang, 
VM, Zebarjad]

mc(mc) = 1.282 ± 0.024 GeV ,

mc(3 GeV) = 0.994 ± 0.026 GeV ,

Final result for 1st moment

↵s(mZ) = 0.1184 ± 0.0021using
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Correlator and moments
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Correlator and moments

J5(x) = i q̄(x)�5q(x)q

2 ⇧P(q2) = i

Z
d4x eix·q

⌦
0
��Tj5(x)j5(0)

��0
↵

Carries QCD anomalous dimension: 
same running as quark masa 

Related to longitudinal part of 
axial propagator

One can define, analogously to the vector correlator, the same expansions:

• Fixed order expansion	

• Linearized expansion	

• Iterative Linearized expansion	

• Contour improved expansion

⇧P (q2) =
1X

k=0

MP
k q2k =
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16⇡2

1X

k=0

C̄P
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[4m(µ)2]k
q2k computed in pQCD at 
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[4mc(µ)]2n
= C̄(0)
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[Allison et al. (2008)]
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Results and comparison to another analysis
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Results and comparison to another analysis
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[(HPQCD collaboration) Allison et al. (2008)] [our quote] Our result (preliminary)

mc(mc) = 1.261 ± (0.008)latt ± (0.041)pert

± (0.019)↵s ± (0.001)hGGi GeV

mc(mc) = 1.268 ± (0.008)latt ± (0.004)pert

± (0.004)↵s ± (0.004)hGGi GeV

[Dehnadi, Hoang, VM]

↵s(mZ) = 0.1184 ± 0.0021using

mc(mc)  µ↵, µm  4GeV

correlated Independent
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mc(mc) = 1.261± 0.046 GeV

↵s(mZ) = 0.1184 ± 0.0021using

Order dependence

Final result for 1st moment

↵s(mZ) = 0.1184 ± 0.0021using

Dependence of central value and errors on the value of ↵s(mZ)

[Dehnadi, Hoang, VM]



Comparison to other determinations

  
CKM Workshop 2014, Vienna University of Technology

Charm mass

Our conclusion:

● Charm mass from Pseudoscalar moments are less precise than from vector moments. 

●  Double independent scale variation is the proper 

 treatment of perturbative uncertainties.

● Likely true for finite energy and shifted moments 

as well (future analysis)

The story here appears similar to the discrepancy 

for hadronic tau decays treated in fixed order and 

contour improved perturbation theory.   

K. A. Olive et al., PDG (2014) 

BD, Hoang, Mateu          

(pseudo scalar moment) 

➔ Issue likely less important for bottom mass.

[Dehnadi, Hoang, VM]



Bottom mass 
determination



[K. A. Olive et al., PDG (2014)]

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38, 090001 (2014) (URL: http://pdg.lbl.gov)

b I (JP ) = 0(1
2
+)

Charge = −

1
3 e Bottom = −1

b-QUARK MASSb-QUARK MASSb-QUARK MASSb-QUARK MASS

The first value is the “running mass” mb(µ = mb) in the MS scheme,
and the second value is the 1S mass, which is half the mass of the Υ(1S)
in perturbation theory. For a review of different quark mass definitions
and their properties, see EL-KHADRA 02. The 1S mass is better suited
for use in analyzing B decays than the MS mass because it gives a stable
perturbative expansion. We have converted masses in other schemes to
the MS mass and 1S mass using two-loop QCD perturbation theory with
αs (µ = mb) = 0.223 ± 0.008. The values 4.18 ± 0.03 GeV for the MS
mass and 4.66 ± 0.03 GeV for the 1S mass correspond to 4.78 ± 0.06 GeV
for the pole mass, using the two-loop conversion formula. A discussion of
masses in different schemes can be found in the “Note on Quark Masses.”

MS MASS (GeV) 1S MASS (GeV) DOCUMENT ID TECN

4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION of MS Mass. See the ideogram below.
4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION of 1S Mass. See the ideogram below.

4.166±0.043 4.637 ± 0.048 1 LEE 13O LATT
4.247±0.034 4.727 ± 0.039 2 LUCHA 13 THEO
4.236±0.069 4.715 ± 0.077 3 NARISON 13 THEO
4.213±0.059 4.689 ± 0.066 4 NARISON 13A THEO
4.171±0.009 4.642 ± 0.010 5 BODENSTEIN 12 THEO
4.29 ±0.14 4.77 ± 0.16 6 DIMOPOUL... 12 LATT
4.235±0.003±0.055 4.755 ± 0.003 ± 0.058 7 HOANG 12 THEO
4.177±0.011 4.649 ± 0.012 8 NARISON 12 THEO

4.18 +0.05
−0.04 4.65+0.06

−0.04
9 LASCHKA 11 THEO

4.186±0.044±0.015 4.659 ± 0.050 ± 0.017 10 AUBERT 10A BABR
4.164±0.023 4.635 ± 0.026 11 MCNEILE 10 LATT
4.163±0.016 4.633 ± 0.018 12 CHETYRKIN 09 THEO
5.26 ±1.2 5.85 ± 1.3 13 ABDALLAH 08D DLPH
4.243±0.049 4.723 ± 0.055 14 SCHWANDA 08 BELL
4.19 ±0.40 4.66 ± 0.45 15 ABDALLAH 06D DLPH
4.205±0.058 4.68 ± 0.06 16 BOUGHEZAL 06 THEO
4.20 ±0.04 4.67 ± 0.04 17 BUCHMULLER06 THEO
4.19 ±0.06 4.66 ± 0.07 18 PINEDA 06 THEO
4.17 ±0.03 4.68 ± 0.03 19 BAUER 04 THEO
4.22 ±0.11 4.72 ± 0.12 20,21 HOANG 04 THEO
4.19 ±0.05 4.66 ± 0.05 22 BORDES 03 THEO
4.20 ±0.09 4.67 ± 0.10 23 CORCELLA 03 THEO
4.24 ±0.10 4.72 ± 0.11 24 EIDEMULLER 03 THEO
4.207±0.031 4.682 ± 0.035 25 ERLER 03 THEO
4.33 ±0.06 ±0.10 4.82 ± 0.07 ± 0.11 26 MAHMOOD 03 CLEO
4.190±0.032 4.663 ± 0.036 27 BRAMBILLA 02 THEO
4.346±0.070 4.837 ± 0.078 28 PENIN 02 THEO

HTTP://PDG.LBL.GOV Page 1 Created: 8/21/2014 12:56

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38, 090001 (2014) (URL: http://pdg.lbl.gov)

• • • We do not use the following data for averages, fits, limits, etc. • • •

4.212±0.032 4.688 ± 0.036 29 NARISON 12 THEO
4.171±0.014 4.642 ± 0.016 30 NARISON 12A THEO
4.173±0.010 4.645 ± 0.011 31 NARISON 10 THEO
4.42 ±0.06 ±0.08 4.92 ± 0.07 ± 0.09 32 GUAZZINI 08 LATT
4.347±0.048±0.08 4.838 ± 0.053 ± 0.09 33 DELLA-MOR... 07 LATT
4.164±0.025 4.635 ± 0.028 34 KUHN 07 THEO
4.4 ±0.3 4.9 ± 0.3 20,35 GRAY 05 LATT
4.22 ±0.06 4.72 ± 0.07 36 AUBERT 04X THEO
4.25 ±0.11 4.76 ± 0.12 20,37 MCNEILE 04 LATT
4.22 ±0.09 4.74 ± 0.10 38 BAUER 03 THEO
4.33 ±0.10 4.84 ± 0.11 20,39 DEDIVITIIS 03 LATT

1LEE 13O determines mb using lattice calculations of the Υ and Bs binding energies in
NRQCD, including three light dynamical quark flavors. The quark mass shift in NRQCD

is determined to order α2
s
, with partial α3

s
contributions.

2 LUCHA 13 determines mb from QCD sum rules for heavy-light currents using the lattice
value for fB of 191.5 ± 7.3 GeV.

3NARISON 13 determines mb using QCD spectral sum rules to order α2
s

(NNLO) and

including condensates up to dimension 6. We have converted the MS value to the 1S
scheme.

4NARISON 13A determines mb using HQET sum rules to order α2
s

(NNLO) and the B

meson mass and decay constant.
5BODENSTEIN 12 determine mb using sum rules for the vector current correlator and

the e+ e− → Q Q total cross-section. We have converted mb(mb) to the 1S scheme.
6DIMOPOULOS 12 determine quark masses from a lattice computation using Nf = 2
dynamical flavors of twisted mass fermions. We have converted mb(mb) to the 1S
scheme.

7HOANG 12 determine mb using non-relativistic sum rules for the Υ system at order α2
s

(NNLO) with renormalization group improvement.
8Determines mb to order α3

s
(N3LO), including the effect of gluon condensates up to

dimension eight combining the methods of NARISON 12 and NARISON 12A. We have
converted mb(mb) to the 1S scheme.

9 LASCHKA 11 determine the b mass from the charmonium spectrum. The theoretical
computation uses the heavy QQ potential to order 1/mQ obtained by matching the
short-distance perturbative result onto lattice QCD result at larger scales. We have
converted mb(mb) to the 1S scheme.

10AUBERT 10A determine the b- and c-quark masses from a fit to the inclusive decay
spectra in semileptonic B decays in the kinetic scheme (and convert it to the MS scheme).
We have converted this to the 1S scheme.

11MCNEILE 10 determines mb by comparing order α3
s

(N3LO) perturbative results for the
pseudo-scalar current to lattice simulations with Nf = 2+1 sea-quarks by the HPQCD
collaboration. We have converted mb (mb) to the 1S scheme.

12CHETYRKIN 09 determine mc and mb from the e+ e− → Q Q cross-section and sum

rules, using an order α3
s

(N3LO) computation of the heavy quark vacuum polarization.
We have converted their mb to the 1S scheme.

13ABDALLAH 08D determine mb(MZ ) = 3.76 ± 1.0 GeV from a leading order study of

four-jet rates at LEP. We have converted this to mb(mb) and m1S
b

.
14 SCHWANDA 08 measure moments of the inclusive photon spectrum in B → Xs γ decay

to determine m1S
b

. We have converted this to MS scheme.

HTTP://PDG.LBL.GOV Page 2 Created: 8/21/2014 12:56
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Used in average

Not used in average

Bottom mass determinations

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38, 090001 (2014) (URL: http://pdg.lbl.gov)
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b-QUARK MASSb-QUARK MASSb-QUARK MASSb-QUARK MASS

The first value is the “running mass” mb(µ = mb) in the MS scheme,
and the second value is the 1S mass, which is half the mass of the Υ(1S)
in perturbation theory. For a review of different quark mass definitions
and their properties, see EL-KHADRA 02. The 1S mass is better suited
for use in analyzing B decays than the MS mass because it gives a stable
perturbative expansion. We have converted masses in other schemes to
the MS mass and 1S mass using two-loop QCD perturbation theory with
αs (µ = mb) = 0.223 ± 0.008. The values 4.18 ± 0.03 GeV for the MS
mass and 4.66 ± 0.03 GeV for the 1S mass correspond to 4.78 ± 0.06 GeV
for the pole mass, using the two-loop conversion formula. A discussion of
masses in different schemes can be found in the “Note on Quark Masses.”

MS MASS (GeV) 1S MASS (GeV) DOCUMENT ID TECN

4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION of MS Mass. See the ideogram below.
4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION of 1S Mass. See the ideogram below.

4.166±0.043 4.637 ± 0.048 1 LEE 13O LATT
4.247±0.034 4.727 ± 0.039 2 LUCHA 13 THEO
4.236±0.069 4.715 ± 0.077 3 NARISON 13 THEO
4.213±0.059 4.689 ± 0.066 4 NARISON 13A THEO
4.171±0.009 4.642 ± 0.010 5 BODENSTEIN 12 THEO
4.29 ±0.14 4.77 ± 0.16 6 DIMOPOUL... 12 LATT
4.235±0.003±0.055 4.755 ± 0.003 ± 0.058 7 HOANG 12 THEO
4.177±0.011 4.649 ± 0.012 8 NARISON 12 THEO

4.18 +0.05
−0.04 4.65+0.06

−0.04
9 LASCHKA 11 THEO

4.186±0.044±0.015 4.659 ± 0.050 ± 0.017 10 AUBERT 10A BABR
4.164±0.023 4.635 ± 0.026 11 MCNEILE 10 LATT
4.163±0.016 4.633 ± 0.018 12 CHETYRKIN 09 THEO
5.26 ±1.2 5.85 ± 1.3 13 ABDALLAH 08D DLPH
4.243±0.049 4.723 ± 0.055 14 SCHWANDA 08 BELL
4.19 ±0.40 4.66 ± 0.45 15 ABDALLAH 06D DLPH
4.205±0.058 4.68 ± 0.06 16 BOUGHEZAL 06 THEO
4.20 ±0.04 4.67 ± 0.04 17 BUCHMULLER06 THEO
4.19 ±0.06 4.66 ± 0.07 18 PINEDA 06 THEO
4.17 ±0.03 4.68 ± 0.03 19 BAUER 04 THEO
4.22 ±0.11 4.72 ± 0.12 20,21 HOANG 04 THEO
4.19 ±0.05 4.66 ± 0.05 22 BORDES 03 THEO
4.20 ±0.09 4.67 ± 0.10 23 CORCELLA 03 THEO
4.24 ±0.10 4.72 ± 0.11 24 EIDEMULLER 03 THEO
4.207±0.031 4.682 ± 0.035 25 ERLER 03 THEO
4.33 ±0.06 ±0.10 4.82 ± 0.07 ± 0.11 26 MAHMOOD 03 CLEO
4.190±0.032 4.663 ± 0.036 27 BRAMBILLA 02 THEO
4.346±0.070 4.837 ± 0.078 28 PENIN 02 THEO

HTTP://PDG.LBL.GOV Page 1 Created: 8/21/2014 12:56

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38, 090001 (2014) (URL: http://pdg.lbl.gov)

• • • We do not use the following data for averages, fits, limits, etc. • • •

4.212±0.032 4.688 ± 0.036 29 NARISON 12 THEO
4.171±0.014 4.642 ± 0.016 30 NARISON 12A THEO
4.173±0.010 4.645 ± 0.011 31 NARISON 10 THEO
4.42 ±0.06 ±0.08 4.92 ± 0.07 ± 0.09 32 GUAZZINI 08 LATT
4.347±0.048±0.08 4.838 ± 0.053 ± 0.09 33 DELLA-MOR... 07 LATT
4.164±0.025 4.635 ± 0.028 34 KUHN 07 THEO
4.4 ±0.3 4.9 ± 0.3 20,35 GRAY 05 LATT
4.22 ±0.06 4.72 ± 0.07 36 AUBERT 04X THEO
4.25 ±0.11 4.76 ± 0.12 20,37 MCNEILE 04 LATT
4.22 ±0.09 4.74 ± 0.10 38 BAUER 03 THEO
4.33 ±0.10 4.84 ± 0.11 20,39 DEDIVITIIS 03 LATT

1LEE 13O determines mb using lattice calculations of the Υ and Bs binding energies in
NRQCD, including three light dynamical quark flavors. The quark mass shift in NRQCD

is determined to order α2
s
, with partial α3

s
contributions.

2 LUCHA 13 determines mb from QCD sum rules for heavy-light currents using the lattice
value for fB of 191.5 ± 7.3 GeV.

3NARISON 13 determines mb using QCD spectral sum rules to order α2
s

(NNLO) and

including condensates up to dimension 6. We have converted the MS value to the 1S
scheme.

4NARISON 13A determines mb using HQET sum rules to order α2
s

(NNLO) and the B

meson mass and decay constant.
5BODENSTEIN 12 determine mb using sum rules for the vector current correlator and

the e+ e− → Q Q total cross-section. We have converted mb(mb) to the 1S scheme.
6DIMOPOULOS 12 determine quark masses from a lattice computation using Nf = 2
dynamical flavors of twisted mass fermions. We have converted mb(mb) to the 1S
scheme.

7HOANG 12 determine mb using non-relativistic sum rules for the Υ system at order α2
s

(NNLO) with renormalization group improvement.
8Determines mb to order α3

s
(N3LO), including the effect of gluon condensates up to

dimension eight combining the methods of NARISON 12 and NARISON 12A. We have
converted mb(mb) to the 1S scheme.

9 LASCHKA 11 determine the b mass from the charmonium spectrum. The theoretical
computation uses the heavy QQ potential to order 1/mQ obtained by matching the
short-distance perturbative result onto lattice QCD result at larger scales. We have
converted mb(mb) to the 1S scheme.

10AUBERT 10A determine the b- and c-quark masses from a fit to the inclusive decay
spectra in semileptonic B decays in the kinetic scheme (and convert it to the MS scheme).
We have converted this to the 1S scheme.

11MCNEILE 10 determines mb by comparing order α3
s

(N3LO) perturbative results for the
pseudo-scalar current to lattice simulations with Nf = 2+1 sea-quarks by the HPQCD
collaboration. We have converted mb (mb) to the 1S scheme.

12CHETYRKIN 09 determine mc and mb from the e+ e− → Q Q cross-section and sum

rules, using an order α3
s

(N3LO) computation of the heavy quark vacuum polarization.
We have converted their mb to the 1S scheme.

13ABDALLAH 08D determine mb(MZ ) = 3.76 ± 1.0 GeV from a leading order study of

four-jet rates at LEP. We have converted this to mb(mb) and m1S
b

.
14 SCHWANDA 08 measure moments of the inclusive photon spectrum in B → Xs γ decay

to determine m1S
b

. We have converted this to MS scheme.
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b-QUARK MASSb-QUARK MASSb-QUARK MASSb-QUARK MASS

The first value is the “running mass” mb(µ = mb) in the MS scheme,
and the second value is the 1S mass, which is half the mass of the Υ(1S)
in perturbation theory. For a review of different quark mass definitions
and their properties, see EL-KHADRA 02. The 1S mass is better suited
for use in analyzing B decays than the MS mass because it gives a stable
perturbative expansion. We have converted masses in other schemes to
the MS mass and 1S mass using two-loop QCD perturbation theory with
αs (µ = mb) = 0.223 ± 0.008. The values 4.18 ± 0.03 GeV for the MS
mass and 4.66 ± 0.03 GeV for the 1S mass correspond to 4.78 ± 0.06 GeV
for the pole mass, using the two-loop conversion formula. A discussion of
masses in different schemes can be found in the “Note on Quark Masses.”

MS MASS (GeV) 1S MASS (GeV) DOCUMENT ID TECN

4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION of MS Mass. See the ideogram below.
4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION of 1S Mass. See the ideogram below.

4.166±0.043 4.637 ± 0.048 1 LEE 13O LATT
4.247±0.034 4.727 ± 0.039 2 LUCHA 13 THEO
4.236±0.069 4.715 ± 0.077 3 NARISON 13 THEO
4.213±0.059 4.689 ± 0.066 4 NARISON 13A THEO
4.171±0.009 4.642 ± 0.010 5 BODENSTEIN 12 THEO
4.29 ±0.14 4.77 ± 0.16 6 DIMOPOUL... 12 LATT
4.235±0.003±0.055 4.755 ± 0.003 ± 0.058 7 HOANG 12 THEO
4.177±0.011 4.649 ± 0.012 8 NARISON 12 THEO

4.18 +0.05
−0.04 4.65+0.06

−0.04
9 LASCHKA 11 THEO

4.186±0.044±0.015 4.659 ± 0.050 ± 0.017 10 AUBERT 10A BABR
4.164±0.023 4.635 ± 0.026 11 MCNEILE 10 LATT
4.163±0.016 4.633 ± 0.018 12 CHETYRKIN 09 THEO
5.26 ±1.2 5.85 ± 1.3 13 ABDALLAH 08D DLPH
4.243±0.049 4.723 ± 0.055 14 SCHWANDA 08 BELL
4.19 ±0.40 4.66 ± 0.45 15 ABDALLAH 06D DLPH
4.205±0.058 4.68 ± 0.06 16 BOUGHEZAL 06 THEO
4.20 ±0.04 4.67 ± 0.04 17 BUCHMULLER06 THEO
4.19 ±0.06 4.66 ± 0.07 18 PINEDA 06 THEO
4.17 ±0.03 4.68 ± 0.03 19 BAUER 04 THEO
4.22 ±0.11 4.72 ± 0.12 20,21 HOANG 04 THEO
4.19 ±0.05 4.66 ± 0.05 22 BORDES 03 THEO
4.20 ±0.09 4.67 ± 0.10 23 CORCELLA 03 THEO
4.24 ±0.10 4.72 ± 0.11 24 EIDEMULLER 03 THEO
4.207±0.031 4.682 ± 0.035 25 ERLER 03 THEO
4.33 ±0.06 ±0.10 4.82 ± 0.07 ± 0.11 26 MAHMOOD 03 CLEO
4.190±0.032 4.663 ± 0.036 27 BRAMBILLA 02 THEO
4.346±0.070 4.837 ± 0.078 28 PENIN 02 THEO
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• • • We do not use the following data for averages, fits, limits, etc. • • •

4.212±0.032 4.688 ± 0.036 29 NARISON 12 THEO
4.171±0.014 4.642 ± 0.016 30 NARISON 12A THEO
4.173±0.010 4.645 ± 0.011 31 NARISON 10 THEO
4.42 ±0.06 ±0.08 4.92 ± 0.07 ± 0.09 32 GUAZZINI 08 LATT
4.347±0.048±0.08 4.838 ± 0.053 ± 0.09 33 DELLA-MOR... 07 LATT
4.164±0.025 4.635 ± 0.028 34 KUHN 07 THEO
4.4 ±0.3 4.9 ± 0.3 20,35 GRAY 05 LATT
4.22 ±0.06 4.72 ± 0.07 36 AUBERT 04X THEO
4.25 ±0.11 4.76 ± 0.12 20,37 MCNEILE 04 LATT
4.22 ±0.09 4.74 ± 0.10 38 BAUER 03 THEO
4.33 ±0.10 4.84 ± 0.11 20,39 DEDIVITIIS 03 LATT

1LEE 13O determines mb using lattice calculations of the Υ and Bs binding energies in
NRQCD, including three light dynamical quark flavors. The quark mass shift in NRQCD

is determined to order α2
s
, with partial α3

s
contributions.

2 LUCHA 13 determines mb from QCD sum rules for heavy-light currents using the lattice
value for fB of 191.5 ± 7.3 GeV.

3NARISON 13 determines mb using QCD spectral sum rules to order α2
s

(NNLO) and

including condensates up to dimension 6. We have converted the MS value to the 1S
scheme.

4NARISON 13A determines mb using HQET sum rules to order α2
s

(NNLO) and the B

meson mass and decay constant.
5BODENSTEIN 12 determine mb using sum rules for the vector current correlator and

the e+ e− → Q Q total cross-section. We have converted mb(mb) to the 1S scheme.
6DIMOPOULOS 12 determine quark masses from a lattice computation using Nf = 2
dynamical flavors of twisted mass fermions. We have converted mb(mb) to the 1S
scheme.

7HOANG 12 determine mb using non-relativistic sum rules for the Υ system at order α2
s

(NNLO) with renormalization group improvement.
8Determines mb to order α3

s
(N3LO), including the effect of gluon condensates up to

dimension eight combining the methods of NARISON 12 and NARISON 12A. We have
converted mb(mb) to the 1S scheme.

9 LASCHKA 11 determine the b mass from the charmonium spectrum. The theoretical
computation uses the heavy QQ potential to order 1/mQ obtained by matching the
short-distance perturbative result onto lattice QCD result at larger scales. We have
converted mb(mb) to the 1S scheme.

10AUBERT 10A determine the b- and c-quark masses from a fit to the inclusive decay
spectra in semileptonic B decays in the kinetic scheme (and convert it to the MS scheme).
We have converted this to the 1S scheme.

11MCNEILE 10 determines mb by comparing order α3
s

(N3LO) perturbative results for the
pseudo-scalar current to lattice simulations with Nf = 2+1 sea-quarks by the HPQCD
collaboration. We have converted mb (mb) to the 1S scheme.

12CHETYRKIN 09 determine mc and mb from the e+ e− → Q Q cross-section and sum

rules, using an order α3
s

(N3LO) computation of the heavy quark vacuum polarization.
We have converted their mb to the 1S scheme.

13ABDALLAH 08D determine mb(MZ ) = 3.76 ± 1.0 GeV from a leading order study of

four-jet rates at LEP. We have converted this to mb(mb) and m1S
b

.
14 SCHWANDA 08 measure moments of the inclusive photon spectrum in B → Xs γ decay

to determine m1S
b

. We have converted this to MS scheme.
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Bottom mass determinations
[K. A. Olive et al., PDG (2014)]

NR Sum rules
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b I (JP ) = 0(1
2
+)

Charge = −

1
3 e Bottom = −1

b-QUARK MASSb-QUARK MASSb-QUARK MASSb-QUARK MASS

The first value is the “running mass” mb(µ = mb) in the MS scheme,
and the second value is the 1S mass, which is half the mass of the Υ(1S)
in perturbation theory. For a review of different quark mass definitions
and their properties, see EL-KHADRA 02. The 1S mass is better suited
for use in analyzing B decays than the MS mass because it gives a stable
perturbative expansion. We have converted masses in other schemes to
the MS mass and 1S mass using two-loop QCD perturbation theory with
αs (µ = mb) = 0.223 ± 0.008. The values 4.18 ± 0.03 GeV for the MS
mass and 4.66 ± 0.03 GeV for the 1S mass correspond to 4.78 ± 0.06 GeV
for the pole mass, using the two-loop conversion formula. A discussion of
masses in different schemes can be found in the “Note on Quark Masses.”

MS MASS (GeV) 1S MASS (GeV) DOCUMENT ID TECN

4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION of MS Mass. See the ideogram below.
4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION of 1S Mass. See the ideogram below.

4.166±0.043 4.637 ± 0.048 1 LEE 13O LATT
4.247±0.034 4.727 ± 0.039 2 LUCHA 13 THEO
4.236±0.069 4.715 ± 0.077 3 NARISON 13 THEO
4.213±0.059 4.689 ± 0.066 4 NARISON 13A THEO
4.171±0.009 4.642 ± 0.010 5 BODENSTEIN 12 THEO
4.29 ±0.14 4.77 ± 0.16 6 DIMOPOUL... 12 LATT
4.235±0.003±0.055 4.755 ± 0.003 ± 0.058 7 HOANG 12 THEO
4.177±0.011 4.649 ± 0.012 8 NARISON 12 THEO

4.18 +0.05
−0.04 4.65+0.06

−0.04
9 LASCHKA 11 THEO

4.186±0.044±0.015 4.659 ± 0.050 ± 0.017 10 AUBERT 10A BABR
4.164±0.023 4.635 ± 0.026 11 MCNEILE 10 LATT
4.163±0.016 4.633 ± 0.018 12 CHETYRKIN 09 THEO
5.26 ±1.2 5.85 ± 1.3 13 ABDALLAH 08D DLPH
4.243±0.049 4.723 ± 0.055 14 SCHWANDA 08 BELL
4.19 ±0.40 4.66 ± 0.45 15 ABDALLAH 06D DLPH
4.205±0.058 4.68 ± 0.06 16 BOUGHEZAL 06 THEO
4.20 ±0.04 4.67 ± 0.04 17 BUCHMULLER06 THEO
4.19 ±0.06 4.66 ± 0.07 18 PINEDA 06 THEO
4.17 ±0.03 4.68 ± 0.03 19 BAUER 04 THEO
4.22 ±0.11 4.72 ± 0.12 20,21 HOANG 04 THEO
4.19 ±0.05 4.66 ± 0.05 22 BORDES 03 THEO
4.20 ±0.09 4.67 ± 0.10 23 CORCELLA 03 THEO
4.24 ±0.10 4.72 ± 0.11 24 EIDEMULLER 03 THEO
4.207±0.031 4.682 ± 0.035 25 ERLER 03 THEO
4.33 ±0.06 ±0.10 4.82 ± 0.07 ± 0.11 26 MAHMOOD 03 CLEO
4.190±0.032 4.663 ± 0.036 27 BRAMBILLA 02 THEO
4.346±0.070 4.837 ± 0.078 28 PENIN 02 THEO
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• • • We do not use the following data for averages, fits, limits, etc. • • •

4.212±0.032 4.688 ± 0.036 29 NARISON 12 THEO
4.171±0.014 4.642 ± 0.016 30 NARISON 12A THEO
4.173±0.010 4.645 ± 0.011 31 NARISON 10 THEO
4.42 ±0.06 ±0.08 4.92 ± 0.07 ± 0.09 32 GUAZZINI 08 LATT
4.347±0.048±0.08 4.838 ± 0.053 ± 0.09 33 DELLA-MOR... 07 LATT
4.164±0.025 4.635 ± 0.028 34 KUHN 07 THEO
4.4 ±0.3 4.9 ± 0.3 20,35 GRAY 05 LATT
4.22 ±0.06 4.72 ± 0.07 36 AUBERT 04X THEO
4.25 ±0.11 4.76 ± 0.12 20,37 MCNEILE 04 LATT
4.22 ±0.09 4.74 ± 0.10 38 BAUER 03 THEO
4.33 ±0.10 4.84 ± 0.11 20,39 DEDIVITIIS 03 LATT

1LEE 13O determines mb using lattice calculations of the Υ and Bs binding energies in
NRQCD, including three light dynamical quark flavors. The quark mass shift in NRQCD

is determined to order α2
s
, with partial α3

s
contributions.

2 LUCHA 13 determines mb from QCD sum rules for heavy-light currents using the lattice
value for fB of 191.5 ± 7.3 GeV.

3NARISON 13 determines mb using QCD spectral sum rules to order α2
s

(NNLO) and

including condensates up to dimension 6. We have converted the MS value to the 1S
scheme.

4NARISON 13A determines mb using HQET sum rules to order α2
s

(NNLO) and the B

meson mass and decay constant.
5BODENSTEIN 12 determine mb using sum rules for the vector current correlator and

the e+ e− → Q Q total cross-section. We have converted mb(mb) to the 1S scheme.
6DIMOPOULOS 12 determine quark masses from a lattice computation using Nf = 2
dynamical flavors of twisted mass fermions. We have converted mb(mb) to the 1S
scheme.

7HOANG 12 determine mb using non-relativistic sum rules for the Υ system at order α2
s

(NNLO) with renormalization group improvement.
8Determines mb to order α3

s
(N3LO), including the effect of gluon condensates up to

dimension eight combining the methods of NARISON 12 and NARISON 12A. We have
converted mb(mb) to the 1S scheme.

9 LASCHKA 11 determine the b mass from the charmonium spectrum. The theoretical
computation uses the heavy QQ potential to order 1/mQ obtained by matching the
short-distance perturbative result onto lattice QCD result at larger scales. We have
converted mb(mb) to the 1S scheme.

10AUBERT 10A determine the b- and c-quark masses from a fit to the inclusive decay
spectra in semileptonic B decays in the kinetic scheme (and convert it to the MS scheme).
We have converted this to the 1S scheme.

11MCNEILE 10 determines mb by comparing order α3
s

(N3LO) perturbative results for the
pseudo-scalar current to lattice simulations with Nf = 2+1 sea-quarks by the HPQCD
collaboration. We have converted mb (mb) to the 1S scheme.

12CHETYRKIN 09 determine mc and mb from the e+ e− → Q Q cross-section and sum

rules, using an order α3
s

(N3LO) computation of the heavy quark vacuum polarization.
We have converted their mb to the 1S scheme.

13ABDALLAH 08D determine mb(MZ ) = 3.76 ± 1.0 GeV from a leading order study of

four-jet rates at LEP. We have converted this to mb(mb) and m1S
b

.
14 SCHWANDA 08 measure moments of the inclusive photon spectrum in B → Xs γ decay

to determine m1S
b

. We have converted this to MS scheme.
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Bottom mass determinations
[K. A. Olive et al., PDG (2014)]

NR Sum rules

QCD Sum rules



Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38, 090001 (2014) (URL: http://pdg.lbl.gov)

b I (JP ) = 0(1
2
+)

Charge = −

1
3 e Bottom = −1

b-QUARK MASSb-QUARK MASSb-QUARK MASSb-QUARK MASS

The first value is the “running mass” mb(µ = mb) in the MS scheme,
and the second value is the 1S mass, which is half the mass of the Υ(1S)
in perturbation theory. For a review of different quark mass definitions
and their properties, see EL-KHADRA 02. The 1S mass is better suited
for use in analyzing B decays than the MS mass because it gives a stable
perturbative expansion. We have converted masses in other schemes to
the MS mass and 1S mass using two-loop QCD perturbation theory with
αs (µ = mb) = 0.223 ± 0.008. The values 4.18 ± 0.03 GeV for the MS
mass and 4.66 ± 0.03 GeV for the 1S mass correspond to 4.78 ± 0.06 GeV
for the pole mass, using the two-loop conversion formula. A discussion of
masses in different schemes can be found in the “Note on Quark Masses.”

MS MASS (GeV) 1S MASS (GeV) DOCUMENT ID TECN

4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION of MS Mass. See the ideogram below.
4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION of 1S Mass. See the ideogram below.

4.166±0.043 4.637 ± 0.048 1 LEE 13O LATT
4.247±0.034 4.727 ± 0.039 2 LUCHA 13 THEO
4.236±0.069 4.715 ± 0.077 3 NARISON 13 THEO
4.213±0.059 4.689 ± 0.066 4 NARISON 13A THEO
4.171±0.009 4.642 ± 0.010 5 BODENSTEIN 12 THEO
4.29 ±0.14 4.77 ± 0.16 6 DIMOPOUL... 12 LATT
4.235±0.003±0.055 4.755 ± 0.003 ± 0.058 7 HOANG 12 THEO
4.177±0.011 4.649 ± 0.012 8 NARISON 12 THEO

4.18 +0.05
−0.04 4.65+0.06

−0.04
9 LASCHKA 11 THEO

4.186±0.044±0.015 4.659 ± 0.050 ± 0.017 10 AUBERT 10A BABR
4.164±0.023 4.635 ± 0.026 11 MCNEILE 10 LATT
4.163±0.016 4.633 ± 0.018 12 CHETYRKIN 09 THEO
5.26 ±1.2 5.85 ± 1.3 13 ABDALLAH 08D DLPH
4.243±0.049 4.723 ± 0.055 14 SCHWANDA 08 BELL
4.19 ±0.40 4.66 ± 0.45 15 ABDALLAH 06D DLPH
4.205±0.058 4.68 ± 0.06 16 BOUGHEZAL 06 THEO
4.20 ±0.04 4.67 ± 0.04 17 BUCHMULLER06 THEO
4.19 ±0.06 4.66 ± 0.07 18 PINEDA 06 THEO
4.17 ±0.03 4.68 ± 0.03 19 BAUER 04 THEO
4.22 ±0.11 4.72 ± 0.12 20,21 HOANG 04 THEO
4.19 ±0.05 4.66 ± 0.05 22 BORDES 03 THEO
4.20 ±0.09 4.67 ± 0.10 23 CORCELLA 03 THEO
4.24 ±0.10 4.72 ± 0.11 24 EIDEMULLER 03 THEO
4.207±0.031 4.682 ± 0.035 25 ERLER 03 THEO
4.33 ±0.06 ±0.10 4.82 ± 0.07 ± 0.11 26 MAHMOOD 03 CLEO
4.190±0.032 4.663 ± 0.036 27 BRAMBILLA 02 THEO
4.346±0.070 4.837 ± 0.078 28 PENIN 02 THEO
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• • • We do not use the following data for averages, fits, limits, etc. • • •

4.212±0.032 4.688 ± 0.036 29 NARISON 12 THEO
4.171±0.014 4.642 ± 0.016 30 NARISON 12A THEO
4.173±0.010 4.645 ± 0.011 31 NARISON 10 THEO
4.42 ±0.06 ±0.08 4.92 ± 0.07 ± 0.09 32 GUAZZINI 08 LATT
4.347±0.048±0.08 4.838 ± 0.053 ± 0.09 33 DELLA-MOR... 07 LATT
4.164±0.025 4.635 ± 0.028 34 KUHN 07 THEO
4.4 ±0.3 4.9 ± 0.3 20,35 GRAY 05 LATT
4.22 ±0.06 4.72 ± 0.07 36 AUBERT 04X THEO
4.25 ±0.11 4.76 ± 0.12 20,37 MCNEILE 04 LATT
4.22 ±0.09 4.74 ± 0.10 38 BAUER 03 THEO
4.33 ±0.10 4.84 ± 0.11 20,39 DEDIVITIIS 03 LATT

1LEE 13O determines mb using lattice calculations of the Υ and Bs binding energies in
NRQCD, including three light dynamical quark flavors. The quark mass shift in NRQCD

is determined to order α2
s
, with partial α3

s
contributions.

2 LUCHA 13 determines mb from QCD sum rules for heavy-light currents using the lattice
value for fB of 191.5 ± 7.3 GeV.

3NARISON 13 determines mb using QCD spectral sum rules to order α2
s

(NNLO) and

including condensates up to dimension 6. We have converted the MS value to the 1S
scheme.

4NARISON 13A determines mb using HQET sum rules to order α2
s

(NNLO) and the B

meson mass and decay constant.
5BODENSTEIN 12 determine mb using sum rules for the vector current correlator and

the e+ e− → Q Q total cross-section. We have converted mb(mb) to the 1S scheme.
6DIMOPOULOS 12 determine quark masses from a lattice computation using Nf = 2
dynamical flavors of twisted mass fermions. We have converted mb(mb) to the 1S
scheme.

7HOANG 12 determine mb using non-relativistic sum rules for the Υ system at order α2
s

(NNLO) with renormalization group improvement.
8Determines mb to order α3

s
(N3LO), including the effect of gluon condensates up to

dimension eight combining the methods of NARISON 12 and NARISON 12A. We have
converted mb(mb) to the 1S scheme.

9 LASCHKA 11 determine the b mass from the charmonium spectrum. The theoretical
computation uses the heavy QQ potential to order 1/mQ obtained by matching the
short-distance perturbative result onto lattice QCD result at larger scales. We have
converted mb(mb) to the 1S scheme.

10AUBERT 10A determine the b- and c-quark masses from a fit to the inclusive decay
spectra in semileptonic B decays in the kinetic scheme (and convert it to the MS scheme).
We have converted this to the 1S scheme.

11MCNEILE 10 determines mb by comparing order α3
s

(N3LO) perturbative results for the
pseudo-scalar current to lattice simulations with Nf = 2+1 sea-quarks by the HPQCD
collaboration. We have converted mb (mb) to the 1S scheme.

12CHETYRKIN 09 determine mc and mb from the e+ e− → Q Q cross-section and sum

rules, using an order α3
s

(N3LO) computation of the heavy quark vacuum polarization.
We have converted their mb to the 1S scheme.

13ABDALLAH 08D determine mb(MZ ) = 3.76 ± 1.0 GeV from a leading order study of

four-jet rates at LEP. We have converted this to mb(mb) and m1S
b

.
14 SCHWANDA 08 measure moments of the inclusive photon spectrum in B → Xs γ decay

to determine m1S
b

. We have converted this to MS scheme.
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Bottom mass determinations
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NR Sum rules

QCD Sum rules

Jets
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b I (JP ) = 0(1
2
+)

Charge = −

1
3 e Bottom = −1

b-QUARK MASSb-QUARK MASSb-QUARK MASSb-QUARK MASS

The first value is the “running mass” mb(µ = mb) in the MS scheme,
and the second value is the 1S mass, which is half the mass of the Υ(1S)
in perturbation theory. For a review of different quark mass definitions
and their properties, see EL-KHADRA 02. The 1S mass is better suited
for use in analyzing B decays than the MS mass because it gives a stable
perturbative expansion. We have converted masses in other schemes to
the MS mass and 1S mass using two-loop QCD perturbation theory with
αs (µ = mb) = 0.223 ± 0.008. The values 4.18 ± 0.03 GeV for the MS
mass and 4.66 ± 0.03 GeV for the 1S mass correspond to 4.78 ± 0.06 GeV
for the pole mass, using the two-loop conversion formula. A discussion of
masses in different schemes can be found in the “Note on Quark Masses.”

MS MASS (GeV) 1S MASS (GeV) DOCUMENT ID TECN

4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION of MS Mass. See the ideogram below.
4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION of 1S Mass. See the ideogram below.

4.166±0.043 4.637 ± 0.048 1 LEE 13O LATT
4.247±0.034 4.727 ± 0.039 2 LUCHA 13 THEO
4.236±0.069 4.715 ± 0.077 3 NARISON 13 THEO
4.213±0.059 4.689 ± 0.066 4 NARISON 13A THEO
4.171±0.009 4.642 ± 0.010 5 BODENSTEIN 12 THEO
4.29 ±0.14 4.77 ± 0.16 6 DIMOPOUL... 12 LATT
4.235±0.003±0.055 4.755 ± 0.003 ± 0.058 7 HOANG 12 THEO
4.177±0.011 4.649 ± 0.012 8 NARISON 12 THEO

4.18 +0.05
−0.04 4.65+0.06

−0.04
9 LASCHKA 11 THEO

4.186±0.044±0.015 4.659 ± 0.050 ± 0.017 10 AUBERT 10A BABR
4.164±0.023 4.635 ± 0.026 11 MCNEILE 10 LATT
4.163±0.016 4.633 ± 0.018 12 CHETYRKIN 09 THEO
5.26 ±1.2 5.85 ± 1.3 13 ABDALLAH 08D DLPH
4.243±0.049 4.723 ± 0.055 14 SCHWANDA 08 BELL
4.19 ±0.40 4.66 ± 0.45 15 ABDALLAH 06D DLPH
4.205±0.058 4.68 ± 0.06 16 BOUGHEZAL 06 THEO
4.20 ±0.04 4.67 ± 0.04 17 BUCHMULLER06 THEO
4.19 ±0.06 4.66 ± 0.07 18 PINEDA 06 THEO
4.17 ±0.03 4.68 ± 0.03 19 BAUER 04 THEO
4.22 ±0.11 4.72 ± 0.12 20,21 HOANG 04 THEO
4.19 ±0.05 4.66 ± 0.05 22 BORDES 03 THEO
4.20 ±0.09 4.67 ± 0.10 23 CORCELLA 03 THEO
4.24 ±0.10 4.72 ± 0.11 24 EIDEMULLER 03 THEO
4.207±0.031 4.682 ± 0.035 25 ERLER 03 THEO
4.33 ±0.06 ±0.10 4.82 ± 0.07 ± 0.11 26 MAHMOOD 03 CLEO
4.190±0.032 4.663 ± 0.036 27 BRAMBILLA 02 THEO
4.346±0.070 4.837 ± 0.078 28 PENIN 02 THEO
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• • • We do not use the following data for averages, fits, limits, etc. • • •

4.212±0.032 4.688 ± 0.036 29 NARISON 12 THEO
4.171±0.014 4.642 ± 0.016 30 NARISON 12A THEO
4.173±0.010 4.645 ± 0.011 31 NARISON 10 THEO
4.42 ±0.06 ±0.08 4.92 ± 0.07 ± 0.09 32 GUAZZINI 08 LATT
4.347±0.048±0.08 4.838 ± 0.053 ± 0.09 33 DELLA-MOR... 07 LATT
4.164±0.025 4.635 ± 0.028 34 KUHN 07 THEO
4.4 ±0.3 4.9 ± 0.3 20,35 GRAY 05 LATT
4.22 ±0.06 4.72 ± 0.07 36 AUBERT 04X THEO
4.25 ±0.11 4.76 ± 0.12 20,37 MCNEILE 04 LATT
4.22 ±0.09 4.74 ± 0.10 38 BAUER 03 THEO
4.33 ±0.10 4.84 ± 0.11 20,39 DEDIVITIIS 03 LATT

1LEE 13O determines mb using lattice calculations of the Υ and Bs binding energies in
NRQCD, including three light dynamical quark flavors. The quark mass shift in NRQCD

is determined to order α2
s
, with partial α3

s
contributions.

2 LUCHA 13 determines mb from QCD sum rules for heavy-light currents using the lattice
value for fB of 191.5 ± 7.3 GeV.

3NARISON 13 determines mb using QCD spectral sum rules to order α2
s

(NNLO) and

including condensates up to dimension 6. We have converted the MS value to the 1S
scheme.

4NARISON 13A determines mb using HQET sum rules to order α2
s

(NNLO) and the B

meson mass and decay constant.
5BODENSTEIN 12 determine mb using sum rules for the vector current correlator and

the e+ e− → Q Q total cross-section. We have converted mb(mb) to the 1S scheme.
6DIMOPOULOS 12 determine quark masses from a lattice computation using Nf = 2
dynamical flavors of twisted mass fermions. We have converted mb(mb) to the 1S
scheme.

7HOANG 12 determine mb using non-relativistic sum rules for the Υ system at order α2
s

(NNLO) with renormalization group improvement.
8Determines mb to order α3

s
(N3LO), including the effect of gluon condensates up to

dimension eight combining the methods of NARISON 12 and NARISON 12A. We have
converted mb(mb) to the 1S scheme.

9 LASCHKA 11 determine the b mass from the charmonium spectrum. The theoretical
computation uses the heavy QQ potential to order 1/mQ obtained by matching the
short-distance perturbative result onto lattice QCD result at larger scales. We have
converted mb(mb) to the 1S scheme.

10AUBERT 10A determine the b- and c-quark masses from a fit to the inclusive decay
spectra in semileptonic B decays in the kinetic scheme (and convert it to the MS scheme).
We have converted this to the 1S scheme.

11MCNEILE 10 determines mb by comparing order α3
s

(N3LO) perturbative results for the
pseudo-scalar current to lattice simulations with Nf = 2+1 sea-quarks by the HPQCD
collaboration. We have converted mb (mb) to the 1S scheme.

12CHETYRKIN 09 determine mc and mb from the e+ e− → Q Q cross-section and sum

rules, using an order α3
s

(N3LO) computation of the heavy quark vacuum polarization.
We have converted their mb to the 1S scheme.

13ABDALLAH 08D determine mb(MZ ) = 3.76 ± 1.0 GeV from a leading order study of

four-jet rates at LEP. We have converted this to mb(mb) and m1S
b

.
14 SCHWANDA 08 measure moments of the inclusive photon spectrum in B → Xs γ decay

to determine m1S
b

. We have converted this to MS scheme.
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b I (JP ) = 0(1
2
+)

Charge = −

1
3 e Bottom = −1

b-QUARK MASSb-QUARK MASSb-QUARK MASSb-QUARK MASS

The first value is the “running mass” mb(µ = mb) in the MS scheme,
and the second value is the 1S mass, which is half the mass of the Υ(1S)
in perturbation theory. For a review of different quark mass definitions
and their properties, see EL-KHADRA 02. The 1S mass is better suited
for use in analyzing B decays than the MS mass because it gives a stable
perturbative expansion. We have converted masses in other schemes to
the MS mass and 1S mass using two-loop QCD perturbation theory with
αs (µ = mb) = 0.223 ± 0.008. The values 4.18 ± 0.03 GeV for the MS
mass and 4.66 ± 0.03 GeV for the 1S mass correspond to 4.78 ± 0.06 GeV
for the pole mass, using the two-loop conversion formula. A discussion of
masses in different schemes can be found in the “Note on Quark Masses.”

MS MASS (GeV) 1S MASS (GeV) DOCUMENT ID TECN

4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION of MS Mass. See the ideogram below.
4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION of 1S Mass. See the ideogram below.

4.166±0.043 4.637 ± 0.048 1 LEE 13O LATT
4.247±0.034 4.727 ± 0.039 2 LUCHA 13 THEO
4.236±0.069 4.715 ± 0.077 3 NARISON 13 THEO
4.213±0.059 4.689 ± 0.066 4 NARISON 13A THEO
4.171±0.009 4.642 ± 0.010 5 BODENSTEIN 12 THEO
4.29 ±0.14 4.77 ± 0.16 6 DIMOPOUL... 12 LATT
4.235±0.003±0.055 4.755 ± 0.003 ± 0.058 7 HOANG 12 THEO
4.177±0.011 4.649 ± 0.012 8 NARISON 12 THEO

4.18 +0.05
−0.04 4.65+0.06

−0.04
9 LASCHKA 11 THEO

4.186±0.044±0.015 4.659 ± 0.050 ± 0.017 10 AUBERT 10A BABR
4.164±0.023 4.635 ± 0.026 11 MCNEILE 10 LATT
4.163±0.016 4.633 ± 0.018 12 CHETYRKIN 09 THEO
5.26 ±1.2 5.85 ± 1.3 13 ABDALLAH 08D DLPH
4.243±0.049 4.723 ± 0.055 14 SCHWANDA 08 BELL
4.19 ±0.40 4.66 ± 0.45 15 ABDALLAH 06D DLPH
4.205±0.058 4.68 ± 0.06 16 BOUGHEZAL 06 THEO
4.20 ±0.04 4.67 ± 0.04 17 BUCHMULLER06 THEO
4.19 ±0.06 4.66 ± 0.07 18 PINEDA 06 THEO
4.17 ±0.03 4.68 ± 0.03 19 BAUER 04 THEO
4.22 ±0.11 4.72 ± 0.12 20,21 HOANG 04 THEO
4.19 ±0.05 4.66 ± 0.05 22 BORDES 03 THEO
4.20 ±0.09 4.67 ± 0.10 23 CORCELLA 03 THEO
4.24 ±0.10 4.72 ± 0.11 24 EIDEMULLER 03 THEO
4.207±0.031 4.682 ± 0.035 25 ERLER 03 THEO
4.33 ±0.06 ±0.10 4.82 ± 0.07 ± 0.11 26 MAHMOOD 03 CLEO
4.190±0.032 4.663 ± 0.036 27 BRAMBILLA 02 THEO
4.346±0.070 4.837 ± 0.078 28 PENIN 02 THEO
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• • • We do not use the following data for averages, fits, limits, etc. • • •

4.212±0.032 4.688 ± 0.036 29 NARISON 12 THEO
4.171±0.014 4.642 ± 0.016 30 NARISON 12A THEO
4.173±0.010 4.645 ± 0.011 31 NARISON 10 THEO
4.42 ±0.06 ±0.08 4.92 ± 0.07 ± 0.09 32 GUAZZINI 08 LATT
4.347±0.048±0.08 4.838 ± 0.053 ± 0.09 33 DELLA-MOR... 07 LATT
4.164±0.025 4.635 ± 0.028 34 KUHN 07 THEO
4.4 ±0.3 4.9 ± 0.3 20,35 GRAY 05 LATT
4.22 ±0.06 4.72 ± 0.07 36 AUBERT 04X THEO
4.25 ±0.11 4.76 ± 0.12 20,37 MCNEILE 04 LATT
4.22 ±0.09 4.74 ± 0.10 38 BAUER 03 THEO
4.33 ±0.10 4.84 ± 0.11 20,39 DEDIVITIIS 03 LATT

1LEE 13O determines mb using lattice calculations of the Υ and Bs binding energies in
NRQCD, including three light dynamical quark flavors. The quark mass shift in NRQCD

is determined to order α2
s
, with partial α3

s
contributions.

2 LUCHA 13 determines mb from QCD sum rules for heavy-light currents using the lattice
value for fB of 191.5 ± 7.3 GeV.

3NARISON 13 determines mb using QCD spectral sum rules to order α2
s

(NNLO) and

including condensates up to dimension 6. We have converted the MS value to the 1S
scheme.

4NARISON 13A determines mb using HQET sum rules to order α2
s

(NNLO) and the B

meson mass and decay constant.
5BODENSTEIN 12 determine mb using sum rules for the vector current correlator and

the e+ e− → Q Q total cross-section. We have converted mb(mb) to the 1S scheme.
6DIMOPOULOS 12 determine quark masses from a lattice computation using Nf = 2
dynamical flavors of twisted mass fermions. We have converted mb(mb) to the 1S
scheme.

7HOANG 12 determine mb using non-relativistic sum rules for the Υ system at order α2
s

(NNLO) with renormalization group improvement.
8Determines mb to order α3

s
(N3LO), including the effect of gluon condensates up to

dimension eight combining the methods of NARISON 12 and NARISON 12A. We have
converted mb(mb) to the 1S scheme.

9 LASCHKA 11 determine the b mass from the charmonium spectrum. The theoretical
computation uses the heavy QQ potential to order 1/mQ obtained by matching the
short-distance perturbative result onto lattice QCD result at larger scales. We have
converted mb(mb) to the 1S scheme.

10AUBERT 10A determine the b- and c-quark masses from a fit to the inclusive decay
spectra in semileptonic B decays in the kinetic scheme (and convert it to the MS scheme).
We have converted this to the 1S scheme.

11MCNEILE 10 determines mb by comparing order α3
s

(N3LO) perturbative results for the
pseudo-scalar current to lattice simulations with Nf = 2+1 sea-quarks by the HPQCD
collaboration. We have converted mb (mb) to the 1S scheme.

12CHETYRKIN 09 determine mc and mb from the e+ e− → Q Q cross-section and sum

rules, using an order α3
s

(N3LO) computation of the heavy quark vacuum polarization.
We have converted their mb to the 1S scheme.

13ABDALLAH 08D determine mb(MZ ) = 3.76 ± 1.0 GeV from a leading order study of

four-jet rates at LEP. We have converted this to mb(mb) and m1S
b

.
14 SCHWANDA 08 measure moments of the inclusive photon spectrum in B → Xs γ decay

to determine m1S
b

. We have converted this to MS scheme.
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b I (JP ) = 0(1
2
+)

Charge = −

1
3 e Bottom = −1

b-QUARK MASSb-QUARK MASSb-QUARK MASSb-QUARK MASS

The first value is the “running mass” mb(µ = mb) in the MS scheme,
and the second value is the 1S mass, which is half the mass of the Υ(1S)
in perturbation theory. For a review of different quark mass definitions
and their properties, see EL-KHADRA 02. The 1S mass is better suited
for use in analyzing B decays than the MS mass because it gives a stable
perturbative expansion. We have converted masses in other schemes to
the MS mass and 1S mass using two-loop QCD perturbation theory with
αs (µ = mb) = 0.223 ± 0.008. The values 4.18 ± 0.03 GeV for the MS
mass and 4.66 ± 0.03 GeV for the 1S mass correspond to 4.78 ± 0.06 GeV
for the pole mass, using the two-loop conversion formula. A discussion of
masses in different schemes can be found in the “Note on Quark Masses.”

MS MASS (GeV) 1S MASS (GeV) DOCUMENT ID TECN

4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION4.18 ±0.03 OUR EVALUATION of MS Mass. See the ideogram below.
4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION4.66 ±0.03 OUR EVALUATION of 1S Mass. See the ideogram below.
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4.213±0.059 4.689 ± 0.066 4 NARISON 13A THEO
4.171±0.009 4.642 ± 0.010 5 BODENSTEIN 12 THEO
4.29 ±0.14 4.77 ± 0.16 6 DIMOPOUL... 12 LATT
4.235±0.003±0.055 4.755 ± 0.003 ± 0.058 7 HOANG 12 THEO
4.177±0.011 4.649 ± 0.012 8 NARISON 12 THEO
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−0.04 4.65+0.06

−0.04
9 LASCHKA 11 THEO

4.186±0.044±0.015 4.659 ± 0.050 ± 0.017 10 AUBERT 10A BABR
4.164±0.023 4.635 ± 0.026 11 MCNEILE 10 LATT
4.163±0.016 4.633 ± 0.018 12 CHETYRKIN 09 THEO
5.26 ±1.2 5.85 ± 1.3 13 ABDALLAH 08D DLPH
4.243±0.049 4.723 ± 0.055 14 SCHWANDA 08 BELL
4.19 ±0.40 4.66 ± 0.45 15 ABDALLAH 06D DLPH
4.205±0.058 4.68 ± 0.06 16 BOUGHEZAL 06 THEO
4.20 ±0.04 4.67 ± 0.04 17 BUCHMULLER06 THEO
4.19 ±0.06 4.66 ± 0.07 18 PINEDA 06 THEO
4.17 ±0.03 4.68 ± 0.03 19 BAUER 04 THEO
4.22 ±0.11 4.72 ± 0.12 20,21 HOANG 04 THEO
4.19 ±0.05 4.66 ± 0.05 22 BORDES 03 THEO
4.20 ±0.09 4.67 ± 0.10 23 CORCELLA 03 THEO
4.24 ±0.10 4.72 ± 0.11 24 EIDEMULLER 03 THEO
4.207±0.031 4.682 ± 0.035 25 ERLER 03 THEO
4.33 ±0.06 ±0.10 4.82 ± 0.07 ± 0.11 26 MAHMOOD 03 CLEO
4.190±0.032 4.663 ± 0.036 27 BRAMBILLA 02 THEO
4.346±0.070 4.837 ± 0.078 28 PENIN 02 THEO
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4.212±0.032 4.688 ± 0.036 29 NARISON 12 THEO
4.171±0.014 4.642 ± 0.016 30 NARISON 12A THEO
4.173±0.010 4.645 ± 0.011 31 NARISON 10 THEO
4.42 ±0.06 ±0.08 4.92 ± 0.07 ± 0.09 32 GUAZZINI 08 LATT
4.347±0.048±0.08 4.838 ± 0.053 ± 0.09 33 DELLA-MOR... 07 LATT
4.164±0.025 4.635 ± 0.028 34 KUHN 07 THEO
4.4 ±0.3 4.9 ± 0.3 20,35 GRAY 05 LATT
4.22 ±0.06 4.72 ± 0.07 36 AUBERT 04X THEO
4.25 ±0.11 4.76 ± 0.12 20,37 MCNEILE 04 LATT
4.22 ±0.09 4.74 ± 0.10 38 BAUER 03 THEO
4.33 ±0.10 4.84 ± 0.11 20,39 DEDIVITIIS 03 LATT

1LEE 13O determines mb using lattice calculations of the Υ and Bs binding energies in
NRQCD, including three light dynamical quark flavors. The quark mass shift in NRQCD

is determined to order α2
s
, with partial α3

s
contributions.

2 LUCHA 13 determines mb from QCD sum rules for heavy-light currents using the lattice
value for fB of 191.5 ± 7.3 GeV.

3NARISON 13 determines mb using QCD spectral sum rules to order α2
s

(NNLO) and

including condensates up to dimension 6. We have converted the MS value to the 1S
scheme.

4NARISON 13A determines mb using HQET sum rules to order α2
s

(NNLO) and the B

meson mass and decay constant.
5BODENSTEIN 12 determine mb using sum rules for the vector current correlator and

the e+ e− → Q Q total cross-section. We have converted mb(mb) to the 1S scheme.
6DIMOPOULOS 12 determine quark masses from a lattice computation using Nf = 2
dynamical flavors of twisted mass fermions. We have converted mb(mb) to the 1S
scheme.

7HOANG 12 determine mb using non-relativistic sum rules for the Υ system at order α2
s

(NNLO) with renormalization group improvement.
8Determines mb to order α3

s
(N3LO), including the effect of gluon condensates up to

dimension eight combining the methods of NARISON 12 and NARISON 12A. We have
converted mb(mb) to the 1S scheme.

9 LASCHKA 11 determine the b mass from the charmonium spectrum. The theoretical
computation uses the heavy QQ potential to order 1/mQ obtained by matching the
short-distance perturbative result onto lattice QCD result at larger scales. We have
converted mb(mb) to the 1S scheme.

10AUBERT 10A determine the b- and c-quark masses from a fit to the inclusive decay
spectra in semileptonic B decays in the kinetic scheme (and convert it to the MS scheme).
We have converted this to the 1S scheme.

11MCNEILE 10 determines mb by comparing order α3
s

(N3LO) perturbative results for the
pseudo-scalar current to lattice simulations with Nf = 2+1 sea-quarks by the HPQCD
collaboration. We have converted mb (mb) to the 1S scheme.

12CHETYRKIN 09 determine mc and mb from the e+ e− → Q Q cross-section and sum

rules, using an order α3
s

(N3LO) computation of the heavy quark vacuum polarization.
We have converted their mb to the 1S scheme.

13ABDALLAH 08D determine mb(MZ ) = 3.76 ± 1.0 GeV from a leading order study of

four-jet rates at LEP. We have converted this to mb(mb) and m1S
b

.
14 SCHWANDA 08 measure moments of the inclusive photon spectrum in B → Xs γ decay

to determine m1S
b

. We have converted this to MS scheme.
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38BAUER 03 determine the b quark mass by a global fit to B decay observables. The exper-
imental data includes lepton energy and hadron invariant mass moments in semileptonic
B → Xc ℓνℓ decay, and the inclusive photon spectrum in B → Xs γ decay. The

theoretical expressions used are of order 1/m3, and α2
s
β0.

39DEDIVITIIS 03 use a quenched lattice computation of heavy-heavy and heavy-light me-
son masses.

WEIGHTED AVERAGE
4.180±0.005 (Error scaled by 1.0)

PENIN 02 THEO 5.6
BRAMBILLA 02 THEO 0.1
MAHMOOD 03 CLEO
ERLER 03 THEO 0.8
EIDEMULLER 03 THEO
CORCELLA 03 THEO
BORDES 03 THEO 0.0
HOANG 04 THEO
BAUER 04 THEO 0.1
PINEDA 06 THEO 0.0
BUCHMULLER 06 THEO 0.2
BOUGHEZAL 06 THEO 0.2
ABDALLAH 06D DLPH
SCHWANDA 08 BELL 1.6
ABDALLAH 08D DLPH
CHETYRKIN 09 THEO 1.1
MCNEILE 10 LATT 0.5
AUBERT 10A BABR 0.0
LASCHKA 11 THEO 0.0
NARISON 12 THEO 0.1
HOANG 12 THEO 1.0
DIMOPOUL... 12 LATT
BODENSTEIN 12 THEO 1.0
NARISON 13A THEO 0.3
NARISON 13 THEO 0.7
LUCHA 13 THEO 3.9
LEE 13O LATT 0.1

χ2

      17.4
(Confidence Level = 0.562)

4 4.1 4.2 4.3 4.4 4.5 4.6

b-QUARK MS MASS (GeV)

b-QUARK REFERENCESb-QUARK REFERENCESb-QUARK REFERENCESb-QUARK REFERENCES

LEE 13O PR D87 074018 A.J. Lee et al. (HPQCD Collab.)
LUCHA 13 PR D88 056011 W. Lucha, D. Melikhov, S. Simula (VIEN, MOSU+)
NARISON 13 PL B718 1321 S. Narison (MONP)
NARISON 13A PL B721 269 S. Narison (MONP)
BODENSTEIN 12 PR D85 034003 S. Bodenstein et al. (CAPE, VALE, MANZ+)
DIMOPOUL... 12 JHEP 1201 046 P. Dimopoulos et al. (ETM Collab.)
HOANG 12 JHEP 1210 188 A.H. Hoang, P. Ruiz-Femenia, M. Stahlhofen (WIEN+)
NARISON 12 PL B707 259 S. Narison (MONP)
NARISON 12A PL B706 412 S. Narison (MONP)
LASCHKA 11 PR D83 094002 A. Laschka, N. Kaiser, W. Weise
AUBERT 10A PR D81 032003 B. Aubert et al. (BABAR Collab.)
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Bottom mass determinations

other recent determinations

mb(mb) = 4.196 ± 0.023GeV

[HPQCD Colquhoun (2014)]

relativistic QCD sum rules for large n!

mb(mb) = 4.169 ± 0.008GeV
[Penin, Zerf (2014)]

NR QCD sum rules

uses non-relativistic lattice action !

issues with perturbation theory

[HPQCD Donald et al (2014)]

mb(mb) = 4.174 ± 0.024GeV

Pseudoscalar QCD sum rules

mb(mb) = 4.241 ± 0.043GeV

[Ayala, Cvetic, Pineda (2014)]

spectrum⌥
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38BAUER 03 determine the b quark mass by a global fit to B decay observables. The exper-
imental data includes lepton energy and hadron invariant mass moments in semileptonic
B → Xc ℓνℓ decay, and the inclusive photon spectrum in B → Xs γ decay. The

theoretical expressions used are of order 1/m3, and α2
s
β0.

39DEDIVITIIS 03 use a quenched lattice computation of heavy-heavy and heavy-light me-
son masses.
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Current analyses with smallest errors

1. [Bodenstein et al (2012)]

mb(mb) = 4.163 ± 0.016GeV

mb(mb) = 4.171 ± 0.009GeV

2. [Chetyrkin et al (2012)]
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38BAUER 03 determine the b quark mass by a global fit to B decay observables. The exper-
imental data includes lepton energy and hadron invariant mass moments in semileptonic
B → Xc ℓνℓ decay, and the inclusive photon spectrum in B → Xs γ decay. The

theoretical expressions used are of order 1/m3, and α2
s
β0.

39DEDIVITIIS 03 use a quenched lattice computation of heavy-heavy and heavy-light me-
son masses.
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Bottom mass determinations

Current analyses with smallest errors

1. [Bodenstein et al (2012)]

QCD sum rules (this talk)

mb(mb) = 4.163 ± 0.016GeV

mb(mb) = 4.171 ± 0.009GeV

2. [Chetyrkin et al (2012)]



Experimental data 
for bottom



Narrow resonancesNarrow resonances

Experimental data: bottom



Babar dataBabar data

Experimental data: bottom



65% of the first moment 
for bottom sum rules !!

Perturbative QCD

Aren’t we comparing theory to theory?

10% error gives a huge error to the 
total moment

Perturbation theoryPerturbation theory

Experimental data: bottom

Aren’t we comparing theory to theory?
4% error gives a huge uncertainty to 
the first moment !!

63%

37%

63% of the first moment 
from region without data !
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Rmodel

b = Rtheory

b ± 4%



High energy region contribution

63%

37%

40%

60%

26%

74%

17%

83%

Situation is less dramatic for 
higher moments

For n > 2 we find issues with 
perturbation theory

Therefore we use the 2nd 
moments as our default

High-energy region contributes 
“only” 39% of total error if 4% 
error assigned to theory

n = 1 n = 2

n = 3 n = 4

New experimental data in high-energy region: dramatic impact to precision!



Bottom mass from 
Vector Correlator
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[Chetyrkin et al (2009)]

mb(mb) = 4.163 ± 0.010
exp

± 0.003
pert

± 0.012↵s GeV mb(mb) = 4.167 ± 0.019syst ± 0.004stat

± 0.011pert ± 0.007↵s GeV

1 2 3
4.00

4.05

4.10

4.15

4.20

4.25

OHasi L

mbHmbL @GeVD
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correlated Independent
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↵s(mZ) = 0.1184 ± 0.0021using

[Dehnadi, Hoang, VM]Our result (preliminary)
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Results [Dehnadi, Hoang, VM]
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↵s(mZ) = 0.1184 ± 0.0021using

mb(mb) = 4.167 ± 0.023GeV

2nd moment
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Comparison to other determinations

  
CKM Workshop 2014, Vienna University of Technology

Bottom mass

BD, Hoang, Mateu [Dehnadi, Hoang, VM]

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38, 090001 (2014) (URL: http://pdg.lbl.gov)

38BAUER 03 determine the b quark mass by a global fit to B decay observables. The exper-
imental data includes lepton energy and hadron invariant mass moments in semileptonic
B → Xc ℓνℓ decay, and the inclusive photon spectrum in B → Xs γ decay. The

theoretical expressions used are of order 1/m3, and α2
s
β0.

39DEDIVITIIS 03 use a quenched lattice computation of heavy-heavy and heavy-light me-
son masses.

WEIGHTED AVERAGE
4.180±0.005 (Error scaled by 1.0)

PENIN 02 THEO 5.6
BRAMBILLA 02 THEO 0.1
MAHMOOD 03 CLEO
ERLER 03 THEO 0.8
EIDEMULLER 03 THEO
CORCELLA 03 THEO
BORDES 03 THEO 0.0
HOANG 04 THEO
BAUER 04 THEO 0.1
PINEDA 06 THEO 0.0
BUCHMULLER 06 THEO 0.2
BOUGHEZAL 06 THEO 0.2
ABDALLAH 06D DLPH
SCHWANDA 08 BELL 1.6
ABDALLAH 08D DLPH
CHETYRKIN 09 THEO 1.1
MCNEILE 10 LATT 0.5
AUBERT 10A BABR 0.0
LASCHKA 11 THEO 0.0
NARISON 12 THEO 0.1
HOANG 12 THEO 1.0
DIMOPOUL... 12 LATT
BODENSTEIN 12 THEO 1.0
NARISON 13A THEO 0.3
NARISON 13 THEO 0.7
LUCHA 13 THEO 3.9
LEE 13O LATT 0.1

χ2

      17.4
(Confidence Level = 0.562)

4 4.1 4.2 4.3 4.4 4.5 4.6

b-QUARK MS MASS (GeV)

b-QUARK REFERENCESb-QUARK REFERENCESb-QUARK REFERENCESb-QUARK REFERENCES

LEE 13O PR D87 074018 A.J. Lee et al. (HPQCD Collab.)
LUCHA 13 PR D88 056011 W. Lucha, D. Melikhov, S. Simula (VIEN, MOSU+)
NARISON 13 PL B718 1321 S. Narison (MONP)
NARISON 13A PL B721 269 S. Narison (MONP)
BODENSTEIN 12 PR D85 034003 S. Bodenstein et al. (CAPE, VALE, MANZ+)
DIMOPOUL... 12 JHEP 1201 046 P. Dimopoulos et al. (ETM Collab.)
HOANG 12 JHEP 1210 188 A.H. Hoang, P. Ruiz-Femenia, M. Stahlhofen (WIEN+)
NARISON 12 PL B707 259 S. Narison (MONP)
NARISON 12A PL B706 412 S. Narison (MONP)
LASCHKA 11 PR D83 094002 A. Laschka, N. Kaiser, W. Weise
AUBERT 10A PR D81 032003 B. Aubert et al. (BABAR Collab.)

HTTP://PDG.LBL.GOV Page 4 Created: 8/21/2014 12:56



Conclusions



Conclusions & Outlook
Double scale variation: best uncertainty estimate 

True for charm (vector and pseudo) and bottom 

Likely also true for FESR and shifted moments 

(future analysis) 

Pseudo-scalar determination less precise. 

Bottom: 2nd moment smaller experimental error 

Comparisons with lattice, important cross check



Backup slides
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First moment: mcHmcL various methods aHmZ L = 0.1180

Fixed Order Linearized Iterative
Contour
Improved

ma = mm
2GeV £ ma £ 4GeV
mm = 2 GeV
4GeV £ ma £ 4GeV
mm =mbHmbL
5GeV £ ma £ 15GeV
mcHmcL £ mm £ 4GeV
mbHmbL £ ma £ 4GeV
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Identical conclusions:

• Correlated variation underestimates error	

• Sticking to a single expansion can be 

misleading	

• Double variation is the most appropriate
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Identical conclusions:

• Correlated variation underestimates error	

• Sticking to a single expansion can be 

misleading	

• Double variation is the most appropriate



Contours in scale variations
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• Include all experimental data	

• Define proper scale variation (such that 

different expansions give the same answer

Standard FO expansion:
µ↵ = µmCorrelated               variation along a 

count our line
Behavior different for other types of 
expansions

1st moment at O(↵3
s)

[Dehnadi, Hoang, 
VM, Zebarjad]
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different expansions give the same answer
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µ↵ = µmCorrelated               variation along a 

count our line
Behavior different for other types of 
expansions

1st moment at O(↵3
s)

Our conclusions
Independent variations of      and µ↵ µm

[Dehnadi, Hoang, 
VM, Zebarjad]

Reasonable choice: mc(mc)  µ↵, µm  4GeV



Finite Energy Sum Rules
1

12⇡2Q2

Z s0

0
ds p(s)R(s) =

i

2⇡

I

C
ds p(s)⇧(s) + Res[ p(s)⇧(s), s = 0 ]

Computed using 
experimental data

Essentially “regular” 
moments

Essentially high-
energy contribution, 
but using pQCD

[Bodenstein et al]
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ds p(s)⇧(s) + Res[ p(s)⇧(s), s = 0 ]

Computed using 
experimental data

Essentially “regular” 
moments

Essentially high-
energy contribution, 
but using pQCD

• Motivated by tau analyses	

• Cut off high-energy continuum where there is no data	

• Modify weight resonances vs continuum	

• Consistency requires               (polynomial + pole)	

• Higher order polynomials have larger condensate contributions	

• In practice very similar to regular moments

p(s0) = 0

[Bodenstein et al]Finite Energy Sum Rules
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0
ds p(s)R(s) =
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ds p(s)⇧(s) + Res[ p(s)⇧(s), s = 0 ]

Computed using 
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Essentially “regular” 
moments

Essentially high-
energy contribution, 
but using pQCD

• Motivated by tau analyses	

• Cut off high-energy continuum where there is no data	

• Modify weight resonances vs continuum	

• Consistency requires               (polynomial + pole)	

• Higher order polynomials have larger condensate contributions	

• In practice very similar to regular moments

p(s0) = 0

• Method use both in charm and bottom	

• Theory input known at	

• Conclusions drown for regular moments can be extrapolated for FESR 

O(↵3
s)

[Bodenstein et al]Finite Energy Sum Rules



Why high precision?

K+ ! ⇡+ ⌫ ⌫̄ NNLO QCD computations for charm distributions

K → πνν̄: The main points

u

ds
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FCNC process

Top-quark dominated, but parametrically suppressed

Experimentally challenging (→ NA62, KOTO)

Very precise theoretical predictions possible

Joachim Brod (University of Cincinnati) Rare K decays – theory 6 / 30
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long distance effects
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K → πνν̄: Effective Hamiltonian

W

s

d

sν

ν ν

Z

u, c, ts dd

ν ν ν

Z

W W

W We, µ, τ
u, c, t u, c, t

u, c, t

Heff =
4GF√

2

α

2π sin2 θw

[

λt

(

F (xt) − F (xu)
)

+λc

(

F (xc) − F (xu)
)

]

Qν

Quadratic GIM:
(λ ≡ |Vus |)

λ5 m2
t

M2
W

λ m2
c

M2
W

log m2
c

M2
W

λ
Λ2
QCD

M2
W
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K+ → π+νν̄: Theoretical Status

s

d ν

ν

u

c

ℓ

Xt : Scale dependence reduced to ±1% (NLO QCD)
[Misiak, Urban ‘99; Buchalla, Buras ‘99]

Pc : Scale dependence reduced to ±2.5% (NNLO QCD)
[Buras, Gorbahn, Haisch, Nierste ‘06]

δPc,u enhances branching ratio by 6%
[Falk, Lewandowski, Petrov ‘01; Isidori, Mescia, Smith ‘05]

Joachim Brod (University of Cincinnati) Rare K decays – theory 18 / 30

effective 
Hamiltonian

QCD corrections
[Missiak & Gambino]

short 
distance



Theoretical remarks

Confinement:       not a physical observable mq

Parameter in QCD Lagrangian              formal definition (as for     )↵s

LQCD =
1

4
Ga

µ⌫G
µ⌫
a +

X

f

q̄f (D/�mf )qf

In general running mass         (RG evolution)m(µ)

Renormalization and scheme dependent object
�mq < ⇤QCD

possible

L = log

✓
m

µ

◆

Only interested in short-distance schemes, which do not suffer from the 
renormalon problem inherent to the pole mass scheme

O(⇤QCD)

mscheme A
q (µ) = mscheme B

q (µ)
⇥
1 + ↵s(µ)f1(L) + ↵s(µ)

2f2(L) + . . .
⇤



Moments budget
Narrow resonances

3.73 – 4.8 GeV

4.8 – 7.25 GeV

7.25 – 10.54 GeV

10.54 GeV – Infinity

0.5%

0.3%

0.03%

0.04%

0.002%
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