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Eikonal approximation for high-energy (dense-dilute)

scattering

o dense target = classical background field A4 (x)

o dilute projectile = color charge J5(x)

Coupling between the projectile and the target — [ d*xJ3(x)A5(x)
In the high energy limit (within eikonal approximation):

@ boosting the projectile:

o JE> Ui Uy

o Ji(x) =0T JT(x) x 6(x™) = projectile localized at x~ =0

@ boosting the target:
o Ay > Al A

o At(x) =0+ A7 (xT,x) o §(xT) = target localized at x* =0
& independent of x~
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Finite width target : relaxing the eikonal approximation

Consider a finite width target, but still assuming
— R - that
i@ °

T B_J ;”WM———--—---;;L o J5(x) ox 6#T5(x7)

o Al(x) = 6H A (xT,x1)

The projectile — j&(x) = #8(x~) U (xF,0,x)pP(x — B)

P exp {ig fox+ dzt T- A~ (z*,x) }ab

The single inclusive gluon spectrum for pA:

(2n)? (2k) 0 (B) = > <<Mi(ki)|2>p>

gluon production amplitude

A

The single inclusive gluon cross section :

do o dN
dkt d?k /d B G kB
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M3k, B) = . P 5.
at LO in g, LSZ reduction formula = M3 (k. B) = 4" [ d*x e** [, A%(x)
power counting : dense target = A7 (xT,x) = O(1/g)

dilute projectile = j(x) = O(g)
perturbative expansion of the classical field : A% (x) = A5 (x) + a5 (x) + O(g)

—i [d* GR™(x,y)ab Ji (¥)

In the LC gauge : A} =0 & ;" =0 = &i" A3(x) = —&fa]
M3 (k,B) = e (2kT)  lim /d2 /dx e /d4y Gl (%, ¥)ab Ji (¥)
X+—>+OO

GR”(x,¥)ab is the background retarded gluon propagator
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Properties of the background retarded gluon propagator

GRY(x,y)ab is the retarded solution of the linearized Yang-Mills equations around the
classical field A7 (x*,x) :

|:g;w (5abe — 2ig<¢47(x+,x) . T>3b8)<7) — O5p0xn x”:| G p(X y)bc = ’gup Oac 5 (X Y)

A7 (xT,x) is independent of the x~, so it is convenient to introduce the 1-d Fourier
transform of G£”(x, y)ab

v dk™* —ikt(x"—y~
G (va)ab:/?e Ky )mg/ﬁ(i ¥)ab

The (i—) component of the G}%(x; y)a» can be written as

i
Qk+(x y)* =i Oyi g (xiy)

sz (x; y) is the background scalar propagator.
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The background scalar propagator satisfies the scalar Green's equation :

[53" (i@x+ + 2(%*;6)) + g(A*(g) . T)ab} Ges(xiy) = i10°60) (x—y)

Schrédinger equation in 2 + 1 dimensions in a space-time dependent matrix
ab

potential fg<A‘(5)~ T)

The solution can be written formally as a path integral

xt

)=y +

x U (XjL,er7 [z(er)D

z(x*):x Ik+
Play) =00 y") [ pat e | [ drt 2(e)
z y

with the Wilson line

L{"b<x+,y+7 [z(sz)}) = P+exp{ig/y

following the Brownian trajectory z(z").
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Discretization of the background propagator

Discretized form of the background propagator :

Git(xy) = fim 0(x* —y+)/<Hd2 > (H)N

i(k*+ie) b(xt, yt
X exp {m Z Zp11—2 n) us (X {zn})
with the discertized Wilson line
N—1 Loy ab
Pty (2) = P+{ T e 6™ (42 7)) }
n=0

with zf =yt + F(xT—y™)
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Expansion of the background propagator

Perturbative expansion around free classical path:

eikonal limit : W > @2 in the problem
— large k™ limit (classical free path!)

= perturbative expansion around the free classical
path:

z, =2 +u, with 28 =y + Z(x —y)

6=y NL'TOO/ <H d2un>

W/gT A~ ( ,Z; +un>

N-1

xXPy H {QQH <Z,T+1,u,,+1;z,,+.,u,,) exp

n=0

}

@ Taylor expand the gauge link around u, = 0 at each discretization step.
o Take the product of the Taylor expansion of all links and collect terms
according to power of u,.
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Expansion around the initial transverse position :

The first expansion is performed for fixed initial and final positions.

In the large kT limit , the result has to be re-expanded since z¢!(z*) —y is small at
each step.

(&%, 21)

TL—YL

strict eikonal term
After all :

/dzx PRLE Qif(&; X) _ 9(x+fy+) kY e—ik(ﬁ—y*){u(xﬁyﬁy)

ab
X (xT—yTt
( k+ )kl Z/{, (X 7y+7Y) + I(2ki/)u(2)(x+7y+7y)}

first corrections to strict eikonal limit
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The explicit form of the corrections :

U, yty) = XZ] (=t Ulxt 2+
(1) X a.y /y) - . z X+—y+ (X y Z 7y)
y

ab
x [igT - 9, A™ (2", y)}U(Zﬂy*,y)}

and

xT Z+—y+ ab
Uy ) / +( - y+){u(x+,z+,y>[fgr-a&Af(zty)Mz*,yty)}

+2/y /y <W+ _;/+) {U(x*,z+,y) ligT -9, A (2", y)]

ab
<U(z wy)[igT - By A~ (why) Ulw" y, y)}
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Reduced amplitude and the cross section

Defining Fourier transform of the color charge density

2
P8 [ L% s

and gluon-nucleus reduced amplitude

2
Mk B) = [ ZS% e M ka) )

The cross section is written as

do d q q ——ab
Kt R / 2n) wp(a) TN g k; <MA (k,q)t M; (5,q)>A
phys.

Expanded reduced amplitude reads
——ab . ix ilk—a)- ki qi
Wi [y | [F‘ﬂ“wo;y)

b
L+ i q -L+ L+ 2 2 ’
+k+{6172 kf}ugl)(ﬁ,o;y)—:k e (L+Oy)+0<<k+0l>
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By defining the new operators as

Sa(r,b) = <tr {uf (L*,0;b— %) u(L+70;b+i)}>A

0{1)(r7b):ﬁ<tr{uf(L Ob——)ufl) (L* 0b+5}>

).

1 “ab ——ab 1 —i(k—a)-r
N2—1 Z </\/tA (k@) M3 (K"q)>A: k2q2/b e tk-a) {4(k*Q)25A("7b)

¢ A phys.

Oy (r.b) = @@ {uf (L5.0:b— £) Uy (L, 0;b + 5)

Square of the reduced amplitude then reads

+ L
.7 [, [ O (1, b) + O (—1.b) ] + (k. ) [ O (1. b) — Oz (—r.b) ]| |

Vanish upon integration over b due to rotational symmetry

2
Kt dk+ d2k /(2 )2 P (@) (k_q)z/br e T Salrb) + O ((Ii ai) >

Well known k| factorization formula!!
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Single transverse spin asymmetry : polarized target

Consider the process p + AT — g + X. The SSA is defined as

k+ do’ _ k+ dot k+ do? _ k+ dot
Ay = dkt d?k dk* d’k __ dk+ d?k dkt d?k
2kt 9o
dkt d?k

4+ _doT +_dot
k dk+d2k+k dkt d?k

Transversely polarized target = s dependent Sy, (921) and O(z)

Due to transverse rotational symmetry around the center of the target:
SA_(_r7 _b7 _S) = SA(ra b7 S)

0{1)(_“ _b7 _S) = _Oj(l)(r7 b7 S)
0(2)(7& 7b, 75) = (9(2)(I’7 b., S) Then:

i (52 — a2 ) = = fo o @, @ )0y (v b, 5) + (k. €, 1) O (1, b, 9) }
The strict eikonal term vanishes!!

Next-to-eikonal terms in the expansion become leading terms!!

Anology between twist-3 contributions to hard processes and next-to-eikonal

contributions to high-energy processes??
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Polarized gluon production in unpolarized pA

Consider a polarized gluon produced in unpolarized pA which then which then
fragments in to polarized hadron preserving this asymmetry.

This asymmetry is given by difference between A = +1 helicity contributions of the
produced gluon:

+ ——ab ——ab
Kt d:f#k k* d!ir ?k — f (2,,)2 <Pp(cl) 4 N2—1 2 Aphys. A <Mi (k,q)f Mi (k. Q)>A

By using the identity
Do
kahy& A 5’)\ ex =~/ €’
one gets

dot do~ Lt d*q i
o Kt 2 —i(k—q)-r
dk d?k dkt 2k K+ /( e el a /b,re

ki qi p (6’/ kl q ) ) . (6'] k' )
X{ i |:<k2q2) e 72k27qzkj O(l)(r’ b) k2 0(2)(r, b)

Strict eikonal terms vanish leaving the next-to-eikonal terms as leading contribution!!!
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Conclusions and Outlook

@ We develop a systematic eikonal expansion of the retarded gluon propagator in
a background field.

@ We apply this method to single inclusive gluon cross section in order to study
the corrections to the CGC beyond eikonal limit. The strict eikonal term
provides the usual k| -factorization formula, whereas the first next-to-eikonal
corrections vanish for this particular observable.

@ For SSA and polarized gluon production the strict eikonal terms vanish leaving
the next-to-eikonal corrections as the leading contribution.

@ The first non-vanishing contribution to strict eikonal limit of single inclusive
gluon cross section arises at order (L*@2/k*)? which can be obtained by
continuing the expansion to higher orders. [In preparation]

@ The same expansion can be applied to energy loss calculations in jet quenching
physics. [In preparation]
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