
Transverse-spin  
gluon distribution function 

 

Kazuhiro Tanaka (Juntendo U) 



DIS 

DY 



DIS 

DY 



Hard processes in QCD ''   ''ard softh 

DIS 

Drell-Yan 



2
†

3 (0)  ( , , )
(2 )

0ik z idz d z e P z z Pψ ψ
π

+ −
⊥ ⊥

−
− ⋅ −⊥

⊥
+ =∫ k z z

0

( , )
(0; , ) exp ( )

z
U z P ig d Aµ

µξ ξ
z

z







    

TMD 

k k

0 3

2
P PP± ±

=P

P+

P q q

q−

0 3

2
z zz± ±

=

( ) †( ) (0)  )0( , ,
4

i xP zdzf x e P z Pzψ ψ
π

+ −
−

−+
⊥ ⊥= =∫ z 0

0
(0; , 0) exp ( )

z
U z P ig d Aξ ξz



   


     

PDF 

( )0P− ≈

Collins, Soper (’82)  



( )5 | (0) ( ) ·( )|  
4

( )T
i xd e P S n P S Sq x P g Sxnλ σ σ σλ ψ γ γ ψ λ

π ⊥+∆〈 〉 =∫

xP xP ( ) †( ) (0)  ( )
4

i xP zdzf x e P z Pψ ψ
π

+ −
−

−∫ PDF 

 | (0) (
4

( )) |i x qd e P S n P S x Pλ σ σλ ψ γ ψ λ
π

〈 〉 =∫

 0, ,n nµ 
 0 1P n P n   

2 2
NS M= −

z nλ− −=

( ) ( )5 ( ) · | (0) ( ) | ( ) 
4

i x
N

N
Lq P hS S SPd e P S xn Pi P nS nM

M
x P n

ν µ
λ µν µ ν µ

µ ν
νλ ψ σ δγ ψ λ

π
⊥ ⊥ −

−
〈 〉 = +∫

 | (0) ( ) |  )
4

(i x
N

d e P S n P S M e xλλ ψ ψ λ
π

〈 〉 =∫

( )S S n P Sσ σ σ
⊥= ⋅ +

Jaffe, Ji (’92)  



( )5 | (0) ( ) ·( )|  
4

( )T
i xd e P S n P S Sq x P g Sxnλ σ σ σλ ψ γ γ ψ λ

π ⊥+∆〈 〉 =∫

xP xP ( ) †( ) (0)  ( )
4

i xP zdzf x e P z Pψ ψ
π

+ −
−

−∫ PDF 

 | (0) (
4

( )) |i x qd e P S n P S x Pλ σ σλ ψ γ ψ λ
π

〈 〉 =∫

 0, ,n nµ 
 0 1P n P n   

2 2
NS M= −

z nλ− −=

( )S S n P Sσ σ σ
⊥= ⋅ +



xP xP ( ) †( ) (0)  ( )
4

i xP zdzf x e P z Pψ ψ
π

+ −
−

−∫ PDF 

( ) 5 5
1 | (0) ·( )( ) |   
4

))
4

((i x
j i ijT

d e P S n P S q gx P S n Sx P xqλλ ψ ψ λ γ γ
π ⊥〈 〉 = +∆+  ∫

 0, ,n nµ 
 0 1P n P n   

2 2
NS M= −

z nλ− −=

( )S S n P Sσ σ σ
⊥= ⋅ +



xP xP ( ) †( ) (0)  ( )
4

i xP zdzf x e P z Pψ ψ
π

+ −
−

−∫ PDF 

( ) 5 5
1 | (0) ·( )( ) |   
4

))
4

((i x
j i ijT

d e P S n P S q gx P S n Sx P xqλλ ψ ψ λ γ γ
π ⊥〈 〉 = +∆+  ∫

 0, ,n nµ 
 0 1P n P n   

2 2
NS M= −

z nλ− −=

( )S S n P Sσ σ σ
⊥= ⋅ +

(0) ( )F F zν σ+ + −
F Aσ σ+ += ∂



xP xP ( ) †( ) (0)  ( )
4

i xP zdzf x e P z Pψ ψ
π

+ −
−

−∫ PDF 

( ) 5 5
1 | (0) ·( )( ) |   
4

))
4

((i x
j i ijT

d e P S n P S q gx P S n Sx P xqλλ ψ ψ λ γ γ
π ⊥〈 〉 = +∆+  ∫

 0, ,n nµ 
 0 1P n P n   

2 2
NS M= −

z nλ− −=

( )S S n P Sσ σ σ
⊥= ⋅ +

2( )  | (0) ( ) |  
4

i xn d e P S F F n P S
x

λ ν σλ λ
π

−
+ +− 〈 〉∫

( ) 3 (1 ( ) )·)
4

( 2 E
Pn nSG x g G xx Si inGνσ νσ νσα

α⊥ ⊥= +∆ +  

Ji,  PLB289 
(’92) 137 

Pn P nνσ νσαβ
α β≡ g g P n n Pνσ νσ ν σ ν σ

⊥ = − −

(0) ( )F F zν σ+ + −
F Aσ σ+ += ∂



1  | (0) ( ) |  
4

i xd e P S F F n P S
x

λ µν ξσλ λ
π

− 〈 〉∫

2( )  | (0) ( ) |  
4

i xn d e P S F F n P S
x

λ ν σλ λ
π

−
+ +− 〈 〉∫

( ) 3 (1 ( ) )·)
4

( 2 E
Pn nSG x g G xx Si inGνσ νσ νσα

α⊥ ⊥= +∆ +  



1  | (0) ( ) |  
4

i xd e P S F F n P S
x

λ µν ξσλ λ
π

− 〈 〉∫

( )
( )( )

( )
( )

3

3

( )

   

   2

  

( )

(

·(

)

4
)

 2

1

P P

P P

E

H

G x P P g P P g P P g P P g

i P

G x

P

i P P

i

S n

S

SG x

G x

S

µ ν νσ ν ξ µσ µ σ νξ ν σ µξ

µ νσ ξ ν µσ ξ

µ νσαξ ν µσα
α

µ ν

ξ

νσ ξ µσ ξ

⊥

⊥ ⊥

⊥ ⊥

⊥

⊥
= − − +

+ −

+

+ 

−

−

∆  

 

 

PT-inv.  &  hermiticity 

2( )  | (0) ( ) |  
4

i xn d e P S F F n P S
x

λ ν σλ λ
π

−
+ +− 〈 〉∫

( ) 3 (1 ( ) )·)
4

( 2 E
Pn nSG x g G xx Si inGνσ νσ νσα

α⊥ ⊥= +∆ +  



xP xP ( ) †( ) (0)  ( )
4

i xP zdzf x e P z Pψ ψ
π

+ −
−

−∫ PDF 

( ) 5 5
1 | (0) ·( )( ) |   
4

))
4

((i x
j i ijT

d e P S n P S q gx P S n Sx P xqλλ ψ ψ λ γ γ
π ⊥〈 〉 = +∆+  ∫

 0, ,n nµ 
 0 1P n P n   

2 2
NS M= −

z nλ− −=

( )S S n P Sσ σ σ
⊥= ⋅ +

2( )  | (0) ( ) |  
4

i xn d e P S F F n P S
x

λ ν σλ λ
π

−
+ +− 〈 〉∫

( ) 3 (1 ( ) )·)
4

( 2 E
Pn nSG x g G xx Si inGνσ νσ νσα

α⊥ ⊥= +∆ +  

Ji,  PLB289 
(’92) 137 

Pn P nνσ νσαβ
α β≡ g g P n n Pνσ νσ ν σ ν σ

⊥ = − −

(0) ( )F F zν σ+ + −
F Aσ σ+ += ∂



M µν 03M 12 3M J=

( ) 1
2

, ( ) ( )i x xM x xµµν ν νν µµψ σ ψ   = − +    
∂ − ∂

† 1 | (0) ( ) |   | (0) ( ) |  ( )
4 4 2

i x i xd de P S n P S e P S n P S q xλ λλ λψ ψ λ ψ γ ψ λ
π π

+〈 〉 = 〈 〉∫ ∫1 

ˆ 1
2 2

jk
ii jks σε=

5
3† ˆ 12  | (0) ( ) |   | (0) ( ) |  

4 4 2
( )i x i xd de P S n P S qe P S n Ps xSλ λλ λψ ψ λ ψ γ γ ψ λ

π π
+ ∆〈 〉 = 〈 〉∫ ∫ 

†
52  | (0) ( ) |   | (0) ( ) |  

4 4
ˆ ( )T

i x i xd de P S n P Ss e P S n P g xSλ λλ λψ ψ λ ψ γ γ ψ λ
π π

⊥ ⊥〈 〉 = 〈 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 



( )5 | (0) ( ) ·( )|  
4

( )T
i xd e P S n P S Sq x P g Sxnλ σ σ σλ ψ γ γ ψ λ

π ⊥+∆〈 〉 =∫

xP xP ( ) †( ) (0)  ( )
4

i xP zdzf x e P z Pψ ψ
π

+ −
−

−∫ PDF 

 | (0) (
4

( )) |i x qd e P S n P S x Pλ σ σλ ψ γ ψ λ
π

〈 〉 =∫

 0, ,n nµ 
 0 1P n P n   

2 2
NS M= −

z nλ− −=

( )S S n P Sσ σ σ
⊥= ⋅ +



M µν 03M 12 3M J=

( ) 1
2

, ( ) ( )i x xM x xµµν ν νν µµψ σ ψ   = − +    
∂ − ∂

† 1 | (0) ( ) |   | (0) ( ) |  ( )
4 4 2

i x i xd de P S n P S e P S n P S q xλ λλ λψ ψ λ ψ γ ψ λ
π π

+〈 〉 = 〈 〉∫ ∫1 

ˆ 1
2 2

jk
ii jks σε=

5
3† ˆ 12  | (0) ( ) |   | (0) ( ) |  

4 4 2
( )i x i xd de P S n P S qe P S n Ps xSλ λλ λψ ψ λ ψ γ γ ψ λ

π π
+ ∆〈 〉 = 〈 〉∫ ∫ 

†
52  | (0) ( ) |   | (0) ( ) |  

4 4
ˆ ( )T

i x i xd de P S n P Ss e P S n P g xSλ λλ λψ ψ λ ψ γ γ ψ λ
π π

⊥ ⊥〈 〉 = 〈 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 



M µν 03M 12 3M J=

( ) 1
2

, ( ) ( )i x xM x xµµν ν νν µµψ σ ψ   = − +    
∂ − ∂

† 1 | (0) ( ) |   | (0) ( ) |  ( )
4 4 2

i x i xd de P S n P S e P S n P S q xλ λλ λψ ψ λ ψ γ ψ λ
π π

+〈 〉 = 〈 〉∫ ∫1 

ˆ 1
2 2

jk
ii jks σε=

5
3† ˆ 12  | (0) ( ) |   | (0) ( ) |  

4 4 2
( )i x i xd de P S n P S qe P S n Ps xSλ λλ λψ ψ λ ψ γ γ ψ λ

π π
+ ∆〈 〉 = 〈 〉∫ ∫ 

†
52  | (0) ( ) |   | (0) ( ) |  

4 4
ˆ ( )T

i x i xd de P S n P Ss e P S n P g xSλ λλ λψ ψ λ ψ γ γ ψ λ
π π

⊥ ⊥〈 〉 = 〈 〉∫ ∫ 

goodbad
( )( ) ( )

2 2
id dn i e D nnξ λ λλ ξψ λ ψ λ

π ξ ⊥
′− −′

′= − ∫ ∫
badgood goo5 5ad db(0) ( ) (0) ( )n nψ γ γ ψ λ ψ γ γ ψ λ⊥ ⊥+

good badψ ψ ψ= +

D igAσ σ σ
⊥ ⊥ ⊥= ∂ −

1 2 3ˆ ˆ ˆ,s s is  = 



( )( ), ( ) ( )M F x Fi x xxµ ν ν µµν αβ βµν α  = − + Σ− ∂ ∂

† | (0) ( ) |   | (0) ( ) |  ( )
4 2

i x i xd de P S F F n P S e P S F F n P S xG xλ αβ αβ λ β
β

λ λλ λ
π π

+ +〈 〉 = − 〈 〉∫ ∫1 

1
2

ˆi ijk jks ε= Σ



3† | (0) ( ) |   | (0) ( ) |  
4 2

ˆ ( )i x i xd de P S F F n P S e P S iF F n P S xs G xλ αβ αβ λ β
β

λ λλ λ
π π

++〈 〉 = 〈 〉 ∆∫ ∫ 

( )( )F i g F g Fαβ µα νβ να µβµν α β= − − ↔Σ



12† | (0) ( ) |   | (0) ( ) (0) ( ) |  ˆ
4 22

i x i xd i de P S F F n P Ss e P S F F n F F n P Sλ αβ αβ λλ λλ λ λ
π π

⊥+⊥ +−⊥+−
〈 〉 = 〈 + + 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 



xP xP ( ) †( ) (0)  ( )
4

i xP zdzf x e P z Pψ ψ
π

+ −
−

−∫ PDF 

( ) 5 5
1 | (0) ·( )( ) |   
4

))
4

((i x
j i ijT

d e P S n P S q gx P S n Sx P xqλλ ψ ψ λ γ γ
π ⊥〈 〉 = +∆+  ∫

 0, ,n nµ 
 0 1P n P n   

2 2
NS M= −

z nλ− −=

( )S S n P Sσ σ σ
⊥= ⋅ +

2( )  | (0) ( ) |  
4

i xn d e P S F F n P S
x

λ ν σλ λ
π

−
+ +− 〈 〉∫

( ) 3 (1 ( ) )·)
4

( 2 E
Pn nSG x g G xx Si inGνσ νσ νσα

α⊥ ⊥= +∆ +  

Ji,  PLB289 
(’92) 137 

Pn P nνσ νσαβ
α β≡ g g P n n Pνσ νσ ν σ ν σ

⊥ = − −

(0) ( )F F zν σ+ + −
F Aσ σ+ += ∂



( )( ), ( ) ( )M F x Fi x xxµ ν ν µµν αβ βµν α  = − + Σ− ∂ ∂

† | (0) ( ) |   | (0) ( ) |  ( )
4 2

i x i xd de P S F F n P S e P S F F n P S xG xλ αβ αβ λ β
β

λ λλ λ
π π

+ +〈 〉 = − 〈 〉∫ ∫1 

1
2

ˆi ijk jks ε= Σ



3† | (0) ( ) |   | (0) ( ) |  
4 2

ˆ ( )i x i xd de P S F F n P S e P S iF F n P S xs G xλ αβ αβ λ β
β

λ λλ λ
π π

++〈 〉 = 〈 〉 ∆∫ ∫ 

( )( )F i g F g Fαβ µα νβ να µβµν α β= − − ↔Σ



12† | (0) ( ) |   | (0) ( ) (0) ( ) |  ˆ
4 22

i x i xd i de P S F F n P Ss e P S F F n F F n P Sλ αβ αβ λλ λλ λ λ
π π

⊥+⊥ +−⊥+−
〈 〉 = 〈 + + 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 



1  | (0) ( ) |  
4

i xd e P S F F n P S
x

λ µν ξσλ λ
π

− 〈 〉∫

( )
( )( )

( )
( )

3

3

( )

   

   2

  

( )

(

·(

)

4
)

 2

1

P P

P P

E

H

G x P P g P P g P P g P P g

i P

G x

P

i P P

i

S n

S

SG x

G x

S

µ ν νσ ν ξ µσ µ σ νξ ν σ µξ

µ νσ ξ ν µσ ξ

µ νσαξ ν µσα
α

µ ν

ξ

νσ ξ µσ ξ

⊥

⊥ ⊥

⊥ ⊥

⊥

⊥
= − − +

+ −

+

+ 

−

−

∆  

 

 

PT-inv.  &  hermiticity 

2( )  | (0) ( ) |  
4

i xn d e P S F F n P S
x

λ ν σλ λ
π

−
+ +− 〈 〉∫

( ) 3 (1 ( ) )·)
4

( 2 E
Pn nSG x g G xx Si inGνσ νσ νσα

α⊥ ⊥= +∆ +  



( )( ), ( ) ( )M F x Fi x xxµ ν ν µµν αβ βµν α  = − + Σ− ∂ ∂

† | (0) ( ) |   | (0) ( ) |  ( )
4 2

i x i xd de P S F F n P S e P S F F n P S xG xλ αβ αβ λ β
β

λ λλ λ
π π

+ +〈 〉 = − 〈 〉∫ ∫1 

1
2

ˆi ijk jks ε= Σ



3† | (0) ( ) |   | (0) ( ) |  
4 2

ˆ ( )i x i xd de P S F F n P S e P S iF F n P S xs G xλ αβ αβ λ β
β

λ λλ λ
π π

++〈 〉 = 〈 〉 ∆∫ ∫ 

( )( )F i g F g Fαβ µα νβ να µβµν α β= − − ↔Σ



12† | (0) ( ) |   | (0) ( ) (0) ( ) |  ˆ
4 22

i x i xd i de P S F F n P Ss e P S F F n F F n P Sλ αβ αβ λλ λλ λ λ
π π

⊥+⊥ +−⊥+−
〈 〉 = 〈 + + 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 

( )3 3( ) ( ) ( )E H TxG x G x G xx + ≡



( )( ), ( ) ( )M F x Fi x xxµ ν ν µµν αβ βµν α  = − + Σ− ∂ ∂

† | (0) ( ) |   | (0) ( ) |  ( )
4 2

i x i xd de P S F F n P S e P S F F n P S xG xλ αβ αβ λ β
β

λ λλ λ
π π

+ +〈 〉 = − 〈 〉∫ ∫1 

1
2

ˆi ijk jks ε= Σ



3† | (0) ( ) |   | (0) ( ) |  
4 2

ˆ ( )i x i xd de P S F F n P S e P S iF F n P S xs G xλ αβ αβ λ β
β

λ λλ λ
π π

++〈 〉 = 〈 〉 ∆∫ ∫ 

( )( )F i g F g Fαβ µα νβ να µβµν α β= − − ↔Σ



12† | (0) ( ) |   | (0) ( ) (0) ( ) |  ˆ
4 22

i x i xd i de P S F F n P Ss e P S F F n F F n P Sλ αβ αβ λλ λλ λ λ
π π

⊥+⊥ +−⊥+−
〈 〉 = 〈 + + 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 

( )3 3( ) ( ) ( )E H TxG x G x G xx + ≡

( )1 j a a
jF A D F g t tψ γ ψ+ − + +

⊥
+

−

− = ∂ = +
∂

a aD F g t tµν µ
ν ψ γ ψ=

1 2 2 1 1 212 [ , ]A A ig AF A= ∂ −∂ −

D igAσ σ σ
⊥ ⊥ ⊥= ∂ −



M µν 03M 12 3M J=

( ) 1
2

, ( ) ( )i x xM x xµµν ν νν µµψ σ ψ   = − +    
∂ − ∂

† 1 | (0) ( ) |   | (0) ( ) |  ( )
4 4 2

i x i xd de P S n P S e P S n P S q xλ λλ λψ ψ λ ψ γ ψ λ
π π

+〈 〉 = 〈 〉∫ ∫1 

ˆ 1
2 2

jk
ii jks σε=

5
3† ˆ 12  | (0) ( ) |   | (0) ( ) |  

4 4 2
( )i x i xd de P S n P S qe P S n Ps xSλ λλ λψ ψ λ ψ γ γ ψ λ

π π
+ ∆〈 〉 = 〈 〉∫ ∫ 

†
52  | (0) ( ) |   | (0) ( ) |  

4 4
ˆ ( )T

i x i xd de P S n P Ss e P S n P g xSλ λλ λψ ψ λ ψ γ γ ψ λ
π π

⊥ ⊥〈 〉 = 〈 〉∫ ∫ 

goodbad
( )( ) ( )

2 2
id dn i e D nnξ λ λλ ξψ λ ψ λ

π ξ ⊥
′− −′

′= − ∫ ∫
badgood goo5 5ad db(0) ( ) (0) ( )n nψ γ γ ψ λ ψ γ γ ψ λ⊥ ⊥+

good badψ ψ ψ= +

D igAσ σ σ
⊥ ⊥ ⊥= ∂ −

1 2 3ˆ ˆ ˆ,s s is  = 



M µν 03M 12 3M J=

( ) 1
2

, ( ) ( )i x xM x xµµν ν νν µµψ σ ψ   = − +    
∂ − ∂

† 1 | (0) ( ) |   | (0) ( ) |  ( )
4 4 2

i x i xd de P S n P S e P S n P S q xλ λλ λψ ψ λ ψ γ ψ λ
π π

+〈 〉 = 〈 〉∫ ∫1 

ˆ 1
2 2

jk
ii jks σε=

5
3† ˆ 12  | (0) ( ) |   | (0) ( ) |  

4 4 2
( )i x i xd de P S n P S qe P S n Ps xSλ λλ λψ ψ λ ψ γ γ ψ λ

π π
+ ∆〈 〉 = 〈 〉∫ ∫ 

†
52  | (0) ( ) |   | (0) ( ) |  

4 4
ˆ ( )T

i x i xd de P S n P Ss e P S n P g xSλ λλ λψ ψ λ ψ γ γ ψ λ
π π

⊥ ⊥〈 〉 = 〈 〉∫ ∫ 

goodbad
( )( ) ( )

2 2
id dn i e D nnξ λ λλ ξψ λ ψ λ

π ξ ⊥
′− −′

′= − ∫ ∫
badgood goo5 5ad db(0) ( ) (0) ( )n nψ γ γ ψ λ ψ γ γ ψ λ⊥ ⊥+

good badψ ψ ψ= +

D igAσ σ σ
⊥ ⊥ ⊥= ∂ −

1 2 3ˆ ˆ ˆ,s s is  = 

ψ ψ ψ↑ ↓= +

† †(0) ( ) (0) ( )n nψ ψ λ ψ ψ λ↑ ↑ ↓ ↓+

† †(0) ( ) (0) ( )n nψ ψ λ ψ ψ λ↑ ↑ ↓ ↓−

† †(0) ( ) (0) ( )n nψ ψ λ ψ ψ λ↑ ↓ ↓ ↑+



( )( ), ( ) ( )M F x Fi x xxµ ν ν µµν αβ βµν α  = − + Σ− ∂ ∂

† | (0) ( ) |   | (0) ( ) |  ( )
4 2

i x i xd de P S F F n P S e P S F F n P S xG xλ αβ αβ λ β
β

λ λλ λ
π π

+ +〈 〉 = − 〈 〉∫ ∫1 

1
2

ˆi ijk jks ε= Σ



3† | (0) ( ) |   | (0) ( ) |  
4 2

ˆ ( )i x i xd de P S F F n P S e P S iF F n P S xs G xλ αβ αβ λ β
β

λ λλ λ
π π

++〈 〉 = 〈 〉 ∆∫ ∫ 

( )( )F i g F g Fαβ µα νβ να µβµν α β= − − ↔Σ



12† | (0) ( ) |   | (0) ( ) (0) ( ) |  ˆ
4 22

i x i xd i de P S F F n P Ss e P S F F n F F n P Sλ αβ αβ λλ λλ λ λ
π π

⊥+⊥ +−⊥+−
〈 〉 = 〈 + + 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 

( )3 3( ) ( ) ( )E H TxG x G x G xx + ≡

( )1 j a a
jF A D F g t tψ γ ψ+ − + +

⊥
+

−

− = ∂ = +
∂

a aD F g t tµν µ
ν ψ γ ψ=

1 2 2 1 1 212 [ , ]A A ig AF A= ∂ −∂ −

D igAσ σ σ
⊥ ⊥ ⊥= ∂ −



( )( ), ( ) ( )M F x Fi x xxµ ν ν µµν αβ βµν α  = − + Σ− ∂ ∂

† | (0) ( ) |   | (0) ( ) |  ( )
4 2

i x i xd de P S F F n P S e P S F F n P S xG xλ αβ αβ λ β
β

λ λλ λ
π π

+ +〈 〉 = − 〈 〉∫ ∫1 

1
2

ˆi ijk jks ε= Σ



3† | (0) ( ) |   | (0) ( ) |  
4 2

ˆ ( )i x i xd de P S F F n P S e P S iF F n P S xs G xλ αβ αβ λ β
β

λ λλ λ
π π

++〈 〉 = 〈 〉 ∆∫ ∫ 

( )( )F i g F g Fαβ µα νβ να µβµν α β= − − ↔Σ



12† | (0) ( ) |   | (0) ( ) (0) ( ) |  ˆ
4 22

i x i xd i de P S F F n P Ss e P S F F n F F n P Sλ αβ αβ λλ λλ λ λ
π π

⊥+⊥ +−⊥+−
〈 〉 = 〈 + + 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 

( )3 3( ) ( ) ( )E H TxG x G x G xx + ≡

(0, 1, ,0) / 2R L iµ = −

† †(0) ( ) (0) ( )R R L LF F n F F nλ λ+ + + ++

† †(0) ( ) (0) ( )R R L LF F n F F nλ λ+ + + +−



† † † †
30 3(0)(0) (0) (0) (0)( ) () )

2
(

2

R L R LF F F FFF F n E n
i

n
i

λλ λ
+ + + +

+−⊥+
=

+ +
=

1
† †

32 (0( ) (0 () ) ))
2

0 (
R L

F F F H nn F λλ⊥+
+ +−

=
0 3

2
z zz± ±

=



1 1
2 2

J L G= = + ∆Σ + ∆


5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    

† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  



M µν 03M 12 3M J=

( ) 1
2

, ( ) ( )i x xM x xµµν ν νν µµψ σ ψ   = − +    
∂ − ∂

† 1 | (0) ( ) |   | (0) ( ) |  ( )
4 4 2

i x i xd de P S n P S e P S n P S q xλ λλ λψ ψ λ ψ γ ψ λ
π π

+〈 〉 = 〈 〉∫ ∫1 

ˆ 1
2 2

jk
ii jks σε=

5
3† ˆ 12  | (0) ( ) |   | (0) ( ) |  

4 4 2
( )i x i xd de P S n P S qe P S n Ps xSλ λλ λψ ψ λ ψ γ γ ψ λ

π π
+ ∆〈 〉 = 〈 〉∫ ∫ 

†
52  | (0) ( ) |   | (0) ( ) |  

4 4
ˆ ( )T

i x i xd de P S n P Ss e P S n P g xSλ λλ λψ ψ λ ψ γ γ ψ λ
π π

⊥ ⊥〈 〉 = 〈 〉∫ ∫ 

goodbad
( )( ) ( )

2 2
id dn i e D nnξ λ λλ ξψ λ ψ λ

π ξ ⊥
′− −′

′= − ∫ ∫
badgood goo5 5ad db(0) ( ) (0) ( )n nψ γ γ ψ λ ψ γ γ ψ λ⊥ ⊥+

good badψ ψ ψ= +

D igAσ σ σ
⊥ ⊥ ⊥= ∂ −

1 2 3ˆ ˆ ˆ,s s is  = 



1 1
2 2

J L G= = + ∆Σ + ∆


5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    

† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  



( )( ), ( ) ( )M F x Fi x xxµ ν ν µµν αβ βµν α  = − + Σ− ∂ ∂

† | (0) ( ) |   | (0) ( ) |  ( )
4 2

i x i xd de P S F F n P S e P S F F n P S xG xλ αβ αβ λ β
β

λ λλ λ
π π

+ +〈 〉 = − 〈 〉∫ ∫1 

1
2

ˆi ijk jks ε= Σ



3† | (0) ( ) |   | (0) ( ) |  
4 2

ˆ ( )i x i xd de P S F F n P S e P S iF F n P S xs G xλ αβ αβ λ β
β

λ λλ λ
π π

++〈 〉 = 〈 〉 ∆∫ ∫ 

( )( )F i g F g Fαβ µα νβ να µβµν α β= − − ↔Σ



12† | (0) ( ) |   | (0) ( ) (0) ( ) |  ˆ
4 22

i x i xd i de P S F F n P Ss e P S F F n F F n P Sλ αβ αβ λλ λλ λ λ
π π

⊥+⊥ +−⊥+−
〈 〉 = 〈 + + 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 

( )3 3( ) ( ) ( )E H TxG x G x G xx + ≡

( )1 j a a
jF A D F g t tψ γ ψ+ − + +

⊥
+

−

− = ∂ = +
∂

a aD F g t tµν µ
ν ψ γ ψ=

1 2 2 1 1 212 [ , ]A A ig AF A= ∂ −∂ −

D igAσ σ σ
⊥ ⊥ ⊥= ∂ −



1 1
2 2

J L G= = + ∆Σ + ∆


5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    

† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  



1 1
2 2

J L G= = + ∆Σ + ∆


† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  

1 1
2 2T T T TJ L G= = + ∆Σ + ∆

5
†1 | (0) (0) |   | (0) (0ˆ( )  ) |1

2T fT fdx P S P S P S P S
M

g sx
M

ψ γ ψ ψγ ψ⊥
⊥ ⊥ ⊥ ⊥

⊥∆Σ = 〈 〉 == 〈 〉∫
†1  | (0) ( ) |  

4
1 ˆ( )

2
i x

T TG x
P M

dG dx dx e P s
x

S F F n P Sλ αβ αβλ λ
π+

⊥
⊥ ⊥∆ = 〈 〉= ∫ ∫ ∫

5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    



M µν 03M 12 3M J=

( ) 1
2

, ( ) ( )i x xM x xµµν ν νν µµψ σ ψ   = − +    
∂ − ∂

† 1 | (0) ( ) |   | (0) ( ) |  ( )
4 4 2

i x i xd de P S n P S e P S n P S q xλ λλ λψ ψ λ ψ γ ψ λ
π π

+〈 〉 = 〈 〉∫ ∫1 

ˆ 1
2 2

jk
ii jks σε=

5
3† ˆ 12  | (0) ( ) |   | (0) ( ) |  

4 4 2
( )i x i xd de P S n P S qe P S n Ps xSλ λλ λψ ψ λ ψ γ γ ψ λ

π π
+ ∆〈 〉 = 〈 〉∫ ∫ 

†
52  | (0) ( ) |   | (0) ( ) |  

4 4
ˆ ( )T

i x i xd de P S n P Ss e P S n P g xSλ λλ λψ ψ λ ψ γ γ ψ λ
π π

⊥ ⊥〈 〉 = 〈 〉∫ ∫ 

goodbad
( )( ) ( )

2 2
id dn i e D nnξ λ λλ ξψ λ ψ λ

π ξ ⊥
′− −′

′= − ∫ ∫
badgood goo5 5ad db(0) ( ) (0) ( )n nψ γ γ ψ λ ψ γ γ ψ λ⊥ ⊥+

good badψ ψ ψ= +

D igAσ σ σ
⊥ ⊥ ⊥= ∂ −

1 2 3ˆ ˆ ˆ,s s is  = 



1 1
2 2

J L G= = + ∆Σ + ∆


† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  

1 1
2 2T T T TJ L G= = + ∆Σ + ∆

5
†1 | (0) (0) |   | (0) (0ˆ( )  ) |1

2T fT fdx P S P S P S P S
M

g sx
M

ψ γ ψ ψγ ψ⊥
⊥ ⊥ ⊥ ⊥

⊥∆Σ = 〈 〉 == 〈 〉∫

5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    

†1  | (0) ( ) |  
4

1 ˆ( )
2

i x
T TG x

P M
dG dx dx e P s

x
S F F n P Sλ αβ αβλ λ

π+
⊥

⊥ ⊥∆ = 〈 〉= ∫ ∫ ∫



( )( ), ( ) ( )M F x Fi x xxµ ν ν µµν αβ βµν α  = − + Σ− ∂ ∂

† | (0) ( ) |   | (0) ( ) |  ( )
4 2

i x i xd de P S F F n P S e P S F F n P S xG xλ αβ αβ λ β
β

λ λλ λ
π π

+ +〈 〉 = − 〈 〉∫ ∫1 

1
2

ˆi ijk jks ε= Σ



3† | (0) ( ) |   | (0) ( ) |  
4 2

ˆ ( )i x i xd de P S F F n P S e P S iF F n P S xs G xλ αβ αβ λ β
β

λ λλ λ
π π

++〈 〉 = 〈 〉 ∆∫ ∫ 

( )( )F i g F g Fαβ µα νβ να µβµν α β= − − ↔Σ



12† | (0) ( ) |   | (0) ( ) (0) ( ) |  ˆ
4 22

i x i xd i de P S F F n P Ss e P S F F n F F n P Sλ αβ αβ λλ λλ λ λ
π π

⊥+⊥ +−⊥+−
〈 〉 = 〈 + + 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 

( )3 3( ) ( ) ( )E H TxG x G x G xx + ≡

( )1 j a a
jF A D F g t tψ γ ψ+ − + +

⊥
+

−

− = ∂ = +
∂

a aD F g t tµν µ
ν ψ γ ψ=

1 2 2 1 1 212 [ , ]A A ig AF A= ∂ −∂ −

D igAσ σ σ
⊥ ⊥ ⊥= ∂ −



1 1
2 2

J L G= = + ∆Σ + ∆


† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  

1 1
2 2T T T TJ L G= = + ∆Σ + ∆

5
†1 | (0) (0) |   | (0) (0ˆ( )  ) |1

2T fT fdx P S P S P S P S
M

g sx
M

ψ γ ψ ψγ ψ⊥
⊥ ⊥ ⊥ ⊥

⊥∆Σ = 〈 〉 == 〈 〉∫

5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    

†1  | (0) ( ) |  
4

1 ˆ( )
2

i x
T TG x

P M
dG dx dx e P s

x
S F F n P Sλ αβ αβλ λ

π+
⊥

⊥ ⊥∆ = 〈 〉= ∫ ∫ ∫



1 1
2 2

J L G= = + ∆Σ + ∆


† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  

1 1
2 2T T T TJ L G= = + ∆Σ + ∆

5
†1 | (0) (0) |   | (0) (0ˆ( )  ) |1

2T fT fdx P S P S P S P S
M

g sx
M

ψ γ ψ ψγ ψ⊥
⊥ ⊥ ⊥ ⊥

⊥∆Σ = 〈 〉 == 〈 〉∫ = ∆Σ

5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    

†1  | (0) ( ) |  
4

1 ˆ( )
2

i x
T TG x

P M
dG dx dx e P s

x
S F F n P Sλ αβ αβλ λ

π+
⊥

⊥ ⊥∆ = 〈 〉= ∫ ∫ ∫



1 1
2 2

J L G= = + ∆Σ + ∆


† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  

1 1
2 2T T T TJ L G= = + ∆Σ + ∆

5
†1 | (0) (0) |   | (0) (0ˆ( )  ) |1

2T fT fdx P S P S P S P S
M

g sx
M

ψ γ ψ ψγ ψ⊥
⊥ ⊥ ⊥ ⊥

⊥∆Σ = 〈 〉 == 〈 〉∫ = ∆Σ

5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    

TG G∆ = ∆ ?

†1  | (0) ( ) |  
4

1 ˆ( )
2

i x
T TG x

P M
dG dx dx e P s

x
S F F n P Sλ αβ αβλ λ

π+
⊥

⊥ ⊥∆ = 〈 〉= ∫ ∫ ∫



TG G∆ = ∆ ?
3 3( ) ( ) ( )T E HG x G x G x= +



( )( ), ( ) ( )M F x Fi x xxµ ν ν µµν αβ βµν α  = − + Σ− ∂ ∂

† | (0) ( ) |   | (0) ( ) |  ( )
4 2

i x i xd de P S F F n P S e P S F F n P S xG xλ αβ αβ λ β
β

λ λλ λ
π π

+ +〈 〉 = − 〈 〉∫ ∫1 

1
2

ˆi ijk jks ε= Σ



3† | (0) ( ) |   | (0) ( ) |  
4 2

ˆ ( )i x i xd de P S F F n P S e P S iF F n P S xs G xλ αβ αβ λ β
β

λ λλ λ
π π

++〈 〉 = 〈 〉 ∆∫ ∫ 

( )( )F i g F g Fαβ µα νβ να µβµν α β= − − ↔Σ



12† | (0) ( ) |   | (0) ( ) (0) ( ) |  ˆ
4 22

i x i xd i de P S F F n P Ss e P S F F n F F n P Sλ αβ αβ λλ λλ λ λ
π π

⊥+⊥ +−⊥+−
〈 〉 = 〈 + + 〉∫ ∫ 

1 2 3ˆ ˆ ˆ,s s is  = 

( )3 3( ) ( ) ( )E H TxG x G x G xx + ≡

(0, 1, ,0) / 2R L iµ = −

† †(0) ( ) (0) ( )R R L LF F n F F nλ λ+ + + ++

† †(0) ( ) (0) ( )R R L LF F n F F nλ λ+ + + +−



† † † †
30 3(0)(0) (0) (0) (0)( ) () )

2
(

2

R L R LF F F FFF F n E n
i

n
i

λλ λ
+ + + +

+−⊥+
=

+ +
=

1
† †

32 (0( ) (0 () ) ))
2

0 (
R L

F F F H nn F λλ⊥+
+ +−

=
0 3

2
z zz± ±

=



TG G∆ = ∆ ?
3 3( ) ( ) ( )T E HG x G x G x= +

[ ]
(

3

) ( genuine t .3( w) )x

xE
G xdx
x

G x
′∆
+′

′
= ∫



 | |  P S F F F P S+⊥ +⊥ +⊥
⊥ ⊥〈 〉
 | |  P S F P Sψ ψ+⊥

⊥ ⊥〈 〉

Hatta, KT, Yoshida (2013) 

  

[ ]3 genuine(  tw.3)HG x = Kodaira, Nasuno, Tochimura, KT, Yasui (1998) 

Braun, Korchemsky, Manashov (2001) 

  

3 ( )EdxG x G= ∆∫
3 ( ) 0HdxG x =∫

( )T TG dxG x G∆ = = ∆∫ !



1 1
2 2

J L G= = + ∆Σ + ∆


† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  

1 1
2 2T T T TJ L G= = + ∆Σ + ∆

5
†1 | (0) (0) |   | (0) (0ˆ( )  ) |1

2T fT fdx P S P S P S P S
M

g sx
M

ψ γ ψ ψγ ψ⊥
⊥ ⊥ ⊥ ⊥

⊥∆Σ = 〈 〉 == 〈 〉∫ = ∆Σ

5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    

TG G∆ = ∆ ! 3 ( )EdxG x G= ∆∫
3 ( ) 0HdxG x =∫

†1  | (0) ( ) |  
4

1 ˆ( )
2

i x
T TG x

P M
dG dx dx e P s

x
S F F n P Sλ αβ αβλ λ

π+
⊥

⊥ ⊥∆ = 〈 〉= ∫ ∫ ∫



1 1
2 2

J L G= = + ∆Σ + ∆


† 3
2

1  | (0) ( )( ˆ) 1 |  
4

i xG x
P

dG dx dx e P S F s n
x

F P Sλ αβ αβλ λ
π+∆ = 〈 〉= ∆∫ ∫ ∫  

1 1
2 2T T T TJ L G= = + ∆Σ + ∆

5
†1 | (0) (0) |   | (0) (0ˆ( )  ) |1

2T fT fdx P S P S P S P S
M

g sx
M

ψ γ ψ ψγ ψ⊥
⊥ ⊥ ⊥ ⊥

⊥∆Σ = 〈 〉 == 〈 〉∫ = ∆Σ

5
3†2 | (0) (0) |   | (0) (0) |1( ) ˆ  

2 ffdx P S P Sq P Px
P

S S
P

sψ ψγ ψ ψγ +
+

+∆Σ = 〈 〉∆ = 〉= 〈∫    

TG G∆ = ∆ ! 3 ( )EdxG x G= ∆∫
3 ( ) 0HdxG x =∫

Chen, et al.; Wakamatsu; Hatta; Lorce, Pasquini; … 

  

q gL L L= +

Hatta, KT, Yoshida (2013) 

  

( ) ,gT q
L

3

,02( ) q g
P C

P M+

†1  | (0) ( ) |  
4

1 ˆ( )
2

i x
T TG x

P M
dG dx dx e P s

x
S F F n P Sλ αβ αβλ λ

π+
⊥

⊥ ⊥∆ = 〈 〉= ∫ ∫ ∫



Summary 
 spin-operator representation for 
bilocal operator definitions of PDFs 
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