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Transverse momentum dependent (TMD) parton distribution funtions (PDFs) appears in

the hard proesses whih involves two hadrons.

In the regime Q2 ≫ k2T ∼ b−2
T ≫ Λ2

there are TMD fatorization theorems

[Collins,Soper,82; Collins,Soper,Sterman, 85℄

Wµν(Q, kT ) ≃ Hµν

(
Q2

µ2
, x1, x2

)

⊗

∫
d2bT

(2π)2
e−i(bT kT ) Funs.(x1, bT ;µ, δ+)Duns.(x2, bT ;µ, δ−)

︸ ︷︷ ︸

unsubtrated TMD PDFs

S(bT , δ+, δ−)
︸ ︷︷ ︸

soft fator

δ± are regularization parameters for rapidity divergenes
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Introdution De�nition of TMD PDF

Fatorization of hard part id is ontrolled by parameter µ (RG equation):

µ2 d

dµ2
lnF (x, bT ;µ, ζ) = γF

(

α;
ζ

µ

) [

=
αs

π
CF

(
3

2
− ln

(
ζ

µ2

))

+O(α2
s)

]

Fatorization of Glauber region is ontrolled by parameter ζ (CSS equation

[Collins,Soper,Sterman,85℄):

ζ
d

dζ
lnF (x, bT ;µ, ζ) = K(bT ;µ)

[

= −
αs

π
CF ln

(

µ2b2T
4e−2γE

)

+O(α2
s)

]
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Introdution Small-bT expansion

At bT → 0 (kT →∞) is singular and does not math integrated PDFs

lim
bT →0

F (x, bT ;µ, ζ) 6∼ f(x, µ)

The mathing of integrated and TMD PDF requires OPE at small-bT [Collins,Soper,82℄

(assuming bT ∼ Q−1
)

Ff/P (x, bT , µ, ζ) =
∑

j

∫ 1

x

dz

z
Cf/j

(x

z
, bT ; ζ, µ

)

︸ ︷︷ ︸

oef. funtion

fj/P (z, µ)
︸ ︷︷ ︸

PDF

+O ((ΛbT )a) .

This expression is a result of "ollinear" fatorization between sales Λ2 ≪ k2T (b−2
T ).
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Introdution Small-bT expansion

For the pratial appliation one needs bT ≫ Q−1

Ff/H(x, bT ;µ, ζ) =

OPE at bT → 0
︷ ︸︸ ︷
∑

j

(
Cf/j ∗ fj/H

)
[x, bT ;µb]

evolution

︷ ︸︸ ︷

R(bT ;µ, ζ;µb)

︸ ︷︷ ︸

perturbative input

nonperturbative fator

︷ ︸︸ ︷

exp

(

g1(x, bT ) + g2(bT ) ln

(
ζ

ζ0

))

Nonperturbative fator

Minimal (Gaussian) anzatz g1 ∝ g2 ∝ − a1b2

Non-minimal anzatz g2 ∝ −a1b2 + a2b4 + ... or g2 ∝ b2 ln
(
1 + c1b2

)

e.g. [Aidala,et al 2014℄

Minimal anzatz should be modi�ed at larger bT .
Can we obtain any perturbative modi�ation to it?

The nonperturbative fator behaves as

∼ 1
at bT → 0,

for mathing with oll.fa.

∼ e−b2
T

intermediate region,

∼?
at bT →∞,

truly non-pert. regime
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To Laguerre basis

Phenomenologially motivated OPE

In priniple, perturbative QCD should work in some non-zero range of 0 < b2T ≪ Λ−2
QCD .

In this range one an perform OPE with reasonable onvergene of perturbative

orretions to oe�ient funtions

O(x, bT )
︸ ︷︷ ︸

TMD PDF operator

∼ q̄(bT )..q(0)

=
∞∑

n=0

G
(T )
n (x, bT )
︸ ︷︷ ︸

∼ bnT
ontains ln(bT )

⊗ O
(T )
n (x)
︸ ︷︷ ︸

PDF operator

∼ q̄(0)..∂n
T ..q(0)

The matrix element of O0 is PDF. The matrix elements of On are unknown.

At intermediate bT there is no reason to expet any suppression of higher terms.

Standard approah

O(x, bT ) = G0(x, bT )⊗ O0(x)
︸ ︷︷ ︸

leading at bT →0

× ( 1 + .........)
︸ ︷︷ ︸

nonperturbative fator

The Taylor-like OPE is not saturated by the �rst terms.

Possible solution is to use another basis.
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To Laguerre basis

Demands to the operator basis at intermediate bT

Transverse loality → polynomial in ∂T

Orthogonality → orthogonal polynomial in ∂T

In�nite support in bT → Hermite or Laguerre polynomials

Symmetry onstrains (??)

Both polynomials has Gaussian generation funtion, ⇒ it guaranties the leading

Gaussian behavior of OPE

Both basis inludes unity, ⇒ the leading term is integrated PDF.

Hermite are suitable for the polarized TMDs while Laguerre are suitable for unpolarized

TMDs.
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To Laguerre basis

Operator de�nition of TMD PDF

we use [Ehevarria,Idilbi,Simemi,12-13℄ (EIS) de�nition

TMD PDF F (x, bT ;µ, ζ) =

free of divergenes

︷ ︸︸ ︷

Z(µ)
︸ ︷︷ ︸

UV renorm.

(S(bT , ζδ, δ))−
1
2

︸ ︷︷ ︸

anel

rapidity

divergenes

Funs.(x, bT ;µ, δ)

δ-regularization is de�ned as (k± ∓ i0)−1 → (k± ∓ iδ)−1

Funs.(x, bT , δ) =

∫
dξ−

(2π)
e−ixξ−p+ 〈p|q̄(ξ)W (ξ, 0; Cδ) q(0)|p〉

∣
∣
∣
ξ+=0,ξ⊥=bT

S(bT , δ+, δ−) = 〈0|tr [W (bT , 0; Cδ+ )W (0, bT ; Cδ− )] |0〉
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To Laguerre basis

Laguarre based OPE at leading order (free theory)

O(x, bT ) =
∞∑

n=0,2,..

prototype of nonper. fator

︷ ︸︸ ︷
(

b2T
4B2

T

)n

2

e
−

b
2
T

4B2
T

(
1 +O(α2

s)
)
On(x,BT )

︸ ︷︷ ︸

independent on BT

On(x,BT ) ∝

∫
dξ−

2π
e−ixp+ξ− q̄

(
ξ−

2

)[
ξ−

2
,∞−

]

γ+Ln

(
←→
∂2
TB2

T

)[

∞−,−
ξ−

2

]

q

(

−
ξ−

2

)

At BT →∞ turns to the standard OPE

Every individual term is dependent on BT

The leading order results to the Gaussian fator, we may assume that ontribution of

n > 0 terms is small at small and intermediate bT .

It an be seen as an extration (by hands) of desired distribution from the

higher order term,

one an extrat any fator(smooth) in suh a way.

The important point is quantum orretions
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Quantum orretions

No twist-expansion, � no hierarhy!

The operators in Laguerre basis strongly mix in loops. The mix inludes operators of kind

q̄γ+(∂2
T )nq

︸ ︷︷ ︸

operators from

Laguerre basis

q̄∂2(∂2
T )n−1q

︸ ︷︷ ︸

higher order

operators

q̄q(∂2
T )n−2q̄q

︸ ︷︷ ︸

operators with

more then two �elds

etc.

The admixture of four-�eld operators appears only at two-loop level, (6-�eld at

three-loop, et.)

There is no admixture of ∂2(∂2
T )n−1

operator in (∂2
T )n (but not the opposite)

The orretion to the Laguerre operators mix in triangular way, i.e Ln in�uene on Lk

only if n < k (due to orthogonality!)

At one loop the atual alulation is redued to

C1-loop

n (x, bT , µ) =

(

lim
bT →0

lim
ǫ→0
− lim

ǫ→0
lim

bT →0

)

G1-loop(x, bT , µ)

∣
∣
∣
∣
∣
Ln

,

G is a 2-point matrix element of O.
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three-loop, et.)

There is no admixture of ∂2(∂2
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operator in (∂2
T )n (but not the opposite)

The orretion to the Laguerre operators mix in triangular way, i.e Ln in�uene on Lk

only if n < k (due to orthogonality!)

We have alulated next order orretion to oe�ient funtion of operator On

for q/q and q/g
evolution kernels, expressions et. see [1402.3182℄

The only pratially interesting ase is L0

TMD in Laguerre 29.04.14 10 / 15



Quantum orretions

Modi�ed expression for TMD PDF

Fq/H(x, bT ;µ, ζ) =
∑

j

∫ 1

x

dz

z

modi�ed oef.funtions

︷ ︸︸ ︷

Cq/j

(x

z
, bT ;µ, ζ

)
int. PDF

︷ ︸︸ ︷

fj/H (x, µ) +

small?

︷︸︸︷

O1 ,

Cq/q(x, bT , µ, ζ) = e
−

b
2
T

4B2
T δ(1 − x) +

2asCF e
−

x
2
b
2
T

4B2
T

[

− LTPqq(x) + δ(x̄)

(
3

2
LT −

1

2
L2
T −

π2

12
+ LT ln

(
µ2

ζ

))

+ x̄x2 b2T
B2

T

LT

(

x2

8

b2T
B2

T

− 1

)

−
x4x̄

4

(

b2T
B2

T

)2

+
3x2x̄

2

b2T
B2

T

]

+O(a2s),

Cq/g(x, bT , µ, ζ) = 2ase
−

x
2
b
2
T

4B2
T (−Pqg(x)LT + 2xx̄) +O(a2s).

LT = ln

(

µ2b2T
4e−2γE

)

Renormalization group kernel and CSS kernel are the same as in the standard approah.

The result an not be presented as a fator, it is a generalized funtion!
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Tale on three sales

Tale(s) on three sales

Λ2 k2T

b−2
T

Q2µ2
F

✛ ✲κ2✛ ✲
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Tale on three sales

dσ ∝ H

(
Q

µ

)

⊗

κ-independent
︷ ︸︸ ︷(

C(bκ1,
ζ

µ
,
µ

κ1
)⊗ f(κ1)

)

⊗

κ-independent
︷ ︸︸ ︷(

C(bκ2,
ζ

µ
,
µ

κ2
)⊗ f(κ2)

)

︸ ︷︷ ︸
ζ-independent

︸ ︷︷ ︸

µ-independent

One annot hoose sales suh that all logarithms are small.

Traditional approah e.g [Aybat,Rogers,11℄ is to evolve (µ, ζ)→ (µb, µb) and set κ = µb.

µb :

{
(µbbT )→ onst bT → 0

α(µb) < 1 bT →∞
µ2
b = 4e−2γE

(

1

b2T
+

1

b2
max

)
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Tale on three sales

Fq/H(x, bT ;µ, ζ) =
∑

j

∫ 1

x

dz

z
Cq/j

(x

z
, bT ;µb, µ

2
b

)

fj/H (x, µb)×

exp

[

−2as(µb)CF ln

(

ζ

µ2
b

)

Lb
T + 2CF

∫ µ

µb

dµ′2

µ′2
as(µ

′)

(
3

2
− ln

(
ζ

µ′2

))]

Lb
T = ln

(
b2Tµ2

b/4e
−2γE

)
.

FH0.8, bT L

BT
2
= H0.24L-1 GeV-2

bmax = 1 GeV-1
bT IGeV-1M

1 2 3 4 5

0.01

0.02

0.03

0.04
FH0.4, bT L

BT
2
= H0.24L-1 GeV-2

bmax = 1 GeV-1
bT IGeV-1M

1 2 3 4 5

0.4

0.6

0.8

1.0

1.2

1.4
FH0.1, bT L

BT
2
= H0.24L-1 GeV-2

bmax = 1 GeV-1

bT IGeV-1M
1 2 3 4 5

2

4

6

E�et of quantum orretion is higher at smaller x

Higher order orretions result to bnT terms, whih �atten out the initial Gaussian

distribution.
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Conlusion

Conlusion

Phenomenologial OPE

The introdution of �nonperturbative� information an be done in �perturbative� way via

phenomenologial OPE.

Chousing appropriate basis one an obtain the nonperturbative fator of a desired form

at leading order

The perturbative orretions would slightly violate this form, resulting to the better

mathing between perturbative and nonperturbative regions

TMD PDF in Laguerre basis

The general Gaussian form of TMD PDF implies the Laguerre operator basis

The LO and NLO mathing oe�ients are alulated

The orretions �attens the tail of Gaussian distribution

The orretion is less signi�ant at x ∼ 1 and more signi�ant at small x.

For the hek of the method the aurate phenomenologial study is needed.
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