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NS-NS & BH-NS coalescing binaries 
are promising sources for GW interferometers.

 

The gravitational signal emitted in these processes
contains unvaluable information on the behaviour of matter

at the extreme conditions of density and pressure prevailing in the NS core
and, in particular, on the still elusive EoS of nuclear matter.
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In this talk we do not consider the frequencies of the GW signal
emitted during the merger (see Shibata, PRL ’05; Oechslin & Janka, PRL ’07; Stergioulas et al.,  

MNRAS ’11; Bauswein et al., PRL ’11, PRD ’12, arXiv:1403.5301;  Takami at al., arXiv:1403.5672 )



1)   The NS radius R, or, equivalently, its compactness C=M/R
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which could, once detected, reveal us the mysteries of the NS EoS

(see e.g. Lattimer & Prakash, Phys. Rept. ’07)
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In recent years an huge effort has been carried on to determine R 
from EM observations  (e.g., Steiner et al., ApJ ’10; Bhattacharyya et al. MNRAS ’09; Ozel et al., 

PRD ’09,’10; Guver et al., ApJ ’10; Guillot et al., ApJ ’11 and many others)

Progress has been made, but these measure are still, 
to some extent, model dependent. 

I think that we can get solid evidence from EM observations supporting 
a value of R, but only GWs - which are not affected by the matter and energy 

surrounding the NS - could allow us to really measure the NS radius. 
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2)   The NS tidal deformability  λ
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Tidal deformations of NSs can be described in terms of a set of parameters,
the Love numbers, relating the mass multipole moments of the deformed star

with the multipole moments of the external tidal field.
Most of the information on the stellar deformation is encoded in the 

quadrupole Love number k2, i.e. in the tidal deformability λ:

Qij = −2

3
k2R

5Cij = −λCij
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3)   The frequency cut-off fcut    (only for BH-NS binaries)

In a BH-NS binary coalescence, the NS can be tidally disrupted 
before plunging into the BH, and form a disk around it

(which may become the engine for a short gamma-ray burst!).
This occurs only under certain conditions

(Kyutoku et al., PRD ’10, ’11; Pannarale et al., PRD ’11; Shibata et al., PRD ’12):

large NS deformability, large BH spin, small ratio mNS/mBH.
In this case, the GW amplitude has a sharp decrease at a cut-off frequency fcut.

(Kyutoku et al., PRD ’10, ’11)
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FIG. 8. Spectra of gravitational waves from BH-NS binaries for Q = 2 and MNS = 1.35M! with all the EOSs chosen in this
paper. The bottom axis denotes the normalized dimensionless frequency fm0(= Gfm0/c

3) and the left axis the normalized
amplitude fh̃(f)D/m0. The top axis denotes the physical frequency f in Hz and the right axis the effective amplitude fh̃(f)
observed at a distance of 100 Mpc from the binaries. The short-dashed slope line plotted in the upper left region denotes a
planned noise curve of the Advanced-LIGO [1] optimized for 1.4M! NS-NS inspiral detection (“Standard”), the long-dashed
slope line denotes a noise curve optimized for the burst detection (“Broadband”), and the dot-dashed slope line plotted in the
lower right region denotes a planned noise curve of the Einstein Telescope (“ET”) [54]. The upper transverse dashed line is the
spectrum derived by the quadrupole formula and the lower one is the spectrum derived by the Taylor-T4 formula, respectively.
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FIG. 9. The same as Fig. 8 but for Q = 2 and for
MNS = 1.35M! and 1.2M!. Only the normalized amplitude
fh̃(f)D/m0 as a function of the dimensionless frequency fm0

is shown.

spurious radiation component does not introduce un-
physical oscillations in the gravitational-wave spectrum.
The spectrum amplitude for a low-frequency region of
f ≈ Ω(tret = 0)/π changes slightly if we include the spu-
rious radiation component. However, we believe that our

use of the window function is physically reasonable [55].
We always show the spectrum based on gravitational
waves observed along the z axis (axis perpendicular to
the orbital plane), which is the most optimistic direction
for the gravitational-wave detection. (To obtain an aver-
aged amplitude, we only need to multiply a factor of 0.4;
e.g., see [52].) Because the Fourier components of any
dimensionless quantity have the dimension of time, we
define a dimensionless effective amplitude fh̃(f). In the
figure, we plot this quantity observed at a hypothetical
distance 100 Mpc as a function of f (Hz) or a normalized
amplitude fh̃(f)D/m0 as a function of dimensionless fre-
quency fm0.

Figure 8 plots gravitational-wave spectra for Q = 2
and MNS = 1.35M! with all the EOSs employed in this
paper. For all these models, the total mass is univer-
sally m0 = 4.05M!, and thus, a nondimensional quan-
tity, fm0(= Gfm0/c3), is plotted at the bottom and f in
units of Hz is plotted at the top. Also, a normalized am-
plitude, fh̃(f)D/m0, is plotted at the left side and fh̃(f)
observed at a distance of 100 Mpc from the binary is at
the right side. For comparison, we also plot the spectra
derived from the quadrupole formula (e.g., [56]) and the
Taylor-T4 formula (dashed curves).

General qualitative features of the gravitational-wave
spectrum by BH-NS binaries are summarized as follows.
In the early stage of the inspiral phase, during which the

disruption and the excitation of a QNM of the remnant
BH occur as is described in Sec. IVE. Hence, the gravita-
tional spectrum has two characteristic frequencies, i.e.,
ftidal and fQNM, simultaneously. The spectra plotted in
Fig. 20 indeed show such features. After the NS is tidally
disrupted, the amplitude of the gravitational-wave spec-
trum shows a slow damp for f * ftidal ! 2 kHz. Then, the
spectrum damps steeply above the frequency of the QNM,
f * fQNM ! 3 kHz. A schematic figure of different spec-
tra is depicted in Fig. 21, and the spectrum described in this
paragraph corresponds to spectrum (iii) in this figure. This
suggests that the cutoff frequency, fcut, of a high mass-ratio
binary is not determined by a unique physical process like
NS tidal disruption or a ringdown of a remnant BH, as far
as both of them occur.

To estimate the cutoff frequency quantitatively, we fit
the gravitational-wave spectra by a function with seven
free parameters of the form

f~hfitðfÞD
m0

¼ f~h3PNðfÞD
m0

e%ðf=finsÞ!ins

þ Ae%ðf=fdamÞ!dam ½1% e%ðf=fins2Þ!ins2 (; (43)

where ~h3PNðfÞ is the Fourier spectrum calculated by the
Taylor-T4 formula. The first term in Eq. (43) models the
inspiral spectrum, and the second term models the merger
and ringdown spectra. We determine seven free parameters
fins, fins2, fdam, !ins, !ins2, !dam, and A by the condition
that the following weighted norm is minimized:

X

i

f½fi ~hiðfiÞ % fi ~hfitðfiÞ(f1=3i g2: (44)

Here, i denotes the data point for the spectrum. In the
previous works [28,30], we identify fdam in Eq. (43) with
fcut, which is most strongly correlated with the NS

compactness for nonspinning BH-NS binaries [93]. In the
present work, however, we obtain no strong correlation
between fdam (and the other parameters) and any parameter
of physical importance, such as a or C. The reason may be
ascribed to the inadequacy of the functional form of
Eq. (43), where the set of free parameters is degenerate
to some extent. In particular, such a degeneracy is severe
for a high mass-ratio binary due to two reasons. First,
modeling an inspiral spectrum by the Taylor-T4 formula
is inadequate for the late inspiral phase of a high mass-ratio
binary due to the lack of information from the Taylor-T4
formula, as is described in Sec. IVE. Second, there is no
unique, physically motivated identification of fcut when
both the NS tidal disruption and the QNM excitation occur.
(Fortunately, these degeneracies did not cause problems in
the case of the nonspinning BH-NS binary with a low mass
ratio [30]). To overcome these problems with the fitting
procedure, we redefine fcut as the higher one of two
frequencies at which the second term in Eq. (43) takes a
half value of its maximum. An example of this fitting
procedure is shown in Fig. 22. In this figure, Hmax corre-
sponds to the maximum value of the second term in
Eq. (43). We find that this definition of fcut works well to
read off the NS compactness from the gravitational-wave
spectrum.
Figure 23 shows fcutm0 for spectra obtained for all

binaries with Q ¼ 2 as a function of the NS compactness,
C, in logarithmic scales. We also plot the typical QNM
frequency of the remnant BH, fQNM, which depends pri-
marily on a of the initial BH for a fixed value of Q.
For each value of a, we find that fcutm0 increases mono-
tonically as C increases, and an approximate power law
holds as

lnðfcutm0Þ ! pðaÞ lnCþ qðaÞ ðQ ¼ 2Þ; (45)
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FIG. 22 (color online). The fitting for model HB-Q2M135a75.
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FIG. 21 (color online). A schematic figure of three types
of gravitational-wave spectra. Spectrum (i) is for the case in
which tidal disruption occurs far outside the ISCO, and
spectrum (ii) is for the case in which tidal disruption does not
occur. Spectrum (iii) is for the case in which tidal disruption
occurs and the QNM is also excited. The filled and open circles
denote ftidal and fQNM, respectively.
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These quantities are not independent!

   Relation between deformability and radius

Recently discovered I-Love-Q universal relations (Yagi & Yunes, Science ’13, PRD ’13)

among momentum of inertia I, deformability λ and rotation quadrupole Q.
A similar universal relation can be found between λ and C (Maselli et al., PRD ‘13a):

C=0.371 - 0.0391 ln(λ/m5) + 0.001056 (ln(λ /m5))2

This fit reproduces numerical results 
for different masses and (cold) EoSs up to ~2%
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These quantities are not independent!

   Relation between deformability and radius

Recently discovered I-Love-Q universal relations (Yagi & Yunes, Science ’13, PRD ’13)

among momentum of inertia I, deformability λ and rotation quadrupole Q.
A similar universal relation can be found between λ and C (Maselli et al., PRD ‘13a):

C=0.371 - 0.0391 ln(λ/m5) + 0.001056 (ln(λ /m5))2

This fit reproduces numerical results 
for different masses and (cold) EoSs up to ~2%

   Relation between cut-off frequency and radius

The frequency cut-off is a characteristic feature of the waveform which 
can be in principle measured and used to determine R. 

This was first proposed in Vallisneri, PRL ’00. More recently, in Kyutoku et al., PRD ’10 

a relation between fcut and C was extracted from fully relativistic simulations:

ln(fcut m) = 3.87 ln C + 4.03
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a) Is it possible (and useful) to include both λ and fcut in the data analysis?

Looking to the best strategy to extract information on the NS EoS,
we tried to answer two questions (Maselli et al., PRD ‘13b):

b) In the literature, either R or λ is used to discriminate among possible EoSs.
Which of these quantities is the most effective?
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a) Is it possible (and useful) to include both λ and fcut in the analysis?

We have modified the gravitational template hPN(x), which includes λ,
to also include fcut:

h(f) =






hPN f < fcut
hPNΘ(f, fcut) fcut ≤ f ≤ 2fcut

0 f > 2fcut

where hPN = Aei[ΨPP+ΨT ] and Θ(f,fcut) is a function reproducing the sharp
decrease in amplitude corresponding to tidal disruption.

We have considered one of the stellar models employed in Kyutoku et al., PRD ’10 

(where the relation fcut(C) was derived), H2, the one showing tidal disruption;
values of the distance d=100,500,1000,2000 Mpc.

Since the farthest of these systems are at cosmological distance, we also
have included the cosmological redshift factor in the template.
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a) Is it possible (and useful) to include both λ and fcut in the analysis?

To give a (rough) estimate of the errors, we have computed the Fisher matrix
    corresponding to the variable set  θa = (tc,φc, lnM, ln ν, λ̃)

replacing in the template h(f) the function fcut(C(λ)) given by the two fits 
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a) Is it possible (and useful) to include both λ and fcut in the analysis?

To give a (rough) estimate of the errors, we have computed the Fisher matrix
    corresponding to the variable set  θa = (tc,φc, lnM, ln ν, λ̃)

replacing in the template h(f) the function fcut(C(λ)) given by the two fits 

d (Mpc) Δλ/λ  (without fcut) Δλ/λ  (with fcut) 

100 0.016 0.015

500 0.067 0.061

1000 0.11 0.095

2000 0.17 0.12

Significant improvement (up to ~30%) only for most distant sources. 
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a) Is it possible (and useful) to include both λ and fcut in the analysis?

To give a (rough) estimate of the errors, we have computed the Fisher matrix
    corresponding to the variable set  θa = (tc,φc, lnM, ln ν, λ̃)

replacing in the template h(f) the function fcut(C(λ)) given by the two fits 

d (Mpc) Δλ/λ  (without fcut) Δλ/λ  (with fcut) 

100 0.016 0.015

500 0.067 0.061

1000 0.11 0.095

2000 0.17 0.12

Significant improvement (up to ~30%) only for most distant sources. 
For those sources, it may be useful to include fcut in the analysis.
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b) In the literature, either R or λ is used to discriminate among possible EoSs.
Which of these quantities is the most effective?

Demorest et al., Nature, ’10 Hinderer et al., PRD, ’10Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614−2230 mass measurement of 1.97±0.04 M!, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614−2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M!, and are therefore ruled out.

10

of a black hole (m=R ¼ 0:5) regardless of the EOS-
dependent quantity y [17,18].
Normal matter EOS behave approximately as polytropes

for large compactness. However, for smaller compactness,
the softer crust becomes a greater fraction of the star, so the
star is more centrally condensed and k2 smaller. For strange
quark matter, the EOS is extremely stiff near the minimum
density, and the star behaves approximately as an n ¼ 0
polytrope for small compactness. As the central density
and compactness increase, the softer part of the EOS has
a larger effect, and the star becomes more centrally
condensed.
The parameter that is directly measurable by gravita-

tional wave observations of a binary neutron-star inspiral is
proportional to the tidal deformability !, which is shown
for each candidate EOS in Fig. 2. The values of ! for the
candidate EOS show a much wider range of behaviors than
for k2 because ! is proportional to k2R

5, and the candidate
EOS produce a wide range of radii (9.4–15.5 km for a
1:4M" star for normal EOS and 8.9–10.9 km for the SQM
EOS). See Table I.
For normal matter, ! becomes large for stars near the

minimum mass configuration at roughly 0:1M" because
they have a large radius. For masses in the expected mass
range for binary inspirals, there are several differences
between EOS with only npe" matter and those with con-
densates. EOS with condensates have, on average, a larger
!, primarily because they have, on average, larger radii.
The quark hybrid EOS ALF1 with a small radius (9.9 km
for a 1:4M" star) and the nuclear matter only EOSs MS1
andMS2 with large radii (14.9 and 14.5 km, respectively, at
1:4M") are exceptions to this trend.

TABLE I. Properties of a 1:4M" neutron star for the 18 EOS
discussed in the text.

EOS R (km) m=R k2 !ð1036 g cm2 s2Þ
SLY 11.74 0.176 0.0763 1.70
AP1 9.36 0.221 0.0512 0.368
AP3 12.09 0.171 0.0858 2.22
FPS 10.85 0.191 0.0663 1.00
MPA1 12.47 0.166 0.0924 2.79
MS1 14.92 0.139 0.110 8.15
MS2 13.71 0.151 0.0883 4.28

PS 15.47 0.134 0.104 9.19
BGN1H1 12.90 0.160 0.0868 3.10
GNH3 14.20 0.146 0.0867 5.01
H1 12.86 0.161 0.0738 2.59
H4 13.76 0.150 0.104 5.13
PCL2 11.76 0.176 0.0577 1.30
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FIG. 2. Tidal deformability ! of a single neutron star as a
function of neutron-star mass for a range of realistic EOS. The
top figure shows EOS that only include npe" matter; the middle
figure shows EOS that also incorporate #=hyperon=
quark matter; the bottom figure shows strange quark matter
EOS. The dashed lines between the various shaded regions
represent the expected uncertainties in measuring ! for an
equal-mass binary inspiral at a distance of D ¼ 100 Mpc as it
passes through the gravitational wave frequency range 10–
450 Hz. Observations with Advanced LIGO will be sensitive
to ! in the unshaded region, while the Einstein Telescope will be
able to measure ! in the unshaded and light shaded regions. See
text.
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of a black hole (m=R ¼ 0:5) regardless of the EOS-
dependent quantity y [17,18].
Normal matter EOS behave approximately as polytropes

for large compactness. However, for smaller compactness,
the softer crust becomes a greater fraction of the star, so the
star is more centrally condensed and k2 smaller. For strange
quark matter, the EOS is extremely stiff near the minimum
density, and the star behaves approximately as an n ¼ 0
polytrope for small compactness. As the central density
and compactness increase, the softer part of the EOS has
a larger effect, and the star becomes more centrally
condensed.
The parameter that is directly measurable by gravita-

tional wave observations of a binary neutron-star inspiral is
proportional to the tidal deformability !, which is shown
for each candidate EOS in Fig. 2. The values of ! for the
candidate EOS show a much wider range of behaviors than
for k2 because ! is proportional to k2R

5, and the candidate
EOS produce a wide range of radii (9.4–15.5 km for a
1:4M" star for normal EOS and 8.9–10.9 km for the SQM
EOS). See Table I.
For normal matter, ! becomes large for stars near the

minimum mass configuration at roughly 0:1M" because
they have a large radius. For masses in the expected mass
range for binary inspirals, there are several differences
between EOS with only npe" matter and those with con-
densates. EOS with condensates have, on average, a larger
!, primarily because they have, on average, larger radii.
The quark hybrid EOS ALF1 with a small radius (9.9 km
for a 1:4M" star) and the nuclear matter only EOSs MS1
andMS2 with large radii (14.9 and 14.5 km, respectively, at
1:4M") are exceptions to this trend.

TABLE I. Properties of a 1:4M" neutron star for the 18 EOS
discussed in the text.

EOS R (km) m=R k2 !ð1036 g cm2 s2Þ
SLY 11.74 0.176 0.0763 1.70
AP1 9.36 0.221 0.0512 0.368
AP3 12.09 0.171 0.0858 2.22
FPS 10.85 0.191 0.0663 1.00
MPA1 12.47 0.166 0.0924 2.79
MS1 14.92 0.139 0.110 8.15
MS2 13.71 0.151 0.0883 4.28

PS 15.47 0.134 0.104 9.19
BGN1H1 12.90 0.160 0.0868 3.10
GNH3 14.20 0.146 0.0867 5.01
H1 12.86 0.161 0.0738 2.59
H4 13.76 0.150 0.104 5.13
PCL2 11.76 0.176 0.0577 1.30
ALF1 9.90 0.209 0.0541 0.513
ALF2 13.19 0.157 0.107 4.28

SQM1 8.86 0.233 0.098 0.536
SQM2 10.03 0.206 0.136 1.38
SQM3 10.87 0.190 0.166 2.52
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FIG. 2. Tidal deformability ! of a single neutron star as a
function of neutron-star mass for a range of realistic EOS. The
top figure shows EOS that only include npe" matter; the middle
figure shows EOS that also incorporate #=hyperon=
quark matter; the bottom figure shows strange quark matter
EOS. The dashed lines between the various shaded regions
represent the expected uncertainties in measuring ! for an
equal-mass binary inspiral at a distance of D ¼ 100 Mpc as it
passes through the gravitational wave frequency range 10–
450 Hz. Observations with Advanced LIGO will be sensitive
to ! in the unshaded region, while the Einstein Telescope will be
able to measure ! in the unshaded and light shaded regions. See
text.
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b) In the literature, either R or λ is used to discriminate among possible EoSs.
Which of these quantities is the most effective?

Demorest et al., Nature, ’10 Hinderer et al., PRD, ’10Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614−2230 mass measurement of 1.97±0.04 M!, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614−2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M!, and are therefore ruled out.

10

of a black hole (m=R ¼ 0:5) regardless of the EOS-
dependent quantity y [17,18].
Normal matter EOS behave approximately as polytropes

for large compactness. However, for smaller compactness,
the softer crust becomes a greater fraction of the star, so the
star is more centrally condensed and k2 smaller. For strange
quark matter, the EOS is extremely stiff near the minimum
density, and the star behaves approximately as an n ¼ 0
polytrope for small compactness. As the central density
and compactness increase, the softer part of the EOS has
a larger effect, and the star becomes more centrally
condensed.
The parameter that is directly measurable by gravita-

tional wave observations of a binary neutron-star inspiral is
proportional to the tidal deformability !, which is shown
for each candidate EOS in Fig. 2. The values of ! for the
candidate EOS show a much wider range of behaviors than
for k2 because ! is proportional to k2R

5, and the candidate
EOS produce a wide range of radii (9.4–15.5 km for a
1:4M" star for normal EOS and 8.9–10.9 km for the SQM
EOS). See Table I.
For normal matter, ! becomes large for stars near the

minimum mass configuration at roughly 0:1M" because
they have a large radius. For masses in the expected mass
range for binary inspirals, there are several differences
between EOS with only npe" matter and those with con-
densates. EOS with condensates have, on average, a larger
!, primarily because they have, on average, larger radii.
The quark hybrid EOS ALF1 with a small radius (9.9 km
for a 1:4M" star) and the nuclear matter only EOSs MS1
andMS2 with large radii (14.9 and 14.5 km, respectively, at
1:4M") are exceptions to this trend.

TABLE I. Properties of a 1:4M" neutron star for the 18 EOS
discussed in the text.

EOS R (km) m=R k2 !ð1036 g cm2 s2Þ
SLY 11.74 0.176 0.0763 1.70
AP1 9.36 0.221 0.0512 0.368
AP3 12.09 0.171 0.0858 2.22
FPS 10.85 0.191 0.0663 1.00
MPA1 12.47 0.166 0.0924 2.79
MS1 14.92 0.139 0.110 8.15
MS2 13.71 0.151 0.0883 4.28

PS 15.47 0.134 0.104 9.19
BGN1H1 12.90 0.160 0.0868 3.10
GNH3 14.20 0.146 0.0867 5.01
H1 12.86 0.161 0.0738 2.59
H4 13.76 0.150 0.104 5.13
PCL2 11.76 0.176 0.0577 1.30
ALF1 9.90 0.209 0.0541 0.513
ALF2 13.19 0.157 0.107 4.28

SQM1 8.86 0.233 0.098 0.536
SQM2 10.03 0.206 0.136 1.38
SQM3 10.87 0.190 0.166 2.52

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

2

4

6

8

10

12

Mass M
λ

(1
036

g
cm

2
s2

)

npeµ matter only

A
dv

. L
IG

O

Ei
ns

te
in

Te
le

sc
op

e

AP1 AP3

FPS

SLy

MPA1

MS1

MS2

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

2

4

6

8

10

12

Mass M

λ
(1

036
g

cm
2
s2

)

π /H /q

A
dv

. L
IG

O

Ei
ns

te
in

Te
le

sc
op

e

PS

ALF1

ALF
2

GNH3

H1
H4

BGN1H1
PC

L2

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

2

4

6

8

10

12

Mass (M )

( )

( )
λ

(1
036

g
cm

2
s2

)

strange quark matter

A
dv

. L
IG

O

Ei
ns

te
in

Te
le

sc
op

e

SQM1
SQM2

SQM3

FIG. 2. Tidal deformability ! of a single neutron star as a
function of neutron-star mass for a range of realistic EOS. The
top figure shows EOS that only include npe" matter; the middle
figure shows EOS that also incorporate #=hyperon=
quark matter; the bottom figure shows strange quark matter
EOS. The dashed lines between the various shaded regions
represent the expected uncertainties in measuring ! for an
equal-mass binary inspiral at a distance of D ¼ 100 Mpc as it
passes through the gravitational wave frequency range 10–
450 Hz. Observations with Advanced LIGO will be sensitive
to ! in the unshaded region, while the Einstein Telescope will be
able to measure ! in the unshaded and light shaded regions. See
text.
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of a black hole (m=R ¼ 0:5) regardless of the EOS-
dependent quantity y [17,18].
Normal matter EOS behave approximately as polytropes

for large compactness. However, for smaller compactness,
the softer crust becomes a greater fraction of the star, so the
star is more centrally condensed and k2 smaller. For strange
quark matter, the EOS is extremely stiff near the minimum
density, and the star behaves approximately as an n ¼ 0
polytrope for small compactness. As the central density
and compactness increase, the softer part of the EOS has
a larger effect, and the star becomes more centrally
condensed.
The parameter that is directly measurable by gravita-

tional wave observations of a binary neutron-star inspiral is
proportional to the tidal deformability !, which is shown
for each candidate EOS in Fig. 2. The values of ! for the
candidate EOS show a much wider range of behaviors than
for k2 because ! is proportional to k2R

5, and the candidate
EOS produce a wide range of radii (9.4–15.5 km for a
1:4M" star for normal EOS and 8.9–10.9 km for the SQM
EOS). See Table I.
For normal matter, ! becomes large for stars near the

minimum mass configuration at roughly 0:1M" because
they have a large radius. For masses in the expected mass
range for binary inspirals, there are several differences
between EOS with only npe" matter and those with con-
densates. EOS with condensates have, on average, a larger
!, primarily because they have, on average, larger radii.
The quark hybrid EOS ALF1 with a small radius (9.9 km
for a 1:4M" star) and the nuclear matter only EOSs MS1
andMS2 with large radii (14.9 and 14.5 km, respectively, at
1:4M") are exceptions to this trend.

TABLE I. Properties of a 1:4M" neutron star for the 18 EOS
discussed in the text.

EOS R (km) m=R k2 !ð1036 g cm2 s2Þ
SLY 11.74 0.176 0.0763 1.70
AP1 9.36 0.221 0.0512 0.368
AP3 12.09 0.171 0.0858 2.22
FPS 10.85 0.191 0.0663 1.00
MPA1 12.47 0.166 0.0924 2.79
MS1 14.92 0.139 0.110 8.15
MS2 13.71 0.151 0.0883 4.28

PS 15.47 0.134 0.104 9.19
BGN1H1 12.90 0.160 0.0868 3.10
GNH3 14.20 0.146 0.0867 5.01
H1 12.86 0.161 0.0738 2.59
H4 13.76 0.150 0.104 5.13
PCL2 11.76 0.176 0.0577 1.30
ALF1 9.90 0.209 0.0541 0.513
ALF2 13.19 0.157 0.107 4.28

SQM1 8.86 0.233 0.098 0.536
SQM2 10.03 0.206 0.136 1.38
SQM3 10.87 0.190 0.166 2.52
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FIG. 2. Tidal deformability ! of a single neutron star as a
function of neutron-star mass for a range of realistic EOS. The
top figure shows EOS that only include npe" matter; the middle
figure shows EOS that also incorporate #=hyperon=
quark matter; the bottom figure shows strange quark matter
EOS. The dashed lines between the various shaded regions
represent the expected uncertainties in measuring ! for an
equal-mass binary inspiral at a distance of D ¼ 100 Mpc as it
passes through the gravitational wave frequency range 10–
450 Hz. Observations with Advanced LIGO will be sensitive
to ! in the unshaded region, while the Einstein Telescope will be
able to measure ! in the unshaded and light shaded regions. See
text.
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If we extract this information from the GW waveform, since it depends
on λ (and on C=M/R only through the C(λ) relation)
we expect the tidal deformability to be most suitable.
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b) In the literature, either R or λ is used to discriminate among possible EoSs.
Which of these quantities is the most effective?

Demorest et al., Nature, ’10 Hinderer et al., PRD, ’10Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614−2230 mass measurement of 1.97±0.04 M!, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614−2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M!, and are therefore ruled out.

10

of a black hole (m=R ¼ 0:5) regardless of the EOS-
dependent quantity y [17,18].
Normal matter EOS behave approximately as polytropes

for large compactness. However, for smaller compactness,
the softer crust becomes a greater fraction of the star, so the
star is more centrally condensed and k2 smaller. For strange
quark matter, the EOS is extremely stiff near the minimum
density, and the star behaves approximately as an n ¼ 0
polytrope for small compactness. As the central density
and compactness increase, the softer part of the EOS has
a larger effect, and the star becomes more centrally
condensed.
The parameter that is directly measurable by gravita-

tional wave observations of a binary neutron-star inspiral is
proportional to the tidal deformability !, which is shown
for each candidate EOS in Fig. 2. The values of ! for the
candidate EOS show a much wider range of behaviors than
for k2 because ! is proportional to k2R

5, and the candidate
EOS produce a wide range of radii (9.4–15.5 km for a
1:4M" star for normal EOS and 8.9–10.9 km for the SQM
EOS). See Table I.
For normal matter, ! becomes large for stars near the

minimum mass configuration at roughly 0:1M" because
they have a large radius. For masses in the expected mass
range for binary inspirals, there are several differences
between EOS with only npe" matter and those with con-
densates. EOS with condensates have, on average, a larger
!, primarily because they have, on average, larger radii.
The quark hybrid EOS ALF1 with a small radius (9.9 km
for a 1:4M" star) and the nuclear matter only EOSs MS1
andMS2 with large radii (14.9 and 14.5 km, respectively, at
1:4M") are exceptions to this trend.

TABLE I. Properties of a 1:4M" neutron star for the 18 EOS
discussed in the text.

EOS R (km) m=R k2 !ð1036 g cm2 s2Þ
SLY 11.74 0.176 0.0763 1.70
AP1 9.36 0.221 0.0512 0.368
AP3 12.09 0.171 0.0858 2.22
FPS 10.85 0.191 0.0663 1.00
MPA1 12.47 0.166 0.0924 2.79
MS1 14.92 0.139 0.110 8.15
MS2 13.71 0.151 0.0883 4.28

PS 15.47 0.134 0.104 9.19
BGN1H1 12.90 0.160 0.0868 3.10
GNH3 14.20 0.146 0.0867 5.01
H1 12.86 0.161 0.0738 2.59
H4 13.76 0.150 0.104 5.13
PCL2 11.76 0.176 0.0577 1.30
ALF1 9.90 0.209 0.0541 0.513
ALF2 13.19 0.157 0.107 4.28

SQM1 8.86 0.233 0.098 0.536
SQM2 10.03 0.206 0.136 1.38
SQM3 10.87 0.190 0.166 2.52
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FIG. 2. Tidal deformability ! of a single neutron star as a
function of neutron-star mass for a range of realistic EOS. The
top figure shows EOS that only include npe" matter; the middle
figure shows EOS that also incorporate #=hyperon=
quark matter; the bottom figure shows strange quark matter
EOS. The dashed lines between the various shaded regions
represent the expected uncertainties in measuring ! for an
equal-mass binary inspiral at a distance of D ¼ 100 Mpc as it
passes through the gravitational wave frequency range 10–
450 Hz. Observations with Advanced LIGO will be sensitive
to ! in the unshaded region, while the Einstein Telescope will be
able to measure ! in the unshaded and light shaded regions. See
text.
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of a black hole (m=R ¼ 0:5) regardless of the EOS-
dependent quantity y [17,18].
Normal matter EOS behave approximately as polytropes

for large compactness. However, for smaller compactness,
the softer crust becomes a greater fraction of the star, so the
star is more centrally condensed and k2 smaller. For strange
quark matter, the EOS is extremely stiff near the minimum
density, and the star behaves approximately as an n ¼ 0
polytrope for small compactness. As the central density
and compactness increase, the softer part of the EOS has
a larger effect, and the star becomes more centrally
condensed.
The parameter that is directly measurable by gravita-

tional wave observations of a binary neutron-star inspiral is
proportional to the tidal deformability !, which is shown
for each candidate EOS in Fig. 2. The values of ! for the
candidate EOS show a much wider range of behaviors than
for k2 because ! is proportional to k2R

5, and the candidate
EOS produce a wide range of radii (9.4–15.5 km for a
1:4M" star for normal EOS and 8.9–10.9 km for the SQM
EOS). See Table I.
For normal matter, ! becomes large for stars near the

minimum mass configuration at roughly 0:1M" because
they have a large radius. For masses in the expected mass
range for binary inspirals, there are several differences
between EOS with only npe" matter and those with con-
densates. EOS with condensates have, on average, a larger
!, primarily because they have, on average, larger radii.
The quark hybrid EOS ALF1 with a small radius (9.9 km
for a 1:4M" star) and the nuclear matter only EOSs MS1
andMS2 with large radii (14.9 and 14.5 km, respectively, at
1:4M") are exceptions to this trend.

TABLE I. Properties of a 1:4M" neutron star for the 18 EOS
discussed in the text.

EOS R (km) m=R k2 !ð1036 g cm2 s2Þ
SLY 11.74 0.176 0.0763 1.70
AP1 9.36 0.221 0.0512 0.368
AP3 12.09 0.171 0.0858 2.22
FPS 10.85 0.191 0.0663 1.00
MPA1 12.47 0.166 0.0924 2.79
MS1 14.92 0.139 0.110 8.15
MS2 13.71 0.151 0.0883 4.28

PS 15.47 0.134 0.104 9.19
BGN1H1 12.90 0.160 0.0868 3.10
GNH3 14.20 0.146 0.0867 5.01
H1 12.86 0.161 0.0738 2.59
H4 13.76 0.150 0.104 5.13
PCL2 11.76 0.176 0.0577 1.30
ALF1 9.90 0.209 0.0541 0.513
ALF2 13.19 0.157 0.107 4.28

SQM1 8.86 0.233 0.098 0.536
SQM2 10.03 0.206 0.136 1.38
SQM3 10.87 0.190 0.166 2.52
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FIG. 2. Tidal deformability ! of a single neutron star as a
function of neutron-star mass for a range of realistic EOS. The
top figure shows EOS that only include npe" matter; the middle
figure shows EOS that also incorporate #=hyperon=
quark matter; the bottom figure shows strange quark matter
EOS. The dashed lines between the various shaded regions
represent the expected uncertainties in measuring ! for an
equal-mass binary inspiral at a distance of D ¼ 100 Mpc as it
passes through the gravitational wave frequency range 10–
450 Hz. Observations with Advanced LIGO will be sensitive
to ! in the unshaded region, while the Einstein Telescope will be
able to measure ! in the unshaded and light shaded regions. See
text.

TIDAL DEFORMABILITY OF NEUTRON STARS WITH . . . PHYSICAL REVIEW D 81, 123016 (2010)

123016-5

To be more quantitative, we considered 7 different EoSs (not including fcut),
NS-NS binaries and NS-BH binaries with mass ratio 2,4,  with

various masses, at distance 20 Mpc - 2 Gpc (templates suitably redshifted).
We computed the tidal deformability λ for these systems and,

using the Fisher matrix approach (for Advanced LIGO/Virgo and for ET)
we evaluated the corresponding errors. 

If we extract this information from the GW waveform, since it depends
on λ (and on C=M/R only through the C(λ) relation)
we expect the tidal deformability to be most suitable.



Leonardo Gualtieri           The Structure and Signals of Neutron Stars             Firenze, 24-28 March, 2014

b) In the literature, either R or λ is used to discriminate among possible EoSs.
Which of these quantities is the most effective?

1.2 1.4 1.6 1.8 2.0

0

1

2

3

4

5

MNS M!

Λ"
#

10
4

km
5

Adv LIGO Virgo NS$NS dL % 20 Mpc

1.2 1.4 1.6 1.8 2.0

0.15

0.20

0.25

0.30

0.35

MNS M!

!

Adv LIGO Virgo NS$NS dL % 20 Mpc

MS1

H4

MPA1

ENG

SLy4

APR4

WFF1

1.2 1.4 1.6 1.8 2.0

0

2

4

6

MNS M!

Λ"
#

10
4

km
5

Adv LIGO Virgo NS$NS dL % 100 Mpc

1.2 1.4 1.6 1.8 2.0

0.0

0.1

0.2

0.3

0.4

0.5

0.6

MNS M!

!

Adv LIGO Virgo NS$NS dL % 100 Mpc

1.2 1.4 1.6 1.8 2.0
$2

0

2

4

6

MNS M!

Λ"
#

10
4

km
5

Adv LIGO Virgo BH$NS q % 2 dL % 20 Mpc

1.2 1.4 1.6 1.8 2.0

0.0

0.1

0.2

0.3

0.4

0.5

0.6

MNS M!

!

Adv LIGO Virgo BH$NS q % 2 dL % 20 Mpc

1.2 1.4 1.6 1.8 2.0

$5

0

5

10

MNS M!

Λ"
#

10
4

km
5

Adv LIGO Virgo BH$NS q % 2 dL % 100 Mpc

1.2 1.4 1.6 1.8 2.0
$1.5

$1.0

$0.5

0.0

0.5

1.0

1.5

MNS M!

!

Adv LIGO Virgo BH$NS q % 2 dL % 100 Mpc

FIG. 3 (color online). The quantities ~!! "~! (left column) and C! ! "C! (right column) are plotted as functions of the NS mass, at
different luminosity distances dL, for NS-NS binaries and for BH-NS systems with mass ratio q ¼ 2. The parameter errors "~! and "C!
are evaluated for AdvLIGO/Virgo. Different bands correspond to different NS EoSs.

MASELLI, GUALTIERI, AND FERRARI PHYSICAL REVIEW D 88, 104040 (2013)
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dependence on MNS; in addition, for each EoS, ~! varies in
ranges (1" intervals) which are more separated for stiffer
EoSs and for masses smaller than!1:8M". Conversely, the
compactness C shown in the right, upper panel does not
seem to be a good indicator of the EoS.

If the sources are farther away, say, at 100 Mpc as shown
in the middle panels, chances to discriminate among the
EoSs decrease, because the 1" intervals become larger,
and only when the EoS is stiff and the mass is lower than

!1:5M", can the quantity ~! be used as an EoS indicator.
In the four lower panels of Fig. 3, we consider BH-NS

binaries with q ¼ 2 and dL ¼ 20 and dL ¼ 100 Mpc,
respectively. We see that advanced detectors will be able

to extract some information on the EoS from ~! only if the
source is very close and the NS mass is lower than
!1:5M", but it should be recalled that the rate of BH-NS
coalescence is much smaller than that of NS-NS; therefore,
to obtain a reasonable detection rate, one should have
access to a much larger volume space, as that allowed by
the third-generation detectors like ET. When q > 2, the
chances to discriminate among the EoSs are even smaller.
In any event, comparing the right and the left panels of
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FIG. 4 (color online). The quantity ~!$ " ~! is plotted as a function of the NS mass, for sources at luminosity distance dL ¼ 100 Mpc
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Conclusions

  The gravitational signal from NSs in coalescing binaries, emitted in the
     latest stages of the inspiral, carries the imprint of the NS EoS.

  The main tool to extract this information is the NS tidal deformability.
     The frequency cut-off can improve this analysis in particular cases only:
     for BH-NS binaries, when the NS is disrupted, for systems at
     cosmological distances (1-2 Gpc) detected by third generation 
     interferometers such as ET.

  In order to discriminate between different possible EoSs using GWs,
     we should focus on the tidal deformability rather than on the NS radius.
     This is easier with NS-NS binaries than with BH-NS binaries; and it is 
     easier if the NS mass is smaller.  Other promising approach based on 
     the oscillating frequencies of the merger was not discussed here.

  We can expect that second generation detectors will at most tell us 
     whether the EoS is soft or stiff; with third generation detectors, instead,
     we should be able to exclude most of the EoSs currently considered
     in the literature.


